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Preface 


The justification for anothci hook on alternating current machinery 
lies in the real need for a modern to\t that will present the more recent 
advances in theory and methods of analysis, and width will break away 
from some of the false premises and artificial concepts that have* plagued 
this subject for half a century. I he present text does not pretend to be 
a comprehensive treatment coxering all t\pes of electric apparatus, but 
rather a general method of analysis applied to the more* important kinds 
of alternating current mat hinerv. In Chapter S certain general equations 
applicable to all electrical machines are developed. 'This is followed by 
specific chapters on the polyphase induction motor, single phase induction 
motor, a-c commutator motors, synchronous machines, and synchronous 
converters. In the Appendices, a very general and comprehensive 
analysis is offered for the* benefit of those who would pursue machine 
theory beyond an elementary point of view, hath chapter follows the 
same pattern. In the chapter introductions are given the definitions, 
discussion of purposes and uses, and perhaps some classifications. In the 
section on principles of operation are established the physical concepts 
and simplest basic relationships, devoid of mathematical ramifications 
or refinements. This is followed by a brief discussion of structural details 
and types of construction. After these preliminaries, the more complete 
theory is developed, usually in the order: magnetomotive forces (or 
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armature reactions), permeances, flux densities, fluxes, voltages, currents, 
power, torque, and performance characteristics. 

In certain respects the methods of this text differ radically from those 
found in standard treatises. Its key features are a general equation of 
voltage which recognizes the simultaneous movement of the conductors, 
displacement of the flux, and pulsation of the flux, and which includes 
as special cases all the processes of voltage induction to he found in any 
machine; and a general equation of armature reaction which applies to any 
machine, a -c or d-c. From the point of view of these general equations 
one machine differs from another only in the presence or absence of 
specific terms, and thus great unification of concept ensues. 

My original intention in writing this hook had been to base the whole 
of machine theory on these two general concepts; but as the work 
progressed it became apparent that many of the accepted methods of 
machine analysis would fall by the wayside if a completely unified 
method of attack were followed too strictly. It seemed better, therefore, 
while preserving the central theme of a general method of attack, to 
weave into the analysis the older and more widely known procedures. 
Nevertheless, I believe that machine theory ultimately will become 
much more condensed b\ strict adherence to the geneial method, and 
abandonment of some of the old si affolding on which many of our concepts 
have been built. 

Other features representing essential departures from traditional treat- 
ment may be mentioned. The concept of a fictitious winding in a trans- 
former (the consolidated eddy current circuits) to account for the core 
loss permits the equi\alent circuit to be derived from the differential 
equations as well as by the traditional Steinmetz method, and there is 
no need to apologize for the failure of the core loss term to materialize. 
The parallel piecemeal development of the equations, vector diagrams, 
and equivalent circuits employed in the treatment of the transformer, 
and of the polyphase induction motor, are believed to offer a clearer 
and cleaner approach to the study of these machines than is otherwise 
possible. The treatment of multiple winding transformer circuits is of 
great power and utility, and the underlying philosophy is applicable to 
any other type of circuit. The sharp distinction betweeen time and .space 
vector diagrams, employed in some detail in the cross-field theory of the 
single-phase induction motor, is essential to a real understanding of 
machine theory. The reader may encounter certain other methods of 
approach, of both an analytical and a pedagogical nature, which deviate 
from the normal. 
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This text does not try to avoid long mathematical manipulations in 
cases where such are essential to a reasonably complete understanding 
of electrical machinery. However, it must be pointed out that most of 
them involve nothing more than simple trigonometric and algebraic 
transformations. They are time consuming, but not difficult. It is not 
possible to delve very far beneath the surface of machine theory without 
liecoming involved in a considerable mass of symbols. All too often this 
is avoided by making such simplifying assumptions as to vitiate the 
results. For example, the usual simplifying assumptions made in ana- 
lyzing the armature reaction of a synchronous converter are such as to 
ignore completely the most important terms! 

(Yrtain aspects of machine theory, such as the llux distribution in 
slots, air gaps, and around field poles; eddy-current loss in conductors; 
and other field problems have not been included, as they have been dealt 
with adequately in a companion text “Two Dimensional Fields in Flee- 
trical Engineering/’ 

No attempt has been made in this text to include the mercury arc 
rectifier or other electronic devices, since to treat th t» with a complete- 
ness comparable to that given machines would require excessive space 
in a book devoted primarily to machinery. An adequate treatment of 
such electronic devices, along with their controls, should require a 
separate course and text in industrial electronics. 

Highly specialized machines, such as eddy current and hysteresis 
motors, have not been touched upon, in spite of their growing importance 
for very small power outputs and in instrumentation. Nor have such 
machines as the capacitor motor been included, since their theories are 
essentially adaptations of the general principles developed in the text 
for the more basic types of machines. 

I have refrained from using the MKS system of units, in spite of its 
growing popularity, because the majority of present day design engineers 
think and work in terms of the older units. 

The subject matter of this text has been given over the past few years 
as a two-semester course in Alternating ('urrent Machinery at Lehigh 
l/niversity. The first part, comprising transformers, polyphase and 
single-phase induction motors, and a-c commutating motors, is given to 
second semester juniors (EE M ) ) . The second part, comprising syn- 
chronous generators, motors, and converters, is given to first semester 
seniors (EE Mi, and is intended as background for an advanced course 
in electrical machines (EE 137) given to second semester seniors in the 
Power Option. The book was written with the dual intention of pro- 
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viding a text for the immediate needs of the above courses, and of supply- 
ing a reference source for further study. The arrangement was dictated 
by the first requirement, the level by both requirements. 

I wish to thank Mr. Alton P. DiefTenbach and Mr. Richard T. Smith 
for reading the proofs, and Miss Klsie Davis for typing the manuscript. 

/,. I’. BrJey 

UE'I HLEIIEM, PENNSYLVANIA 
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General Principles and Common Features 


i. Introduction 

The term electrical machinery includes any apparatus which is used to 
convert mechanical to electrical energy (or conversely) through the 
agency of current-carrying conductors moving with respect to a magnetic 
field, and thus embraces all generators and motors. The term also in- 
cludes rotating apparatus used to convert one form of electrical energy to 
another form, as in converting alternating to direct current, or in chang- 
ing frequency. In such cases a double conversion may be considered to 
take place electrical to mechanical and mechanical to electrical. 
Rotary converters, frequency changers, boosters, rotating phase con- 
verters, motor generators, and dynamotors are in this category. The 
alternating current transformer, used to transform voltage and current, 
is a purely static device, and strictly speaking is not a machine, but by 
common usage is considered as such, because its analysis has much in 
common with that of true electrical machinery. The mercury arc recti- 
fier, another static device for the conversion of alternating to direct 
current, is also usually included under electrical machinery, as a matter 
of convenience. On the other hand, relays, control devices, and instru- 
ments which have moving parts, and whose torques result from the 
reaction between conductors and magnetic fields, while true machines, 
are not considered in a text on electrical machinery, because their pri- 
mary purpose is not the production or transformation of power. 
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2 Ch. i General Principles and Common Features 


For our purpose, then, we are led to the following classification of 
electrical machinery: 


Apparatus 

Type or Conversion 

Mech. -♦ Klee. 

Klee. — * Mech. 

Elec. - ♦ Elec. 

u Transformer 

£ 

x Rectifier 



Voltage and Current 
Number of Phases 
A-c to D-c 

l)-c Generators 

Synchronous Generator 
u • 

•g Induction Generator 
g I)-c Motors 
f £* A-c Motors 

Rotary Converters 
Frequency Changers 

Mech. to D-c 
Mech. to A-c 
Mech. to A-c 

D-c to Mech. 
A-c to Mech. 

\-< to D-c 

It to l« 


The different machines have much in common, both in principle and 
in construction. In every electrical machine we may identify: 

1. A magnetic cinuit for the main, or useful, flux. 

2. Exciting windings which produce the flux. 

3. Power or armature windings in which voltages are induced by the 
flux, and in which currents react on the flux to produce forces, 
torque, and power. 

4. Connections which provide paths for the currents, and combine 
voltages in the desired fashion. 

Furthermore, in every rotating machine we have: 

5. The stator, or stationary member, consisting of a magnetic core or 
yoke, and usually a set of windings. The stator may carry either 
the field poles and field windings, as in d-c machines, or the arma- 
ture windings as in rotating field synchronous machines, or no 
winding at all. 

6. The rotor , or moving member, consisting of a magnetic core and, 
usually, a set of windings. The rotor may carry either the field or 
the armature windings, or (as in the case of an inductor alternator) 
no windings at all. 

7. The air gap separating the stator and the rotor, which gap must be 
crossed by the main flux. 

S. Slots and teeth in which the windings are embedded. 
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9. Mechanical features such as shafts and bearings, frame and bed- 
plates, clamps, etc. 

There are certain phenomena which occur in practically all types of 
electrical machinery, among which may be mentioned: 

1. The magnetomotive force drops through the magnetic circuit. 

2. The distribution of flux in various parts of the machine. 

3. Hysteresis loss in the iron due to alternating flux. 

4. Eddy-current loss in the iron due to alternating flux. 

5. Eddy-current loss in the copper conductors due to alternating flux. 

6. Armature reaction due to currents in the windings. 

7. Induction of voltages by the variation of flux and by the moxement of 
conductors through flux. 

8. Flow of currents in the windings. 

9. Production of forces and torques due to the reaction of the currents 
on the field. 

10. Creation of leakage reactaticc fluxes by the currents, causing unde- 
sirable voltage drops. 

There are three standard methods emphasized in the analysis of any 
electrical machine: 

1. General equations for voltages, currents, torques, power, and motion. 
These may be derived from many different points of view. 

2. Vector diagrams showing graphically the time and space relation- 
ships between the various electrical quantities. In many cases 
these relationships are such that a range of values may be shown 
by means of circle diagrams. 

3. Equivalent circuits which duplicate the electrical characteristics of 
the actual machine, and which may be analyzed by ordinary circuit 
methods. 

It is sometimes possible to develop each of the above methods inde- 
pendently, although in the more complicated cases the vector diagrams 
and equivalent circuits must be discovered from the general equations. 
Maximum understanding and clarity results when all three methods are 
developed progressively side by side. The general equation method is 
the most general and inclusive. The vector diagram gives a visual im- 
pression of the phenomena. The equivalent circuit is usually the most 
useful for routine calculation of characteristics, or when the machine is 
to be studied with respect to other external connections, such as when it 
is considered as part of a system. 
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Ch. z General Principles and Common Features 

From the foregoing it is evident that the different types of electrical 
machinery are actually quite similar in both theory and construction. 
Indeed, from one point of view all machines may be considered as special 
cast's of a single set of generalized equations, differing from each other 
only in the manner of their connections.* But we shall not carry the 
generalization to this extreme. It will, however, save a great deal of time 
if the common features and theory of rotating machines in general be 
disposed of once for all in Chapter 3, after which detailed consideration 
for each special machine will be given in a separate chapter. In these 


OHM’S LAW 
KIRCHHOFF'S LAWS 



subsequent chapters, the procedure will follow the pattern: UO definition 
and general description of the machine; (1)) construction and structural 
details; (c) basic principles of operation; (d) analysis; and (e) calcu- 
lation and discussion of characteristics. 

2. Electromagnetic Phenomena in Machines 

The complete analysis of any electrical machine involves the de- 
termination of fluxes, voltages, and currents; and therefrom the torque, 

* Bewlev. L. V., “Induced Voltage of Electrical Mailiino.” A IKK Transaction*, Vol 
(UMO). 
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power, and losses. The caculation of power factor, efficiency, regulation, 
and other characteristics is then routine. It may happen that the fluxes 
are given, and we are required to proceed from there. In another case, 
the voltages are specified. In any event, the quantities are related in 
rather simple fashion by the laws of electromagnetic theory. It is in the 
application of these* laws to actual machines that complications may 
arise which demand simplifying approximations. 

The way in which the few laws of electromagnetic theory essential to 
our needs are interrelated is depicted in Fig. 1. Ampere's law relates 
the magnetomotive force (mmf) and magnetic intensity //. The flux 
density is then B = /J7, and the flux for uniform density is </> - AB. 
The induced voltage follows by Faraday's law. Currents are then found 
from Ohm's (generalized) law and the application of Kinhlnfl’s laws. 
Thus currents, fluxes, and voltages are interrelated by a triumvirate of 
laws. Fig. 1. If we now invoke the law ot conservation of energy, we 
arrive at the following: With respect to current alone, the rate of energy 
loss AY 2 ; with respect to voltage alone, the rate of energy loss (/Vi 2 ; 
with respect to flux, the density of energy storage B" Ngir; with respect 
to voltage and current, the power /» = HI; with respect to current and 
flux, the mechanical force F - BlI; with respect to flux and voltage, 
the Poynting energy vector. 

3. The Magnetic Circuit 

One of the two principal foundation stones of electromagnetic theory 
is Ampere's law 

fll • ds - (UttAV (i) 

which states that the total w’ork done in 
carrying unit pole completely around a 
magnetic circuit is ().47r times the ampere- 
turns enclosed, or linked, by that circuit. 

If the magnetic circuit. Fig. 2, consists of 
several parts of lengths / 1 , / 2 , / 3 , • •• with 
corresponding average magnetic inten- 
sities 7/j, // 2 , //*, • • •, then the integral 
Incomes 

£//„/« = //1/1 + Ihh + 7/3/3 + 0 . Itt.Y/ (2) 

Putting II = B n and A for the average cross-sectional area of the flux 
path, (2) becomes 



Fig. 2 
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A\B\ + A 2 B 2 + A%B% — ~ + • • • 

H\A\ ij^A 2 Ms^3 

= $/?i + ^2 0.4irA7 ( 3 ) 

in which 0 = AB is the flux, and K = //juyl is the reluctance of the path. 
The total amj>ere-turns are consumed by the several reluctances in 
series, just as in the analogous series electric circuit, and thus ( 3 ) cor- 
responds to Kirchhoff’s first law e = 0 around a circuit. Moreover, 
the magnetomotive force consumed by a single reluctance is 

P = 0.4*A7 = Kd> ( 4 ) 

and this is exactly analogous to Ohm’s law e = ri. Finally, for several 
magnetic paths in parallel, Fig. 3, it is clear that 


4> = <t>\ + <t>2 + 03 + " * 


= 0.4xA7 ( -- + 1- + — + ... ) 

\Rt R s Ri ) 

= 0.4xA7(/ > , + l\ + P, + • ■ ■) 


in which the reciprocal of reluctance, P = 1 /?, is the permeance of the 
path, and is analogous to conductance, the reciprocal of resistance. 
Kquation ( 5 ) is seen to correspond to Kirchhoff’s first law = 0 at 
the branch point. 

Thus there is complete analogy between the magnetic and d-c circuits, 
so that : 


Magnktic Circuit | Flkctric Circuit 


llllX 

<*> 

i 


current 

mmf 

F = 0.4tt.\7 

e 


emf 


fl / 


Ip 


reluctance 

R = — 

r = 


resistance 


M-l 


A 


permeability 

u 

1 p 


1 resistivity 


1 

* 

1 


permeance 

P = - 

« = 


conductance 


R 


r 


series circuits 

X>’ - 0 

Z> 

= 0 

Kirchhoff’s law 

parallel circuits 

= 0 

E« 

= 0 

Kirchhofl’s law 


In the electric circuit the resistivity varies slightly with the tem- 
perature, but otherwise is constant with respect to current, so that 
resistances may be considered constant in a circuit analysis, and thus 
the current in a series circuit is arrived at readily. This is not so in 
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magnetic circuits involving iron, because the permeability n varies 
greatly with the flux density. It is not possible, then, to solve ("3) directly. 
However , a solution can be obtained by trial with the aid of the magnetic 



^ *~v 

imi: 

ruin 


Fig. 3 

characteristics of the iron. Figure 4 shows such a characteristic, in 
which flux density # . in any desired units, is plotted against intensity //, 
or ampere-turns per unit length of 
circuit. Such characteristics, or 
“saturation curves,” exhibit a slight 
reverse curvature initially, followed 
by a relatively straight-line portion, 
then a rather abrupt curvature g 
called the “knee" of the saturation 
curve, and then a “region of satura- 
tion" in which the flux density in- 
creases only slowly with an increase 
in intensity. 

In design practice, it is customary 
to make use of curves in which 
flux density in lines per square inch are plotted against magnetizing 
ampere-turns per inch. Figure 5 shows a set of such curves for the 
different kinds of iron used in an alternating current generator. 

Figure 6 shows the magnetic circuits of a four pole machine, in which 
.It, .I..*, .l s , .4,, A r , are, respectively, the effective cross sectional areas 
of the armature, teeth, air gap, pole, and yoke, and /i, /;», /. i, / >, /., are the 
corresponding mean lengths of these parts. 

The pole arc, (usually about two thirds of the pole pilch r or dis 
tame between center lines of adjacent poles K is either of different curva- 



ig. 4 Saturation curve. 
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Air B-3192 
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Fig. 5 Magnet i/ing ihara( t< nstus 

great. Also, there is fringing; ol the llu\ at the pole tips The an urate 
determination of the total llu\ crossing the gap. and its torm, is a matter 
of flux plotting 1 or involved mathematical calculation. In design 
^ ^ otlices, i urves are available showing the 

\ i x\ average trap in terms ol the ratio of 
/// /2Vx\ * s maximum to minimum gaps, assuming 

/// ssSjVXt/'* 2 \ M ^ ux ls c •mimed to the pole arc. 

| //^\ t ^ j \ Front such tu?\es the axe rage length 

l IP I °l gap ' s readilx determined. A typical 

\ \ ^ V« r y^ij I ) turve is shown in Fig. 7. 

\ \ ^ Ay/ / rile armature Mirlace is not smooth, 

A 4 L^^Aa// it is interruptc*d b\ the cod slots. The 

\ flux I ringing at the teeth can be de 

Fig. 6 temiined 1>\ tabulation or flux plot 

* Ui'wU'N, I \ , 7 .i c> dimtn^ioval h'this in Iltilrujl It imtiii i» 1 In M i< niiPap (\>m 
pim, \iw York, WAX 
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ting, and design curves prepared 
the ratio of the actual flux <t> 
to the flux I'd which would he 
vakulated on the assumption 
of a uniform flux density over 
the tooth width. Thus the 
flinging depends on the ratio 
ot tooth width to slot width, 
and on the ratio of gap to slot 
width. The ejfcctkc width of 
the teeth may he taken as 

<t> 

fell 7" f i lull 

% 


from such plots. Figure 8 gives 



12 3 4 


in which the ratio <i> <I> is called 


9max/&mm 


the fringing locjjhient . 


_9ov_ 

9mm 


t 9mox / 9min-l 
ton" 1 l/ r ^ m a X /9mm 1 


2 _^ 1 Bmox 

3 3 9 mm 


Fig. 7 \wugt gap loi a In Id pole 




2 


The Transformer 


i. Introduction 

The alternating current transformer is a static device for transforming 
electrical energy of one voltage and current to electrical energy of another 
voltage and current at a fixed frequency. It is the “universal link” of 
electrical systems, for it can he used to tie together parts of a system 
operating at different voltages and permit the transfer of power between 
them in either direction. It provides a “gear ratio” between the source 
and receiver of electric power. 

Transformers may be classified with respect to their application, and 
with respect to their structural features. The latter will be dealt with in 
the section on construction, ('oncerning their use. they are classified as: 
power, distribution, tie in, step-up, step down, instrument, and special- 
purpose transformers. 

/Vurr transformers comprise the, large units used at the generating 
and switching stations of power systems, or at the sending and receiving 
ends of transmission lines, and at the substations of consumers of large 
blocks of power (industrial plants, railways, etc.). They are usually of 
greater than 5(H) kva capacity. The larger ones are practically all custom- 
built and designed to special specifications. 'This practice which has de- 
veloped in the electrical power industry is unfortunate from an economical 
standpoint, since it has retarded standardization and added greatly to 
the cost of power transformers. The practice is not necessary and 

IO 
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enormous economies could be effected if the indust ry would agree to 
standardize the ratings and characteristics of power transformers. 

Distribution transformers include the familiar pole-type transformers of 
a few* kilovolt-ampere capacity, distribution network transformers installed 
in street vaults, and transformers in small unattended substations supply- 
ing residential districts or industrial consumers of small blocks of powder. 
The design of distribution- type transformers has been highly standardized, 
and semi-mass production methods are employed in their manufacture. 
Transformers of standard kilovolt-ampere and voltage ratings are carried in 
stock by the manufacturers. There is no difference in principle between a 
power and distribution transformer, but the lower voltages and smaller 
ratings of the latter, and the need for designs v\hic h can be produc ed more 
cheaply and in quantity has resulted in striking differences in c mstruc 
lion. Furthermore, economy dictates a different ratio of copper and iron 
losses in the two types. These differences result in somewhat different 
characteristics. 

Tic-in transformers are used to link together two parts of a system 
so that power may be transformed in either direction They hold the 
two parts of the system in rigid phase and synchronism. Multiwinding 
transformers may be used to link together more than two systems. 
Tie in transformers may be provided with extra windings and taps for 
phase shifting purposes. A transformer capable of changing taps while 
under load 'usually b\ automatic relay control) is called a toiid ratio 
control transformer. 

Step-up transformers an* those used to increase the* \ nit age in the 
direction of power flow. Higher voltages than it is feasible to generate 
directly are necessary for the economical transmission of power, and thus 
step-up transformers are used at generating stations supplying power 
over long transmission lines. 

Step-down transformers are necessary to reduce high voltages to safe, 
or more convenient, voltages for application to the load. Step down 
transformers are found at the receiver end" of transmission lines and 
distribution circuits, (ienerallv there are several step down trails 
formers between the transmission receiver substation and the ultimate 
load. For example, the main receiver substation may reduce a trans- 
mission line voltage from 220, 000 volts down to 00,000 volts for secondary 
transmission, and these lines may terminate at substations where the 
voltage is further reduced to 4 ,(XK) volts for primary distribution, and 
finally distribution transformers reduce the voltage to 110 or 220 volts 
for household use. 
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Instrument transformers are of two types — potential and current 
transformers. The former is used to reduce a voltage to a value suitable 
and safe for application to a voltmeter or the potential roil of a watt- 
meter. The latter is used in connection with ammeters and the current 
coils of wattmeters. Instrument transformers are also used to supply 
power to relays. 


2. Principles of Operation 


Essentially, the simple 2-winding transformer consists of a magnetic 
core of laminated iron carrying a mutual flux linked with a primary 
winding connected to the source of power, and a secondary winding con- 
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Fig. I Simple two- winding trans- 
former. 


nected to an external load. In 
accordance with Faraday’s law, the 
variation of the flux induces a 
counter electromotive force E\ in 
the primary, opposing and practi- 
cally equal to the applied voltage 
Vu and an induced voltage Ji» in the 
secondary practically equal to its ter- 
minal voltage. Thus 


E 


i 


A i d$ 
10 s ~dt 


10 s dt 

= transformation ratio 

A? :« 


(I) 


With the secondary winding open-circuited, only a small primary (mag- 
netizing) current flows, sufficient to produce the flux according to 
Ampere s law, thus 

^ _ 0.4r.Y,A, _ mmf 

R reluctance 


If it were not for the small impedance drop of this current in the primary 
winding we would have \\ « E x exactly, and the two differ actually by 
only a fraction of a per cent. Now if the secondary is connected to an 
external load, a secondary current /•> will flow, and this current will pro- 
duce a magnetomotive force which, according to Lcnz’s law, will oppose 
the core flux. Hut as long as the primary applied voltage is constant, 
the flux must remain substantially constant (since A\ * £), and therefore 
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the primary winding will draw from the supply an additional current of 
such value as will nullify the mmf of the secondary current ; that is, the 
net ampere-turns A’,/.. must remain invariant to the secondary load 
current if impedance drops are neglected. 

A]/| + A./ s = A’1/0 

Now ihe no-load current /., is always small (of the order of a few per 
cent) compared with the full-load current /,. If we neglect I„ we have, 
numerically, 

-V./, ^ A */, Cal 

It follows from (i) and (2) that 


Eilt 


A', 

A', 


Ii\ 


A* 


/. & JiJi 


l3l 


and therefore the law of conservation of volt-amperes holds appioxi- 
matelv in a transformer. 

If the secondary voltage E-. is consumed by an impedance Z« as 
E, = Zih , then by (1) and (2) 


E 1 = 





4) 


The impcdaiu e 



is said to In* the secondary impedance referred 


to the primary, since it gives primary voltage when multiplied by primary 
current. 

We then arrive at four approximate relationships in a transformer: 


1 . 


Voltages are transformed dimlly as the turn ratio, 



.Vi 

A’» 


2 . 


Currents are transformed inversely as the turn ratio, 


h 

/, 


A’, 

A’, 


3. Volt-amperes are conserved , EJ\ == 

4. Impedances are transformed as the square of the turn ratio, 



In a subsequent section more exact relationships will be derived, but 
the foregoing provides a basis for qualitative reasoning and understanding 
of the phenomena which occur in a transformer. 
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There are* many problems in connection with transformer theory. 
They may be classified as follows: 

1. Main flux 

Saturation curves and magnetizing characteristics 
Hysteresis loss and harmonics due to hysteresis loops 
Eddy-current loss in iron cores 
Induced voltages 

2. Leakage flux 

Flux paths and permeances 

Reactances of concentric and interleaved windings 

Mechanical forces on windings and clamps 

Stray loss in tank, clamps, cooling coils and shields 

Eddy current loss in conductors, and reduction by transpositions 

3 . Circuit problems 
Vector diagrams 
Equivalent circuits 
Parallel operation 
Multiple windings 

Connections of windings and phases 
Voltage taps and load -ratio-control circuits 

4. Insulation 

Breakdown volt time characteristics 

Stresses under 00 cycles and impulse or surge conditions 

Stress control by shielding 

Puncture and croepage structures 

Deterioration with temperature, age, moisture, etc. 

5. Heating and cooling 

Core temperature distribution (hot spot and average) 

Winding temperatures » effect of insulation and cooling surfaces) 

Oil temperatures and oil circulation 

Radiation and cooling by tanks, tubes, and cooling coils 

6. Other problems 

Economical division of copper and iron losses 
Mechanical design clamps, tanks, accessories 
Manufacture and assembly 

An adequate treatment of some of these problems is outside the scope 
of the present text, but references will be cited at suitable points. 
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in which the high-voltage winding is sandwiched between sections of the 
low-voltage winding, are common in shell-type designs. 

In the distributed-? ore-type transformer, Fig. 2(c), the coils are wound 
on a central leg, and the flux returns through four outside legs. This 
type (also called a cruciform core) is favored in smaller ratings, such as 
pole top distribution transformers. 

In the u'ound-c ore-type transformer. Fig. 2(d), the core consists of a 
continuous strip of steel rolled into a tight spiral. 

The magnetic core, which carries the main flux, is made up of thin 
sheets, or laminations, of silicon steel 0.014-inch thick for 60-cycle and 
0.020-inch thick for 25-cycle transformers. These laminations are in- 
sulated from each other by coats of baked-on varnish, approximately 
0.001 inch thick. It is necessary to laminate the core in order to reduce 
the eddy current loss which occur* in the iron. The laminations are 
stamped out as rectangular, Ivshaped, and L shaped punchings, and 
assembled in packets held together by channel iron clamps and bolts. 
The punchings are assembled with the joints of adjacent layers alternated, 
so as to reduce the reluctance of the magnetic circuit. Fven so, the joints 
consume an appreciable part of the total magnetomotive force required 
to magnetize the core. Both lap and butt joints are used, the latter 
facilitating assembly and giving a better space factor. Transformer 
steel has a high silicon content and is very brittle and hard to punch or 
shear. An appreciable change in magnetic properties may be occasioned 
by rough handling of the sheets. The sheets are rolled so that the 
grain is in the direction of the magnetic flux. 

There are two types of windings employed in transformer construction, 
the ammilrii and the interleaved. The former is usually associated with 
core type and the latter with shell type designs. The insulation struc- 
ture is also quite different for these two types, and incidentally (since 
each type in larger sizes is sponsored by competing manufacturers) even 
the bushings are of different types! 

Kacli type of core and coils has Certain advantages and disadvantages. 
The core type uses relatively less iron but more copper. The shell-type 
gives better coil protection but less accessibility and its rectangular 
coils are not as strong against change of shape due to short circuit forces. 
The shell type is better adapted to air blast cooling. It is easier to obtain 
low reactances with shell type interleaved coil construction. Actually, 
however, both types are used universally, and the arguments advanced 
in favor of one or the other are to a certain extent purely commercial 
propaganda. 
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Transformer insulation is classified as major and minor insulation. The 
former insulates a winding from ground (the core and tank* and from 
other windings, and comprises the insulating cylinders, flange collars 
and barriers between windings. Minor insulation includes the pajvr 
cotton-covered turn and strand insulation, the varnish cambric taping 
around individual coil sections, and the barrier sheets between adjacent 
sections of the same winding. Oil serves both as an insulator and a 
cooling medium. 



Figure $ is a cutaway view of a concentric -coil (ore type construction. 
The low-voltage coil is usually a circular helix or barrel of heavy rec- 
tangular copper ( ondu< tor wound on a hard molded insulating cylinder 
of varnished paper from 4 1(> to S 4 imh thick. The conductors them- 
selves are insulated with '\irnidied paper held in place by cotton tape, 
and may lx* spaced apart to fa< ilitate beat dissipation to tlx* surrounding 
oil. The hisrh voltage winding consist •» «»t a "ta( k o! Motion-, each con- 
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taining from a few to many turns. The sections are alternately con- 
nected by inside and outside crossovers, and are separated by oil ducts 
and insulating pressboard barriers; pro|>er distances between sections 
are maintained by spacers. 'I he high-voltage coil stack is support ed on 
insulating paper cylinders, the number depending on the voltage rating. 
Molded flange collars comprise the insulation at the ends of the stack. 
The line end sections usually are wrapped with extra insulation, as are 
the line end turns, as protection against incoming surges.* The coils 
and insulating structure are held in place by channel or angle iron clamps. 

Figure 4 shows the construction of a 3-leg transformer core, consisting 
of the top and bottom yokes, the vertical legs, the windows, and the 
clamps. The joints between punchings are alternated. Vertii al oil ducts 
are provided to assist in cooling the core. In assembling the tiunsformer, 
the legs and bottom yoke are built up first, then the coils are slipped over 
the center leg, and finally the top yoke i ompleted by sandwiching the 
rectangular punchings between those of the legs. The cross-section of 
the legs is usually stepped rather than rectangular, so as to more nearly 
approximate a circular form and permit the maximum amount of iron 
inside a circular coil. The bolts and clamps holding the core together 
must lie insulated so that there are no completed circuits; for otherwise 
currents would flow in such circuits causing additional losses and heating. 

Figure 5 shows a partly wound low-voltage helical coil on the winding 
form. The pressboard spacers and the spacing strips are shown. The 
low-voltage coil is made up of a large number of strands, and these 
strands are transposed through the coil stack in order to reduce the 
edd\ -current loss in the conductors. 

Figure 6 shows an assembled core and coils of a 3-leg transformer. 
The manner of bringing out the leads should lx* noted. The wide con- 
ductors at the two ends of the coil stack are electrostatic shields for surge 
protection. 

Figure 7 shows an external view of a completely assembled 20,0(K)-kva 
transformer. Radiators are provided to give additional cooling surface. 
The conservator tank above the radiators is an oil reservoir which assures 
that the transformer tank will always be full, even though the volume of 
the oil changes with temperature variation. A relief pipe, seen over the 
conservator tank, offers protection in case of gas caused by internal 
trouble. Mounted on top of the transformer tank are the bushings and 

* Or tain other provisions for surge protection, such as static plates and electrostatic 
shields, are not shown, as consideration of them is beyond the scope of this book. See 
Bewlev, L. Y\, Trawling ICures on Transmission Systems, John Wilt*} and Sons, New York, 
1 W. ’ 
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integral lightning arrestors The box like structures on the side of the 
transformer house the load ratio control contactors and mechanism 
The entire transformer is mounted on a truck Certain gauges and 
conduits and other accessories are clear in the illustration 



Fig 7 l\tinul\K\\ of i in > It t n ) \u r trinsl >rimr showing 
iidi itors oil uiwnit r t ink relit I pipt bushings 
lightning irrtstu and lu using \ r 1<» id ritio control 
equipment (Cm Me tilth hi ( mpm\) 

1 igurc S is a cutawav view ol an intuU i\ul coil shell t\pc three 
phase translornur showing tlu core and coil arrangement leads high 
voltage protective links md condenser bushings I his transformer 
has the so called lorm lit tank construction Note the well detmed path 
for the circulation ot the cooling oil up through the coils and down 
through the radiators with no b\pass between the coil and tank Jhis 
construction is ulcallv suited for the applii at ion ot a ton ul oil circulation. 




Fig. 8 Cutd\\d\ \r\\ nl a slull t\|x tidn^toinur. (Hm/o/i'- 
JioH6t 1 An tin ( 01 pohitunn 

Figure 1Ha> is a cutawa\ \iew ol an oil Idled bushing showing the por 
celain shell, ground sleeve, insulating harrievs. and oil reservoir. The 
lower part of the bushiiig, w hie li will be immersed in the oil of the tank, 
need not be so long as the upper portion, since the striking and c reepage 
distances in oil are much less than in air for the same voltage Figure 1 1 (bj 
is a cutaway view of the condenser type bushing In this type bushing 
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■3 

the radial gradients are made approximately uniform by inserting a 
series of concentric aluminum-foil cylinders’ in the paper insulation 
around the lead, these cylinders act as a series o! condensers of suih 



Fig. ii IIikIi Milt.u't hushing^ 

1/ Oil filled t\pe I (initial Nairn ( ompnux i 
b Condenser l\|M‘ (]Vt\hni’/iou\t Rlulm (oipottilunn 

( apacitance as to equalize the voltage distribution. Condenser type bush 
ings are of smaller diameter, but greater length, than oil tilled bushings 
for the same voltage. Sometimes the bushing is surrounded by a cur- 
rent transformer, and it is then a great advantage, for reasons of accurate 
current measurement, to use a bushing of minimum diameter, ('on- 
denser-type bushings are also used where additional (apacitance is re- 
quired for capacitance coupling with external devices. 
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A general classification of transformers with respect to their utilization 
and construction is given in the following table. 


TABLK 1 

'I KANSrOKMKK CLASSIFICATIONS 


Utilization 

Construction 

Power 

Magnetic circuit 

step-up 

core type 

step-down 

shell type 

tie-in 

cruciform 

phase-shifting 

wound (spiral) core 

load- rat io-( ontrol 
multiple- winding 

Windings 

autotransformer 

concentric disk 

Distribution 

interleaved (pancake) 
barrel (helical) 

pole type 
unit substation 

Insulation 

street vault 

cylinders 

Inst rumen ts 

tlange collars 

1 .arriers (press-board ) 

potential 

turn (d.c.c. paper and enamel) 

current 

layer (paper) 

Special purpose 

section (paper and tape) 
oil 

starting compensator 
constant current 

Bushings 

welding 

condenser type 

rectifiers and converters 

oil-tilled 

electric furnace 

solid (paper) insulation 

high-voltage testing 

Connections 

Cooling 

water-cooled (cooling coils) 

wye 

air-blast 

delta 

self-< ooled (tubes and radiators) 

zig-zag 

double-del ta ( hexagon ) 

Tanks 

stub-delta 

round 

extended-delta 

oval 

quadruple /ig-/ag 

square 




& 4 The Magnetic Circuit 
4. The Magnetic Circuit 


Consider, tig. 12, a magnetic core of permeance P 0 excited by a coil of 
A -turns carrying a current /«. 'I he magnetomotive tonv is then 
and the flux is 


*. = OArXtWn = B t A (5) 

in which is the flux density and -! the cross-sectional area of the core. 

1 he permeance P „ is not a constant, hut depends on the flux density. 
This dependence is shown by the typical saturation curve of Fig. l\ 
which is usually plotted as flux density against ampere turns per inch. 


jo 
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I 

N-Turns 



Fig. 12 



It is characterized by: (a* a slight reverse curvature at low values of 
flux density, (l>) a near linear or straight line portion, ft ' the “knee,” or 
region of ahru])t curvature, and «d) the region of saturation over which 
large increases of magnetomotive forte result in 
only small increases in flux density. Obviously, 
there is little to gain by extending the woiking 
range far into the region of saturation. More 
over, as will be shown later, operation at hi« r h 
flux densities results in excessive losses due to 
hysteresis and eddy tumults, and introduces 
objec tionable harmonics into the exciting tur 
rent or voltage*. For these reasons, transformers 
are usually designed to operate at from 70,000 to 00.000 lines jx*r 
square inch maximum flux density. 

Now if the current is alternating, the flux density, instead of follow- 
ing a simple saturation curve, will destribe a hysteresis loop , Fig. 14. 
When the current is llrst applied, with the core* unniagnetized, the flux 
density, B , increases along the saturation curve 'shown dotted) until it 
reaches a maximum simultaneous with maximum «urrcnt. Hut when 
the current decreases, the flux density follows at a higher value than on 
the saturation curve, and at current zero there is a residual flux in the 
core. In fact, if the current ceases at this point, the core remains mag- 
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netized. The remaining magnetism does not reach zero until the current 
becomes negative. As the current continues to decrease, the flux density 
also decreases until it reaches a negative maximum equal to its positive 



Fig. 15 Nest of hysteresis loops, 
maxima points of the loops lie on 


maximum. As the current increases 
and completes its cycle, the loop 
is closed. Such a hysteresis loop 
is symmetrical about the origin, so 
that the positive and negative half- 
loops are similar. 

If a number of hysteresis loops 
are constructed from test data for 
different values of maximum flux 
densities, it will be found that they 
are nested together with the higher 
density loops surrounding the lower 
density loops. The locus of the 
le normal saturation curve. 


5. Effect of Saturation and Hysteresis on Wave Form 

Suppose 1 that the voltage applied to the coil of Fig. 12 contains a num- 
ber of harmonics and is represented by the Fourier series 

•c — I f j\ sin ( o)t + T" At sin (3a >/ -T 1*3) -f* /s., sin (5 a>/ -f- «;, ) -f - • • • 

- sin (AW + <h) where k = 1, 3, 5, • • • (6) 

The flux variation in the core must be such as to induce a counter electro- 
motive force equal and opposite to the applied voltage (6). The relation- 
ship between flux and voltage is given bv Faraday’s law, e = - ^ , 

h ' ' 10 s dt ’ 

or conversely 


1 <) h f , 10 . . , 

<t> - — - I rd/ - - sin (kwl + 




)dt 


= + - 2- ciis (tad/ + a*) 

A to k 

1 0 s | F F 

— v hints (u?/ T ct\) + cos (3u)/ + + cos (5o>/ + 0 ,) + ■ 

A u> { 3 5 


f 7> 


Comparison of (6) and (7) shows that the harmonics in the flux wave are 
successively smaller than those in the voltage wave, and each flux har- 
monic leads the corres|x>nding voltage harmonic by 00 degrees. 
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On the other hand, if the flux wave is specified as a Fourier series, the 
corresponding voltage wave is easily found by Faraday’s law. Usually, 
the applied voltage wave is free of harmonics, and consequently the flux 
wave must also be sinusoidal. But harmonics then appear in the current 
due to saturation and hysteresis. 

The current wave could be found if the relationship Ik 1 ! ween the cur- 
rent and flux, as given by the saturation curve or hysteresis loop, could 
be expressed analytically. While certain empirical expressions have 
been proposed for this relationship, in general they are not satisfactory. 
It is more profitable to obtain a graphical solution for the current, as 
shown in Fig. 16. 



Fig. 16 



(c) Hysteresis loop and 
Sinusoidal Current 


Figure 16a shows the variation of flux <f> and current /« according to a 
simple saturation curve. For a sinusoidal flux wave, the value of current 
for each value of flux is picked from the saturation curve and transferred 
to the time diagram. 'Hie resulting current wave is peaked and sym- 
metrical about its maximum. It is composed essentially of a funda- 
mental and a third harmonic, although higher harmonics are present. 

For a sinusoidal flux wave, the current wave due to hysteresis, Fig. 16b, 
is not symmetrical. But if the fundamental in-phase component of the 
current i h is subtracted, the remaining current / 0 is symmetrical. It is 
the magnetizing current. The in-phase current component is an energy 
component and accounts for the hysteresis loss discussed in the next 
section. 

For a sinusoidal current, the flux wave becomes flat-topped, and the 
voltage wave correspondingly peaked, Fig. 16c. 

The problem of determining the exact voltage and current wave shapes 
in circuits containing saturable iron cores is extremely complex, even in 
the most simple cases say a sinusoidal voltage applied to a series 
R-L circuit. Step-by-step and graphical methods, or calculating ma- 
chines, must be used. Fortunately, in transformer calculations, either a 
sinusoidal voltage or a sinusoidal current may be assumed, depending on 
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the connections. The effect of the connections on third harmonics will 
be discussed later. 


6 . Hysteresis Loss 

Referring to the magnetic core of Fig. 12, assume that the flux density 
varies according to the hysteresis loop of Fig. 14. The voltage induced 
in the coil of X turns by this flux is, by Faraday's law and ( 5 ), 

.V = _ A [A dlh ( 

C 10 s dt 10 s dt 

The instantaneous power loss is equal to the product oi the voltage and 
the current, and the energy loss per cycle (or one hysteresis loop) then 
is, by ( 5 ; and f 8 ), 

n — ft'lnd / — f us 

i» •/ill 

- ^ ff ^ /(> )d/?i 1 =■ - f — dBu - - * (area of hysteresis loop) 
10V V I ) 10V 0.4ir 4 tt1() 7 J ' 1 

( 9 ) 

in which V - .1/ is the volume of the iron core. Since there are / loops 
per second, if / is the frec|uencv of the applied voltage, the hysteresis 
power loss is 

Pk - — ^ ( area of hysteresis loop) watts ( 10 ) 

'l'hus the hysteresis loss is directly proportional to the volume of the iron, 
to the frequency, and to the area of the loop. Transformer iron having 
a narrow loop is therefore desirable. This loss amounts to about two- 
thirds of the total core loss in a transformer, the other one-third being 
eddy-current loss. 

Steinmetz has given an empirical formula for the hysteresis loss. It is 

I\ =- vfVP'Ls 10 ; In) 

in which a = 1.5 to 1.7 (1.f> average value) 

i; = 0.(K)1 to 0.005 erg jx*r cu in. tor annealed steel 
= 0.(KK)5 to 0.1KKKS erg per cu in. for silicon steel 
= maximum flux density in lines per sq in. 

The exponent a can lie determined by measuring the hysteresis loss at 
different flux densities and plotting the curve of watts loss vers flux 
density on logarithmic paper. Then the constant rj is found from (n). 
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*9 


In terms of the areaS of the hysteresis loop, upon equating (.10) and (ii), 
there are for two different flux densities 


and 
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a = log L 'S\ Sj) 
log(/^i /*•>) 

_jSs 

4irB? 


7. Eddy-Current Loss in Iron Core 

The flux in the transformer core induces voltages which cause parasitic 
currents to flow in the iron, causing losses. It is to reduce these eddy 
current losses that the core is built up of laminations insulated from each 
other by a coating of lmked-on enamel. Even so. the eddy currents 
confined to the individual laminations 
contribute about one third of the core 
losses of a transformer. A complete 
analysis of this problem, taking into 
account the actual paths traversed 
by the currents, and the redistribu- 
tion of flux and currents caused by 
them, is rather involved * Hut results 
of great accuracy may be obtained on the amplifying assumptions: 
(1) that the eddy currents flow parallel and symmetrically above 
and below the* center line of the lamination, «2) the flux density is uni- 
form throughout the c 10^ sec lion of the lamination; bh tlu* circuit of 
the current is completed at the* ends of the* sheets. Referring to l'ig. 17, 
which shows a cross section of a lamination of width b and thickness 
/ carrying a maximum flux density B miX% and considering the* elementary 
path distance .\ from the center line, it is clear that the total flux linked 
with this path is 

0 = IbxBumx cos w/ (12) 



Fig. 17 Mux and rdil\ current 
path** in a lamina turn. 


This flux will induce in the path a voltage 


1 (h 

nr dt 


Ibx 


- «/ 


HP 


(13) 


If p is the resistivity of the iron, the resistance of the path of width dx 
and length / (in direction of B) is 


r = 


2bp 

Idx 


(14) 


* Hew ley, L V., Tuo-dimensional Fields in bJfclntal Iing : nrerim\, The Macmillan Com- 
any. New \ork. 1948 
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Xcglecting the small reduction in the flux which would be occasioned by 
the magnetomotive force due to any current that flows in the lamination, 
the rms current in the path is the rms voltage divided by the resistance, 
and the eddy-current loss in the lamination therefore is by (13) and (14) 


P = 

' pl() 1# 


bi r l/a 

Jo 


x*dx 


= - Pbl*B 2 m „ = - **_ t* 

6plO ,B 3 M<) ,B 


(15) 


This equation shows that the eddy-current loss varies as the squares of 
the frequency, flux density, and thickness of the lamination . Therefore, 
thin laminations result in low loss. In practice, the thickness of lamina- 
tions for (>0-cycle machines has been standardized at 0.014 inch, and 
flux densities rarely exceed ( >0,(K)() lines per square inch. The resistivity 
of transformer steel increases with the percentage of silicon. The ideal 
steel would have high resistivity to keep down the eddy-current loss; 
a low constant and narrow hysteresis loop to limit the hysteresis loss; 
a high permeability to reduce the magnetizing current; low saturation 
to limit third harmonics; stability against aging and rough handling; 
mechanical workability; and would be inexpensive truly an intriguing 
problem for the metallurgist! 


8. Separation of Hysteresis and Eddy-Current Losses 

The total core loss is the sum of the hysteresis and eddy-current losses 
as given by (n) and (15), or 

p * f Pe - 10 • + kvt yve 

= k’.fK uv + m'L, ( 16 ) 

As there are three unknowns la, k\ k "), a minimum of three sets of 
power measurements at different values of the independent variables / 
and B are necessary. lA*t power be measured under the three conditions 
(/i, B\)i (/«, B*), and [f u B»). Then (16) gives 

/>, « k'W + k"fcBc ) 

Pi « KfiBi* -f *v,w { (17) 

^3 - k'fxBS + r/w ) 

Eliminating k ” between the second and third equations of (17), there 
results 

(18) 


.f\"Pi = k'fxfil /, - fi)Bi 
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Eliminating k” between the first and second equations of (17). there 
results 


W - /• W* = *'< - fr/,Hrfi/) ( 19) 

Kliminating k' between (18) and (19), there results after some rear- 
rangement 


log 
a = L -- 


(BiY _ A'(/i -JiWPi + /,(/,/>, -f,p,)Kr- 
W Bfifl’Pt - feP,) 


(aol 


From (20' the exponent a is found as 

r r 1 - tm /». 

! U(1 ~ jHlfi F,M- t/J, «,) s ( 1 - HP, 
log (#.. tfl) 

in which 0 = /. / t . 

Having determined the exponent, k' follows immediately from (18) as 


(21^ 


k' = J'~ Pi ~ f * P * 

U fA fi - fi)R! 


(22) 


And upon eliminating k' between the second and third equations of (17), 

r= UP " ~- hP ' (2,) 

I'sualh the exj)onent is taken as a = 1.6 and the two constants then 
follow from (22) and (23) without finding a from (21). 


Example: A transformer has the following losses corresponding to three 
conditions: 

By = 25,8(K) lines per sq in., j\ — JO, l\ = 270 

Jin = 64,5(X) lines per sq in., / 2 = 60, = 2620 

Bn -- 64,500 lines per sq in., /1 = JO, I\ = 1250 

Then by (21), since fi = 2, 

r 1 - 4 X 0.428 "| 

= L.2(l - 2) 0.0925 + 0.4 s (1 - 2 X 0.428) J _ f 6J5 

log 2.50 

Bv (22) and 123) 

k' = X 50 X 2920 - 60 X 6(> X 1250 = ()W) y K) _« 

50 X «) (50 - 60) 64,500’ * ,J 
k „ _ 50 X 2920 - 60 X 1250 
50 X 60 (60 - 50) 64,500 s 


0.56 X 10 _w 
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Hence the core loss for this transformer is 

P = 


b.60 { 7 .j 6ifi , 0.56 2K 2 

io»/ 


g. General Equations, Vector Diagram, and Equivalent Circuit 

The traditional method of analyzing a 2-winding transformer, at- 
tributed to (\ J\ Stcinmetz, assumes a power source on one winding, the 
primary, and a load on the other winding, the secondary, and the core 
loss is taken into account by including an in phase component in the 
exciting current 'I wo departures lrom these premises will be made in 



Fig. 18 Wound inn hailstorm* r, 1^ k\a z\oo to 

1 jo ’40 volts tht midi !l< din ( ompiun ) 


the piesent tieatment First, since power ma\ flow in either direction, 
and sime in multiple winding transformers no one winding has a prefer 
ential status, it will be assumed hen* that each winding i*- connected to 
a voltage source and positive current diiection will be* taken as that which 
assists in magnetization ot the coie Second, the core loss will be ac- 
counted for as oc cm ring in the resistance ot a fictitious thiid winding 
ha\ ing the same number of turns, m \ u as one of the windings. This 
latter artifice will permit the transformer problem to be approached fioin 
the alternative differential equation point of view without Inning to 
apologize ten the absence ot core loss in the results 
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Referring to Fig. 19, there is shown a simple 2-winding transformer. 
For clarity the two windings are shown on separate core legs, hut in 
practice there would he a primary and a secondary winding on each leg. 
F he two windings have .V, and X* 
turns, and resistances R\ and 
respectively. Voltages l’i and !’•» 
cause currents J , and I > to flow in 
the windings, as a result of which 
there is a mutual flux <p„ through 
the permeance I\ of the iron core. 

In addition, the winding magneto- 
motive forces cause leakage fluxes 
6 \ / and fa through the permeances 
!\ and P -2 of the air paths. The mutual flux » in the iron core causes 
h\steresi> and eddy current losses in the laminations. 'Hie former is 
proportional to the 1.0 power and the latter to the square of the flux 
density. If, as a legitimate approximation, hot h los* * are assumed to 
he proportional to the square of the flux, then the iron losses and the 
demagnetizing effect of the eddy * urrents can lie taken into account 
most appropriately hy introducing a fictitious winding (shown dotted 
in Fig. 19} of A’i turns and a conductance (#», to he determined, carry- 
ing a current such that is equal to the tore loss. This 

lit titious winding F assumed to have no leakage flux. It will he assumed 
further that currents and voltages vary sinusoidally. I here are thus 
three magnetomotive forces acting on the core (where / 1 , l > , h n , desig 


nate effective values for the currents): 

M\ = i)An\ 2 .Vi/iC M (24) 

M, - 0.4ir\ 2X«l>c ,ut (2$) 

M' A = 0 . \w \ 2 (26) 

The resultant magnetomotive force is 

Mo = Mi + Mt + Mv. 

= 0.4tt \ 2 F\ 1 /1 + A 2/2 i A 1 h,.t)P 
- i\Aw\'lXxI/* (27) 

in which, putting a — Xi A T >, 

/* = /. + /**+- 

a 


is an equivalent current flowing in X\ turns and w T hich produces the 
same magnetomotive force as the three actual currents. 



Fig. 19 Idealized tiaiisloiiiu 1. 
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These magnetomotive forces produce the leakage fluxes <t> u and fci, 
as well as the mutual flux <&>, whose crest values are 

*u = M\P\ « (29) 

<ki = M,P, = 0 . 4 t y/lXMc** (30) 

*> - M„/’„ - (). 4 tv' 2 .V,/V/ m = <V , “' (31) 

and, by Faraday’s law, these fluxes induce the instantaneous voltages 


Cl/ = 


C21 


C-2 =■ 


•V, 

debit 

_.0.4t.Y, 2 / > 1 «V2 


10 s 

dt 

7 1(> 

_ Xt 

dfai 

-j — h 

he** 

10 s 

dt 



_ v < 

dfa) 

_.().4».V, 2 /W2 

IJ* 

10 s 

' dt = 

7 1(P 

9 

-V.. 

d(j> n __ 

_ . ().4t.Vi.\VPoco\ / 2 . 

10 s 

dt 

" 10 s 

V 


( 3 ») 

(33) 

(34) 

(35) 


in whuh (32) and (33) arc the leakage flux voltages. In terms of rms 
values, they define the primary and secondary leakage reactances, 


Y = 0 . 47 r.Vr/'|u 
’ " 10 s 


(36) 


0 . 4 ir.V., 2 /%) 

io K 


('37'' 


The induced voltages (34) and (35), in terms of the mutual flux defined 
in (31), have rms values 


r • co \ 1*1*0 

E ,\ - f — 

10 s \ 2 

• 4 44 rv * 

10 ' ' 

(38) 

- . co \ ..*hi 

- / - 

10 s \ 2 

. 4.41 rv* 

“ 7 To' s s * 0 

(39) 

and the ratio of transformation is 



^ ^ ; V, 

A’ 

- a 

(40) 


Any secondary voltage multiplied by this ratio is said to be referred to 
the primary. Likewise, as is evident from (28), any secondary current 
di tided by this ratio is said to be referred to the primary. Referred 
quantities are primed, for example. E*' — aE« and / 2 ' = I* a. 

Since only 7 j and / 2 are measurable currents, it is customary* to write 
from (28) 

/« — /* — Ih*.* =■ 1 \ + // ( 41 ) 
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and this current 7 0 , having a magnetizing component 7 0 and an energy 
loss component 7 A+f , is called the cxa'ling utrrnit of the transformer. 

Since the fictitious winding of .V, turns has only a coiidui lance (i» 
and no leakage reactance, its induced voltage 08'. must he consumed 
entirely by this conductance, or 


7/^r — (»« E\ (42) 

and since it is in phase with £,, thus lags the mutual flux by ( >0 degrees. 
The value of G 0 is such that 


/* 

- A t # i G')Er = tore loss 
Go 


U3' 


The net magnetizing current 7 0 must be in phase with the lh*\ <fy,. that 
is proportional to £1 and leading E\ by ‘Ml degiees. Let this propor 
tionality factor be Bo. 'Then by (41) and 142) 

7 ( , = 7 , + 7 / = 7 , ~ L , .. 


— “((#« — jBo)E\ - — YoE 1 
= YuEo (44*1 

in w’hich Yo = Go — /ft, is called the exciting admittance ot the trails 
former, and £„ - — £1. 

The secondary terminal voltage is ( nnsumed h\ the secondary re- 
sistance drop ft»7j, the leakage read ante drop / \ .*7.», and the component 
to overcome the induced voltage £», 

V, - R2I2 4 j\J? - E, ■ ZL £, (45) 

where Zi - R> 4- j V? 

This may be referred to the primary by multiplying both sides of (451 bv 
the turn ratio a 

aV» = aZ’li - aE> 

=r (,rZ.) - - (iE, (46) 

(1 

Then using primes for referred quantities and puttimr £,, — — £1 — -tf£a 

VS = Z/IS { £0 (47) 

where ZS = a 9 Z*. IS - h c/, and V' - <iV>, 

Thus secondary impedances must be multiplied bv <r when referred to 
the primary’. 

The primary terminal voltage is consumed by the resistance drop 
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R\l„ the leakage reactance drop jX \I\ and the component to overcome 
the induced voltage E\, 

V\ = /e,/, + jX\I\ - E x = Z x h + 48) 

Equations (38), (39), ( 41 ), 44 )* 47 b and 48 ) constitute the funda- 
mental equations of the transformer. These equations may he inter- 
preted as vector diagrams, or as those of an equivalent circuit, developed 
piecemeal and concurrently in Fig. 20. To begin with, let the mutual 


VECTOR DIAGRAM EQUATIONS I EQUIVALENT CIRCUIT 



Fig. 20 


flux <tv he taken as reference vector and drawn vertical. Then by (38) 
and (39^ the induced voltages E x and £ s lag <$> l( by 00 degrees and the 
voltage Ed to overcome these induced voltages must lead by *>() degrees. 
















$io Approximate Equivalent Circuit ^ 

I he exciting current /o, made up of the magnetizing component in 
phase with <l>o and the core loss component in phase with £,, is 

the resultant of the primary and secondary currents /, and //, by (41). 
The element of the equivalent circuit. Fig. 20a, satisfies the current 

relationships. 

The secondary voltage equation, (46b is easily recognized by (47) as a 
simple series circuit. Fig. 20b. 

The primary voltage equation, (48), is likewise a simple series circuit. 
Fig. 20c. 

Finally, since the three separate parts of the equivalent circuit have 
the same voltage £ 0 . and satisfy the conditions of current continuity, 
they may be joined at their common terminals to form the complete 
equivalent circuit. Fig. 20d. 

As a check, upon eliminating £,., /„ and between (44I, (47), and (48) 
there results, after some rearrangement. 


V\ - 



F» 



v v 


Z.h 


w 

F Y,Z ' 


(4Q) 


If Vo' - 0 . the equivalent impedance in (491 is seen to be that of the 
circuit, Fig. 2()d. Or if L - 0, the voltage V\ as given by < 49 ) is the 
sime as would be obtained from the equivalent tin uit. 


10 . Approximate Equivalent Circuit 

The primary impedance drop, Z\l u rarely exceeds 5 per cent of the 
applied voltage, and being also out of phase with the voltage, it is almost 
always permissible to take £n 
V x in calculating the exciting cur 
rent /,,. Furthermore, the current 
/.. is only a few per cent of the 
load current / 1 , so that it adds 
very little to the impedance drop, 

£i/i. t herefore, the exciting ad- 
mittance branch F 0 may be moved 
to the line terminals, and the 
equivalent circuit and its vector 
diagram reduces to that of Fig. 21 . 

This simplified diagram is suffi- 
cient for all practical purposes. 

There are neglected factors (satu- 
ration, harmonics, and others) of far greater importance than the error 



Fig. 21 


The approximate equivalent 
circuit and vector diagram of 
the transformer. 
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committed in going over to the approximate equivalent circuit. In 
most problems involving power transformers the exciting admittance 
may be ignored entirely in calculating regulation and division of load, 
although the core lo^s must be included in determining the efficiency. 

11. Differential Equation Approach 

The schematic diagram of a 2-wind- 
ing transformer with its fictitious 
“core loss“ winding is shown in Fig. 
22. The differential equations of this 
circuit, in terms of self and mutual 
inductances, are 

l> • 1 r di 1 . . , d i't d / a \ 

*’i - R\U + L\ — + Mvi — + Mu — I 

di dt dt I 

”, =- A’,./.. + /,, p + ^ + M n > (50) 

dt dt dt ( 

0 - Kj, f- /Jj I- Mm‘j' f mJ 1 '' I 

dt dt dt I 

Assuming all quantities to vary sinusoidally, and using rms values, 

/. - /.r* - 

i. -- /.c'" 

h - Jv* 

r, 

t'« - V** 

- 0 

In terms of the |H‘rmeaiu es, the inductance cnefticients are defined as 

/. 1 — (UirA ,-(/*, +- l’u 

l, =- o.-IttAV-i i\ f /v 

U - 0.4ir.V,-/’«t0 " 

M k - U.4*.Y|.\V*.1(I ' 

.1/., - QAwXaXiPM s 
.1 r 3X =■• o.»».v,.v l r„io s 

in which A,' and l./ are leakage inductances. 



(52) 




IvJ *3 

Rs 


Fig. 22 
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Substituting (51) in (50I, cancelling the c u ' factor, and making use 
of (52) 

V\ — R\I\ + juL\I\ + jvSI 12/2 + /«?.!/ 1 ^ 4 , 

= R\I\ + ./w(/-l / + f Itf 1, I /u\U7 3 

1/ 

= R\I\ 4~ juL\' I x 4 - /ttd/^/, 4—4 7,^ 

= 4 - ./A 1/1 4- /A w ^ 7 , +- | 7 ;^ (53) 


^2 — R‘i 7j 4" juL«h 4-./u'J/ : m7i 4" yu'J/jj/a 

= 7 ^ 2/2 1“ ju){lsi 4 -,^7.. I /a* 7, < /u> -- 7 t 

\ </V 0 I 

= *./» f /W,»7s -t /V-Y/i | 7 “ f /4 

</ \ </ / 


= /f»/* + /y s /. f / t 7 ' 1 /,) 


(54 > 


0 = RJ, 4 " juR\\h\ 4 /u'J/j-l, I ji/tMvI'i 

= /< 3 / 3 ju)M 7;j 4 /a 1 .!/ 7| 4 /u? 7? 

(i 

= K:,/, + /Y„(/, I I / ) 

Let 

7 , 

/ , — /1 4- 4- 7:* - net magnetizing torrent 

a 

Eu = jWJ* — induced voltage due to mutual flux 

7 2 ' = - relict ted secondary current 

a 

Then (53), (54), (55), and (57) may be written 

V\ = Z\l\ + Eu 

V» = ZL 4- - or aV>> - bfZ.) - I £ 0 

</ </ 

0 = /*^:{ Tjj 4~ £0 or 7a - ~ (>\\E{) 

A 3 

/* - - -/«oEo 

/ \ ,« 

/ii — I,,. ~ /.i “ (On • /HiiiEv Yi£i 


(55) 

(561 

(571 


( 58 ) 

(591 

(60) 

(61) 


(621 
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These equations are identical (h = with those derived in Sec. 9, 
and thus lead to the same vector diagrams and equivalent circuits. It 
is to be noted that core loss has been included, but would not have 
appeared in this development had the fictitious core loss circuit of re- 
sistance R* been omitted. 

12. Transformer Constants and Tests 

The equivalent circuits of Figs. 20 and 21 contain six constants: 
R\^ -Yi, /f 2 , A'a, fin, Bt h in terms of whic h the transformer performance may 
be calculated. These constants may be determined either from design 
formulas and data, or from test. The former procedure is: 

1. The d-c resistances of the windings are calculated from the re- 
sistivity, cross-sectional areas and lengths of the conductors, and 
are then corrected for the operating temperature. 

2. The eddy current loss in the conductors is calculated, and the 
winding resistances are increased to include this extra loss as a 
load loss (proportional to the current squared). 

3. The stray loss in the tank and clamps is estimated, and the winding 
resistances are increased to include this extra loss as a load loss. 

4. The core loss is determined from core loss curves for the appropriate 
llux densities and type of steel, corrected by test probability curves, 
and attributed to a conductance loss (nJu?. 

5. The magnetizing current is determined from saturation curves, 
corrected for the number and type of joints in the core, and at- 
tributed to a susceptance, -- /„, An. 

6. Leakage reactances are calculated from appropriate* formulas and 
apportioned equally to \\ and AV. 

Obviously, the* necessary information to carry out an analytical deter- 
mination of the constants, particularly the all important empirical 
corrections, will be available only in the design office of the manufacturer. 

Hut it is relatively simple to determine the constants experimentally. 
Two basic tests, the short-circuit and the open-circuit, are necessary. 

The short-circuit test , Fig. 23, is made with the secondary winding 
short circuited and at reduced primary voltage f just sutlieient to cir- 
culate rated current). Measurements are made of voltage, curient, and 
power input. The primary voltage is adjusted so that approximately 
rated current flows through the transformer. Since the transformer 
impedance diop rarely exceeds 12 per cent of rated voltage, this means 
that the voltage is only that per cent of normal. The main flux is just 



§12 Transformer Constants and Tests 4Z 

sufficient to produce rated secondary current. The exciting current at 
such low voltage is only a fraction of a {x?r cent of rate! load current. 
Consequently the exciting admittance of the equivalent circuit. Fig. 20 
or 21, may he ignored as indicated by dotted outlines, and the equivalent 
circuit is that shown in Fig. 231). Then 

cose., =.- JI '■ - ( 63 ^ 

= v [R x + >,") + t.Y, + .\v»* = V' (64) 

* ir 

=■ cos 0, c (65) 

A', + A’./ * \ / V- (A»! f A’./) 2 = Z* sin 0 , (66) 


Hut this test does not show how the total resistance is to he split between 
the primary and the secondary, nor how the total reactance is to he 
apportioned between Y| and AY- It will be remembered that R\ and AY 
are greater than the d-c resistances perhaps as nnuli as 2 per cent 
greater because of the eddy loss in the conductors and the stray loss 
in the tank and clamps. If the d c resistances of the two windings, as 
measured by the dmp-of potential method or by a bridge, are ri and r 2 , 
it is sufficient to assume A*i and A’ -' to be in the ratio R\ AY - n <i s r.» and 
substituting in (65) for 7 \V gives 


Rx 



(67) 


The reactances A t and AY may be taken in the same ratio, or more usu- 
ally as equal to each other. It is not feasible by test method* to separate 
the total reactance into primary and secondary components Yi and AY, 
although the two parts may be calculated separately from design data. 



t ig. 23 Short-tircuit UM. 



Fig. 24 Open-c ircuit test. 


The open-circuit test , Fig. 24 , is made with the secondary open -circuited 
and with rated voltage applied to the primary. Measurements are made 
of voltage, current, and power input. The no-load or exciting current la 
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is only a fraction to a few per cent of normal rated current, and its voltage 
drop in the primary winding is quite negligible. Therefore, in the 
equivalent circuit under this condition, the voltage Eo across the ex- 
citing admittance is substantially the same as the applied voltage, so 
that 


In _ _ h _ ~ 

Eli [l’l — (^l +7-\i)/n| l^i 

ir„ - /e ,/„ 2 _ ir„, 


( 68 ) 

(69) 


= VlV - 67 


(70) 


These equations have been written so that one can readily verify that 
the impedance drop {R\ + jX i)/« may be ignored completely in de- 
termining Cf« and In (68), as a sufficiently good approximation, / 0 
may be taken as lagging l’i by 90 degrees, that is h = — /7 () . 

ruder the open-circuit test the no-load current will contain a pro- 
nounced third harmonic due to saturation (see Fig. 17). This harmonic 
current, flowing through anv impedance between the generator or voltage 
source and the transformer under test, will result in a third harmonic 
voltage on the transformer terminals and may change the core loss con- 
siderably. Precautions should be taken to insure that the test voltage 
wave form is a pure sinusoid, or else that measuring instruments are 
used which will correct for any distortion in the flux wave (the flux 
voltmeter). 

In testing small transformers, corrections must be made for the cur- 
rents taken by the measuring instruments. 

The turn ratio is obtainable from either the short-circuit or open- 
circuit tests, if the secondary current and voltage arc taken, thus 



(71) 


Example: The short-circuit and open-circuit tests on a power transformer 
rated 60 c\cles, 12, IKK) kva, 152 22 k\ are as follows- 


SnoRr-CiRcriT Oi»en-Circvit 


Voltage, primary 

10/XX) 

152, (XX) 

Voltage, secondary 

() 

22,020 

Current, primary 

90.0 

0.95 

Current, secondary 

545.5 

0 

Kw, input 

71.4 

54.5 




; 12 Transformer Constants and Tests 

The primary and secondary d-c resistances at 75 C are: n = 4 . 11 , r 3 = 0.0975 
ohms. 


-a) By ( 71 ): Vr = = 6.00 


AT, = 5452! 

As 90.9 

Xt 22,020 

ib) Bv (6?) cos 8, r = - - --' 4<K ' — =. 0.0721 
10,900 x 90.9 


sin 0*, 


(0 By (64) = - 


10,900 


90.9 


(cl, By (65) /?,, = - 


71, KK) 


90.9- 5 


^ 0.9974 
= - 85,85° 

=• 120 ohms 

- 8.65 ohms 


(e) By ( 66 ) A\, = \ 120*' - NAS- = 1 19.6 ohms 

ft u t* ^ » 411 X 8 - f)5 

if) Bv ( 67 ) Ri =- - - 4.0i 

4 11 + 0.0975 X Mi 

RS -- S.65 - 4.67 - 4.98 

R, = 4.98 46 - 0. IKK) ohms 

- 4 11 X 1196 .... 

A 1 - - 61..s ohms 

7.62 

AV - 119.6 - 61.5 = 55.1 ohms 

A’* = 55.1 .46 - 1.54 ohms 

« 54-500 fll „ 

cos 6,„ — — = 0.4 4.s 

1.42,000 X 0.95 

sin 0,„ - 0.9002 0,„ -■ -64.2° 

= 1.12,0(10 - (04 7 X.S X5°i (0.95/ -01.2°) -= 1.11,94.1 - /2.1 

<g) Bv (68) I’,, - ~ 0 <h - -•= 7.20 X 10 6 

1.11,944 

,h. Bv m a - *“*? , .».< X 10 • 

* 1.41,944 

m By ( 70 ) B 0 = V / 7.20‘ - 5.1.4- 10 fi = 6.49 X 10“* 

Note how insignificant is the efTet t of the impedances in determining To and GV 
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13. Performance Calculations, Regulation, and Efficiency 


The performance calculations for the transformer include the de- 
termination of its regulation; losses; efficiency; primary, secondary, 
and exciting currents; voltages; power factor; division of load with 
other transformers during parallel operation; and temperature rises. 
All except the last of these may be calculated from the equivalent cir- 
cuit in terms of the six parameters Ri , .Yi , R 2 ', AY, G», 2*». Either the exact, 
Fig. 2()d, or the approximate, Fig. 21, equivalent circuit may be used. 
The latter is much simpler and quite adequate for calculations on power 
or distribution transformers. On instrument transformers, the per- 
formance is almost always determined from test. In high-voltage po- 
tential transformers, the capacitance effect is of far greater importance 
than any differences between the two equivalent circuits. 

Per cent regulation is defined as 

r 2 (no load) — F,(full load) < txfx , v 

Keg - - — — 1(H) 72) 

h IVfull load) 

based on rated voltage, current, and frequency at full load and a specified 
power factor (pf) (usually 0.80 and 1.00), with sine wave voltages, and 
a winding temperature of 75°(\ The no-load voltage is usually taken as 
r a (no load) -= T, </, since the primary impedance drop of the exciting 
current is negligible. Using the approximate equivalent circuit (referred 
to the secondary), taking the voltage V* as reference vector, and the load 
current / 2 at a lagging pf angle 0 2 , 


V\ >'a =- (R + jX )/ 2 (cos 0 2 — / sin ti 2 ) + 

- ( \\ + Rli cos On +- A7? sin 0 2 ) f j[ A7 2 cos On — Rl> sin 0 2 ) (73) 

The absolute value of the primary voltage then is 

1 1 (i = \ l 2“ f* ( R m "t A - 1 fn" -f- 2 1 2 ( RI * cos 62 "h A /•» sin 0 2 ) (74^ 
and the regulation therefore is 

Keg = I t + ^ ^ -f' ~ ( Rf* cos On + A7 2 sin 0 2 ) — 1 ( 75 ) 

' | n" | o 


But the second and third terms under the radical are small compared to 
unity, and therefore by expanding the radical by the binomial theorem 
and rejecting terms beyond the square, there finally results 


„ RI*. cos e ? + A'/* sin e« 1 /A7. cos ff 2 — Rf t sin 0 2 Y . , 

R, s . - rj + - r - j IK' 


E(|uation (76) is the American Institute of Electrical Engineers rule for 
calculating regulation. 
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$13 Performance Calculations, Regulation, and Efficiency 

Efficiency is defined as 


Eff = out P ut output 

input outj)ut -f losses 

I V.* I OS 0; 




losses 

input 


(77> 


I Vs cos Os + /f,/,* + ]* a / s a + 

and for all practical purposes we may take A« s IV 
For distribution transformers, where full load is carried for only a 
small part of the day, but the core loss is continuous, the c ill-dd\ etliciencv 
is of importance. Let the iron losses be H\ watts per hour, and /,, / 2 , . 
be the hours per day at which the transformer carries <»,, • • • fractions 

of full-load current /. Then the all-dav etliciencv is (assuming constant 
pf through the day) 

l '*1 (os -f- (\'J> f- o*/ t< -4- • • • 1 

f/ , (78) 


V - 


1 ?/ COS02(ofi/| -f" rt 0/0 -j- 

dn . 


This is a maximum for 


dl 


* ) + AV'( (1 1*/| -\ -| 

0, which gives 


> -t 2-:ir 


/?/W/i + «.//., - 24ir r 79 ) 

If the transformer is fully loaded all of the time, this equation shows 
that the copper and iron losses should be equal for maximum ellicienry. 
Hut otherwise, the iron losses should be less than the full load copper 
losses. 


(a) 23,230 


_ aaa/' — nrm- 
0.24+j3.32 


1 

_§ (112.5-j 232.0)10" 




Load 


22 kv 
12,000 kva 
0.80 pf 



Xomographs are often used in design offices for the rapid calculation 
of regulation and efficiency. 

Example: Consider the same transformer as in the example of Sec. 12 , the 
approximate equivalent circuit for which (referred to the low-voltage side; is 
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shown in Fig. 25a. The secondary load is 12,000 kva at 0.80 pf lag, and 22 kv. 
Full load current is 

12,000 


/*- 


22 


= 545.5 amp 


The regulation, by ( 76 ', is 


= 0.24_X 545.5 X 0.80 + 5.52 X _545.5 X0.60 
68 ~ " '22, (XX) 

1 AU2 X 545 1 5 X 0.80 - 0.24 X 545.5 X 0.60V ^ ()Q561 

2 \ " 22, (XX) ~ / 

The losses are 

0.24 X 545.5* , 112.5 __ 22, (KW 1 .. f 1(> „ Q1 

— + — X - - = 71.4 + >1.4 « 12>8 kw 

1000 lit l(HK) 

The output is 12, (KX) X 0.80 = %(X) kw 

The efficient y then is 

ri = 1 - - = 0.087 

%00+ 125.8 


Suppose this transformer has a daily load cycle in which it tarries 20 per 
cent overload for 2 hours, full load for ft hours, 75 per tent load for 8 hours, 
and 50 per cent load for 8 hours. What is its all day efficiency? By (78) 

_ 22, (XX) X 545.5 X 0.80 (1.20 X 2 + 1.00 X (> + 0.75 X 8 + 0.50 X_8> 
V |22,<XX) X 545.5 X 0.80 (1 .20 X 2+ 1.00 X (» + 0.75 X 8 -f- 0.50 X sTj 
!+ 21 X 54,51X1 ' 

f f 0.24 X 545.5- (1.2(8 X 2 + 1.1X8 X 6 + 0 75- X 8 + 0.5(8 X 8) I 
« 0.0805 


The primarv current is 

/, - ’[545.5 (0.8 - /(>.(» + 25.281 )J 

- 71.0 - /55 5 


The primary voltage is 

V, - 6[ 22.IXXI + (0 21.+- ;5. 52) 515.5 (0.8 -7O.fi)] 

=• 150,150 + 78220 = 150.4IX) 5 4° 

By way of comparison, it is instructi\e to earn out detailed calculations for 
the exact equivalent circuit. Fig. 251*. 

PIXX) 

// = ^ (0.8 - / 1.61 = 72.7 - /54.5 = 00.8 -565P 


£0 - 152,000 + (72.7 - 754.51 (5.08 + 755.1 ) 

= 155,200 4- 75705 = 155,500 'l.6° 
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$14 The Generalized Constants of the Transformer 

h = (-\/-) (U-\2<X) + ji 7‘W = 0.45 - >0.86 = (>.07 '-62.4° 

/, = (72.7 ->54.5) + (0.45 - >0.86) = 75.2 - j55.4 = -47.1° 

V\ = '125,2 ( U + y‘27 l )2) + (4.67 + /64.5 (72.2 — /55.4) 

= 120,207 + /S254 = 126.41H) 2.4° 

D 120,400 — 122,000 fl(1 . #1 

Reg = -- = 0.0M>1 

122,000 

. 4.67 X 01.0- 2 OS X OO.S- , 2.12 w 12.\2lU‘ f „ , 

Losses = + h - X — * 120.7 k\v 

10'U 10 K) lt) h KUO 


120 7 

KfT = 1 - * - O.OSO 

12,000 f 120.7 

It is evident that the approximate and exact equivalent circuits give 
the same results within slide rule accuracy. In transformers with high 
exciting currents and hiirh leakage impedance, the ciilierenees become 
more pronounced. It happens. howexer, that high ex ’ling currents and 
high impedances do not go together in conunen ial designs. The per cent 
exciting current is larger for small distribution transformers, but the 
per cent impedance is low. On large high voltage power transformers 
just the reverse is true. In fact, it is possible for a very high voltage, 
small capac itv transformer to draw a leading no load current, because 
of the charging current. 


14. Ihe Generalized Constants of the Transformer 

The external behavior of a 1 terminal network with linear char 
acteristics. Fig. 26, may be specified in 
terms of its so-called t>vnvralhvd (on\itint\ 

A, B . C, D and the terminal voltages Ki, V 1 
and currents I u / 2 . These constants arc* of 
great utility in the analysis of transmission 
systems. The* generalized equations arc* 

V] = AV> + Bh I 

(80) 

/, = CV, 4 DIj \ 



Fig. 26 


or conversely, solving lor V> and 


V- - A'V, t- B’h 

(81 ) 

I. C ’V, 4- Z> /, 
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in which 
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A = D/(AD - BC) \ 
B' = -B (AD - BC) { 
C = -C(AD - BC) / 
2 >' = 4 fi4Z) - BC) ) 


(82) 


Other combinations could just as well be worked out, for example V \ as 
a linear function of V>> and 7|, but the forms ( 80 ) and ( 81 ) are of the great- 
est use. 

The generalized constants may be determined quite readily from 
short-circuit and open-circuit tests, or by analysis if the network is 
known. 



L 

Fig. 27 


v/w^nnp- 

z. 


■h' 


¥ 


Suppose, now, that the network in 
the box of Fig. 20 is a 2-winding trans- 
former, the approximate equivalent 
circuit of which is Fig. 27. If the 
secondary is short-circuited, V» = 0 
and under this condition, Fig. 27 gives 


V 


V\ 

z ; 


or 


Vi - z.i; . 2 1, 

a 


i, - y„v, t 1 / - y„ 2 1 , h = r,,z ' f 1 1 2 

a a a 


heme comparison with ( 8 o> shows that 



On open circuit test, /.• 0 and under this condition Fig. 27 gives 

V\ V: - aVj 
/ i - YnV\ - Y»itV» 

and comparison with ( 80 ) shows that 
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Therefore, (80) may be written in sj>ecitic equivalent circuit or test data 
terms as 




(83) 


The same procedure could have been carried through for the exact 
equivalent circuit, but the extra complication is not justifiable. 


Example: Referring to the test data in the example of Sec. 12. 


A = ( 

KVj.; 22,020 


H 

'FA _ 10.000 

k /»/ » 545.5 — 85.85° 

20 S'.85° 

H 

j\ 0.05 -64.1° 

,vj- " 22,020 

4U 6, 1° 
10'' 

H 

7A 00.0 1 

ylj- 545.5 6.01 



Or, from the same example, using the deduced constants of the equivalent 
circuit 

A = a - <>.00 

7 Pi) 

B = - ' = “ 85.85° 20 85.85° 

a (> 


c = y (K / 
0= i+i ^ 


* X7M -o4.io° = 4U -Mice 
Nf 1 lU 1 * 

1 + 7.20 X 10 " —64.10° 120 85.85° 


a 6.00 6.00 

Xotc that the eoastant D, as <alculate<! from the test data, does not < obtain 
any phase difference lie tween the uirrents /i and although this very small 
lorredion may lx* taken into auount in terms of the equivalent tinuit <on- 
stant.s. Finally 


V, - 0.00 F, + 20 85.85 ' 


/, 


-*' 2 / - m . i ° V + 
10 8 


6.00 


15. Referred Quantities and Per-unit Values 

It has been ^hown that voltages, currents, and impedances given 
on one side of a transtormer may b'* transferred to the other side u|>on 
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multiplication by a , a 1 , and or resjHJCtively, where a is the transformation 
ratio. If there are several such transformations in succession di, a 2 , 03 , • • • 
this process permits all quantities on the system to be referred to a par- 
ticular point, as indicated in Fig. 28, where the actual system has been 
referred to point jr and in the reduced system there are no transformers. 


Actual 

Values 

Actual System 


[ La l 3 l 2 Ly 

— W\A~4 |-wv-| |-w-^ 


Transformation Ratio a 3 — ► a 2 — ► a 3 — ► 


Referred 

Values 


Reduced 

System 

Fig. 28 


a 3 a 2 a|E 4 

02°lE 3 

a,E 2 

E, 

l 4 /a 3 a 2 a, 


l 2 /a, 

1. 

°3 a 2 a l 


a? 2, 

Z| 

V\AA 


However, in the analysis of an extensive system this process is not only 
awkward and unwieldy, but is a source of error. It is so very easy to use 
a transformation ratio upside down! The difficulties and pitlalls can be 
avoided by introducing the concept of per unit 
values, which an 1 simply the ratios of actual quan 
tities to arbitrary standard or base quantities. 
Consider the simple series circuit of Fig. 2 ( >. in 
which 

E[ - E'* - 1- Zl (84) 



Fl£. 2Q 


Suppose that a perfectly arbitrary voltage and a current h, be selected 
as base quantities. Then upon dividing each side of (84) by E h 


/E x \ /EA ^ /ZI\ /£.\ /7/A / A ( 

\Af./ V h, ’ \luJ \kj \h u f \ / ur 


The voltage ratios, (7 t E h ) and (E K h ) , which are the actual voltages 
expressed as fractions of the base voltages, are called per-unit voltages 
(abbreviated pub The ratio of the actual current / to the base current 
lh is the per unit turrent ' And the ratio of the impedance drop produced 
by base current to the base voltage, \ZL A /t ), is the per unit impedance. 
The equation may be rewritten in terms of these definitions as 

pH E] pH Ej f (pH Zupu /' 


( 86 ' 
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or the pu understood and disjjensed with. The per-unit equation then 
looks exactly like a volt-ampere-ohm equation. Usually it is more con- 
venient to select a base kva instead of a base current, in which case 



I87) 


imZ = ^°h ms > A (amps) _ Z(ohm s) \kva\ 
E h (volts) = 1000 * ifcV 


(88^ 


f Fhe great utility of per-unit quantities lies in the fact that they have 
the same value referred to either side of a transformer. Moreover, the 
per-unit impedance of an electrical machine is rather deiinile within 
narrow limits, whereas the ohmic value ma v be almost any dm g, de- 
pending on the voltage and size of the appa- 
ratus. For example, the imjwdance of a 
power transformer is between 5 and 10 per 
cent, or 0.05 and 0.10 per unit. Consider 
the ideal transformer of Fig. 50, in which 
voltages, currents, and impedances on the 
secondary side have been referred to the pri- 
mary by the transformation ratio a. Also, 
the secondary base voltage /£« and current 
I),> have been referred. Then the per-unit 
quantities on the primary mcI e are seen to 
reduce to identities with the per unit quantities on the secondary side, 
thus 

E\ (iE'j E‘2 

Em a liut Ebi 

1 ± _ I> '</ __ In 

I hi I h’2 <1 I W 

Zihi trZ-J a Ed in 

Eh\ a Eta Ex 

Per mil values are merely pcr-unil (pu) values multiplied by 100 and 
are usually written */< E or ( \ I or ( \ ZL 
Xow it often happens that one or more bases have to be changed in 
order that all impedances in a system be expressed on a common base. 
For example, the impedances of individual generators and transformers 
are usually expressed in terms of their own rated kva and kv as base 
quantities. Let primed quantities denote a new base. Then a transfer 
of base is effected by the equations 



T' 


1 


E, « a E, 
li = 1,/a 
2 , ■= a 1 Z, 

Ebi * a Eu 
•n = W a 
Fig- 30 


E, 

•a 

Z, 

Eb, 

Ib2 


“b 

T 
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Example: What are the per-unit resistance, reactance, and impedance of 
the transformer in the example of Sec. 13 on its own kva and kv base? By 
definition 


pit K = = 0.(K)595 

132, (XX) 

v 119.6X90.9 
132, (XX) 

„ y 120 X <*).<) nnuv 
pu 7 — - - — = 0.0820 

132, (XH) 


If this transformer is pari of a large system which is being analyzed, and the 
bases of the system have been selected as 2(X),(XX) kva and 138 kv, what is its 
per-unit impedance on the new base? By (92) 


pu 7' = 0.0820 


_132^_ 200, (XH) 
12, (XX) 138- 


1.26 


16. Autotransformer 

An arrangement, such as Fig. 31, in which the primary and secondary 
windings of a transformer are interconnected electrically as well as in- 
ductively is called an aulolransformcr . There are many variations of 
this simplest autotransformer connection, some of which involve three 
windings and three phase connections. The great advantages of the 
autotransformer as compared to the ordinary transformer are: (II higher 
elViciency, particularly when the voltages on the high and low side do not 
differ much; (2) greatly reduced size for the same output; and (3) only a 
fraction of the leakage impedance. The disadvantages are: (1) the two 
circuits are not isolated electrically; and (2) the currents and mechanical 
forces due to a short-circuit are many times greater. Autotransformers 
are used where a relatively small ratio of transformation - rarely more 
than 2 to 1 is required. The> are used a great deal for starting poly- 
phase induition motors, in which case they are called starling com- 
pensators. 



y • Series Winding ■ N, 

:‘|ZL 


Is 


|i6 Atttotransformer ^ 

In theory, the autotransformer of Fig. 31 is still a 2-winding trans- 
former in which the current in the series winding of .V t turns is the same 

the high-voltage current, while the , __ 

current in the common winding is the 
difference of the high-voltage and low- 
voltage currents. Basically then, for an 
ideal transformer, the induced voltages 
in the two windings are in the ratio of 
the turns, the ampere-turns balance, 
and the kva is consented. 

The ratio of the induced voltages in 
the series and common windings is the transformer ratio 

lu -V, 

— — <7 

Rt .Vo 

while the autnlransfonncr ratio is defined as 


-L 


Common Winding-N 2 
Fig. 31 Autotransformei. 


(93) 


t : -±3 = V| + v ? = 1 + V| 

Ei Si S. 


1 1 a 


(94) 


The exciting current may be accounted for in the usual way by an 
exciting admittance, 

Jo = — Fii(£ h + E 2 ) — - bYnE» (95) 


The ampere-turn balance is 

A 1/1 + A 2 / 2 — (A 1 f \ 2 )/« (96) 

Dividing through by A'j and making use of (93), (94) and (95} 

ah + /? - *4. -h'YA (97) 

The load current is •/ = h — h (&) 

The voltage equations for the series and common windings then are 
V . = -ft + / 1/1 (99) 

V 2 = -ft + ZJt = Zl= Z\h- h) (100) 


Adding these two equations gives the primary voltage 
V x = V, + ft = -ft - ft + ZJi + Z 2 l, - -fcft 4 Z,/i + ZJ 2 (101) 
Kliminating ft and / 2 between (97), (100) and (ioi) there results, after 
some rearrangement, 

Vi -aZi + PYiiZZi -I- abZt + »M 

i x 1 + 1 +mZi + z) 

. * - cZ . + «*“ +_«*' + «** + -- (n») 

1 + m2, + 21 
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Putting Z 0 - 1/T(. and rearranging, since ft 2 = i(l + a), 

V, _ - _ - , (bZi + Z fl ) (abZj + b l Z) 

/, “ ' ° 2 abZ-i + hl> + b 2 Z+Z> 

The equivalent circuit corresponding to (103) is easily recognized as 
that of Fig. 32a, and if the exciting impedance branch is moved to the 
line terminals there results the approximate equivalent circuit of Fig. 32b. 




(b) 


Fig- 32 Kquivalrnt circuits ol the uutotransformcr. 

Jt is clear that : 

1. Load impedances are referred to the high voltage by the square 
of the autotransformer ratio, A\ 

2. The common winding impedance is referred to the high voltage 
by the square of the transformer ratio, <r. 

In order to compare the autotransformer with a transformer for the 
same load and power supply conditions, the following assumptions will 
be made: 

1. Both are designed for the same current density in each winding. 

2. Reactance varies as the square of the number of turns. (This is 
not quite true, since a greater number of turns would require more 
winding space, and therefore result in additional reactance.) 

3. Kxciting current is negligible. 
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Figure 33a shows a transformer of primary voltage V\ and secondary 
voltage V j». Let the resistance of (he A’i turns he R\ and the reactance 
.Vi ohms. Then the transformer impedance referred to the primary is 

kilims - a*i +- + /rA*? -f ./^ 1 y ) ^ 

Bv assumption ( 1 ) fr 2 /£o is equal to the primary resistance, and hv assump- 
tion (2) IrX 2 = (/> a^V,. Hence 


7, = l 1 ' R, + j2 h ~X x U04) 

<J (/“ 

Now for the autotransformer, 
the current in the common wind- 
ing is only a fraction (/ 2 7, u) 
of the current in the series wind- 
ing, and therefore at the same 
current density the resistance per 
turn of the common winding is 
(1 a) times as great as in the series 
winding. Consequently, the auto 
transformer impedance referred to 
the primary is 

/.u,o ~ 7i + u-'Z: 

R^ 


"T“~~ 


(a) 


V, 


n,: o 
- 1 
N 2 i 

o 

3 


Fn? 


Y* 


ii * 


lb) 


*«g- 33 


I 

V, 


n.: 


N/3l 


“T- 

* 


rransformer and a u tut rails 
tnrinri 


- R 1 + (I ~ + /A 1 4- 

cr 

- R\ -t A’j -f / \ 1 + /II*( •)' \i 

»2/f, + /2Vi 


(105) 


(106) 


fio7) 


Hence the ratios of effective resistances and reac tances are 

K ...Ho c/ 

Ririu* b 

A uito M 2 
A tri.nx 

Thus the copper losses in the autotransformer are only (u h) those in 
the transformer, and the reactance only (a />)* as great. 

The ecjuivalent transformer size of the autotransformer (the average 
of the volt-amperes in its two windings) is 


1 <r./, + v , h \ = iv, + 1 ,' ai ) = "nv, 

2 2V ' l> 


(108) 
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Sometimes an autotransformer is tested as an ordinary transformer, 
using the series winding as the primary and the common winding as the 
secondary for conversely). The measured ohms impedance then is 
(Zi + d l Z'i), the same as for the autotransformer impedance as shown 
in Fig. 32h. However, the [>er-unit impedance is (b/a) times as great, since 


pu Zimttn 

= ( 7 , + a' 2 Z 2 )~ 

1 a 

(109) 

pH 

= (Z\ + Q^Zz)—, = (pu Ztrwifi) 

1 1 b 

(no) 


Example: A 1(H) kva, 23(X) volt, 80' \ pf load is to be supplied from a 
4(KX) volt circuit. An ordinary transformer for this job has l ][I X = 4.10, 
%IR = 1.06 and 860 watts core loss. If an autotransformer is substituted, 
how will its characteristics compare with those of the transformer? 


Tk wsiormh* Autotranskormkr 


MXX) , „ , 


4000 - 2.100 _ , 

b =. = 1.74 

ratio 

<1 = — = 0./4 

2300 


2300 

1 .60 ohms 

K. 

bv (106) -'-1.69 = 0.72 



1.74 
/() 74 X 2 

6.55 ohms 

X, 

by (107)f 6.55 = 1.19 

4.iv ; 

';// 

0.87' , 

1.60 X IS 2 -- 1060 

Copper loss 

0.72 X 25 s = 450 

860 

Core loss 

860 

1020 

Total loss 

1310 

07 . 65' ; 

Kfliciencv 

98.30 ' ; 

KM) 

Relative si/.e 

42.6 


17. Three-winding Transformer 

An appreciable percentage of the large power transformers built today 
have three windings. The third winding is called a tertiary winding and 
may be used for a number of purposes, for example: ( 1 ) to supply a load 
at other than secondary voltage; (2) to connect a synchronous condenser 
for the regulation of a transmission line; (3) to tie-in with another system ; 
(4) to provide a low’ impedance for the flow' of third harmonic or zero- 
sequence currents* (5) for the excitation of a regulating transformer; 
(6) as a fork on an autotransformer connection. Whatever the reason, 
it is obvious that wherever more than one secondary voltage is required, 
it can be secured more economically from a third winding rather than 
from an additional transformer. 
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A 3-winding transformer is indicated in Fig. 34a. Let the per-unit 
impedances between the windings of this transformer, taking one pair 
at a time and with the re- _ 


© i 


3 FT 


t? ©I 

o 

— •— *vw*- 

r y 

z 

\ ® 


<D 


maining winding open-cir- 
cuited. be Zi 2 , Z w , and 2a. 

Then, ignoring the exciting 
current, it is easy to show 
that the equivalent circuit 
is that of Fig. 34b. To de- 
termine the branch imped- 
ances Z\ % Z 2 , and Z 3 of this 
equivalent circuit in terms 
of the leakage impedances of the actual transformer, each corresponding 
terminal in succession is open-circuited and the im|>edance between 
the other two terminals must then be the same for the equivalent cir- 
cuit as for the transformer, thus 


(a) (b) 

Fig. 34 I hi* ^-winding transforms and its equiv- 
alent circuit. 


No. 1 open : =■ Z» -f- Zn j 

So. 2 open: Z| 3 = Z\ 4- Zn / 

So. 3 open : Z v > - Z\ + Z* ) 

Solving these three simultaneous ec|uations, there results 
Z\ = i(Zn* + Za: i -}- Zw\) - Z-iw | 

z* = UZ, y + Z» + Z«1 — Zia / 

Z 3 — >J(Z|2 ■+■ 2a -h Zii ) -- Z 12 / 


(in) 


f 1 12 ) 


If it is desired to include the exciting current, an exciting impedance 
branch Z ( , may be connected from the wye-point of the equivalent circuit 
to neutral, or from the line terminal of the primary to neutral. This 
refinement is rarely used or necessary. 

It is interesting to note that the reactive component of one of the 
branch impedances of the equivalent circuit may be negative (capa< itiveu 


1 8 . Instrument Transformers 

Instrument (potential and current) transformers are used to supply 
power to voltmeters, wattmeters, ammeters, relays, control devices, and 
the solenoids of (ireuit breakers. They serve the two-fold puqwjse of 
< 1 ) reducing the measured quantity to a low value which can be indicated 
bv standard instruments (usually 150-volts and 5 amperes), and (1) in- 
sulating the instruments from high-voltage sources, as a safety precaution. 
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A typical diagram of connections is shown in Fig. 36. Depending on the 
burden (the name for the load of an instrument transformer), instrument 

transformers arc rated from 25 to 
- 7 * 5(X) volt-amperes, but may be 2 to 

- ft times as large as a distribution 

' m transformer of the same rating. 

The ideal instrument transformer 
would be one which would provide 
an exact ratio and no-phase dis- 
placement between the primary 
and secondary sides, regardless of 
- the burden (load impedance). 

IZZ Actually, however, both ratio and 

phase-angle errors which vary 
with the burden are present, 
and no practicable means are avail 
5 ' ¥ able for the complete elimination 

H ! or compensation of these errors. 

Instrument transformers do not 
| differ in theory from ordinary 

t j Ui power transformers; they have the 

same vector diagram and e<juiva- 
\ lent circuit. Fig. 37. It is clear 

Fig- 35 Instrument current transtormer from this vector diagram that the 

1 1 S.ooo volt circuit, joo 400 to secondary impedance drop causes 
K, " ,rU a phase displacement «, and the 
primary impedance drop a phase 
displacement tf; while the exciting current 7 ( , causes a further phase 
displacement so that the angle between the primary voltage and 
current is Uh -f a + f$ f 7 ) us CT 

compared with an angle be- 
tween the secondary voltage and - 
current. Thus the transformer 
introduces a phase-angle error 
(a + 0 + 7). Moroever, V\ and 
V 2 will be only approximately Voltage Current 

in the ratio of the number of Reay Reay 

, • ... e .1 Fig. 36 Instrument transformers, 

turns. Ihe sigmhcance of these * 0 

errors is indicated in Fig. 38. Calibration curves of this type are fur- 
nished bv the manufai turer. In order to nullify or reduie the errors. 
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instrument transformers are designed with (1) small leakage reactances 
and low resistances - - which reduce angles a and /j; (21 low dux densities 



Fig. 37 Phase-angle displacements in an instiirm-nt Iran- 
former 


Load 


and good transformer iron which reduce the exciting current /,. and 
therefore angle 7; and ( 3 ) less than nominal turn ratio which com- 
pensates for the ratio error. Compensating imi>edaii»es may also he 
provided, so that the burden can he 
kept constant as instruments are 
put in or out of the circuit. For a 
constant burden, the instruments 
may he calibrated, or corrected, 
against the load. 

Provision must he made to short- 
circuit the secondary of a current 
transformer before removing any in- 
struments, for otherwise high volt- 
ages dangerous to life may ensue. 

It is dear from the equivalent cir- 
cuit of Fig. 37 that if the secondary is open- circuited, the primary 
current, of fixed magnitude as determined by the load, must flow through 
the exciting impedance and act entirely as a magnetizing current to 
the transformer. This results in high flux density and correspondingly 
high voltage. Oscillograms of such a voltage show it to be very peaked 
by a dominating third harmonic, as would be expected. 



125% Load 


Fig. 38 
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19. The Constant-Current Transformer 


Constant-current transformers were developed in the early days of 
street lighting when arc lamps were operated in series. Arc lamps are 
rarely seen nowadays, but there are street lighting systems employing 
incandescent lamps in series and other circuits requiring approximately 
constant current. One scheme for obtaining approximately constant 
current regulation from a transformer is simply to construct the trans- 
former with very high leakage reactance, either by putting its windings 
on opposite legs, or by using a magnetic shunt, Fig. 39a. The current 
in the circuit of resistance R (load resistance plus transformer resistance) 
then is 


/- * « ^(1 + *T a - Vi - - + (1x3) 

VjP+.Y* -VV XV X \ 2.Y* 8A« / 


Hence if X is large compared with R, the current is substantially con- 
stant and equal to W-Y. 



Fig- 39 Fig. 40 


But it is also evident from ( 113 ) that if X could be varied so that 
(R 1 + A' s ) is constant for all values of load, then the current would re- 
main constant. Such a transformer is shown in Fig. 40. One coil, the 
primary, is stationary, while the secondary coil is movable and counter- 
balanced by weights. The electromagnetic repulsion between the coils 
is proportional to the product of the currents: therefore the movable coil 
automatically will take such |x>sition as to maintain constant current. 
Any change in the load conditions tending to change the current will 
result in a movement of the coil such as to reestablish the constant 
current of the system; for inasmuch as force is proportional to the 
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product of the currents, and since the force of the counterweights is 
constant, the product of the currents (and thus each individually) must 
remain constant. 

20. Parallel Operation of Transformers 

For the purpose of calculating the division of load between trans- 
formers operated in parallel on both the high- and low-voltage sides, it 
is sufficient to disregard the exciting admittances entirely. Then if the 
ratios of transformation are all exactly alike, the loads divide inversely 
proportional to the impedances, and the loads will l>e properly pro- 
portioned if all per-unit impedances, when based on the individual 
transformer ratings, are equal. But 
if the ratios are not alike, circu- 
lating currents upset the division 
of load. Referring to Fig. 41 , sup- 
pose that the transformation ratios 
of the n transformers in parallel 
are </i, <z 2 , • • *, a„ and their imped- 
ances (referred to the secondary 
side) are Z,, Z 2 , ohms re- 

spectively. The common primary 
voltage is J’i, and the common 
secondary voltage is V. The individual transformer secondary currents 
are /j, / 2 , • • /,, which combine to form the load current / flowing in 
the load impedance Z ohms. Then the individual transformer currents 
(referred to the secondary), in terms of admittances Y\ = 1 'Z\, Y« = 1, Z 2 , 
etc., are 



The sum of these currents is the total load current 

/ * h + h + * * + S ^ ^ ^ (XI5) 

Solving this equation for the primary voltage, there is 
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_ 7 + VZY* 

1 T l (Y*/a k ) 

Then any transformer current of (114) is 

/ = lL_ /a 'lL + r m 



(116) 


(117) 


This equation shows that any individual transformer current consists 
of the superposition of two parts: One part, the first term in the right- 
hand side of (117) represents the normal division of the load current 
according to the admittances, as in any parallel circuit; and the other 
part, the second term, represents the circulating current occasioned by 
the differences in transformer ratios. 


Example: Three transformers having the characteristics shown in the follow- 
ing table are operated in parallel supplying a 65(X)-kva, 2250-volt, 0.80-pf 
lagging load. Determine the primary voltage and the division of load. 


RATED 



KVA 

II V 

LV 

SIR 

' ; ix 

AMPS 

a 

No. 1 

1250 

55,000 

24(H) 

1.1 

5.4 



No. 2 

5000 

55,000 

2450 

0.8 

4.7 



No. 4 

2500 

51,500 

22(H) 

0.0 

6.2 

1156 



The impedances (in ohms) referred to the low-voltage side are, by (88), 
1(XX) v l 12 

Zx » (0.011 + /0.055) = 0.0466 + #0.2247 = 0.250 78.5° 

1250 

uxx) y > w 

Z* — ' (0.(X)8 + /0.047) = 0.0148 + #0.0866 = 0.088, 80.5° 

Mm 

1000 y 2 > 2 

(O.(X)O 4- /0.062) -- 0.0174 -j- #0.1204 = 0.122, 81.8° 
25(H) 

Changing impedances to admittances according to (117) 

Y\ = 0.88 - j 4.25 = 4.55 78.4° 

Y« - 1.02 - 7*11.22 = 11.5()/-_8(U° 

Y, * 1.17 - j 8.11 = 8.20, —81.8® 

= 5.07 - 7*25.58 = 24.00 - 8 0.4° 

y, (Il = 0.0612 - 7*0.2% = 0.50 5, -78 .5° 

y 2 , <h = 0.1570 -7O.8OO = 0.81U -80.5° 

Y * a* = 0.0818 - 7*0.566 = 0.572, -81_.8° 

Y,(Y k a k ) = 0.2800 - 7*1.662 = 1.68 5, -80.4° 







$2i Transformer Connections 

Taking V = 2250 + J0 as reference vector, the load current is 

1 = tE (0 ' H() ~ = 2885 ~ My T. 

The individual transformer currents then are 

0.503 - 78 . 3 ° 

/, = - 2885 — 36 . 0 ° 

* 4 * 


1.685 — 80.4* 


f25.<>0 -80.4° I 

- 14.44 (0.404 -7S.5°» 2250 
L 1.685 —80.4 J 


= 407 - 7*204 = 455 -26.6° 
0.810 -80.4° 

/> = - 2885 -56.86° 

1.685 -80.4° 


r25.0J -80 1° 1 

+ - 14 04 | 1O.8IO - 80.5°) 2250 

L 1.685 80.1° J 

= 1164 — 7*1120 = 1615 — 44.8° (o\ er-lo.nled ) 

0.572 -81.8° 

/, = - 2885 - 46 . 86 ° 

1.685 _-80.4° 

r25.00 - 80.4° 1 

+ - 14 42 (0.572 - 81.8°) 2250 

L 1.68 5 80.4° J 

=- 748 -./455 = 875 -51.2° 


21. Transformer Connections 

As a preliminary to the analysis (4 transformer particularly poly- 
phase circuits, it is necessary to have a clear understanding of several 
concepts relating to windings and directions. These are: < 1 ) the tracing 
direction, (2) the direction of winding, (5) the winding designations, (4) 
the direction of voltage, (5) the direction of cur 
rent, (6) the connection diagram, (7) phase rota 
tion, (81 angular displacement, and (0) polarity. 

Brief definitions will he given in this section and 
then expanded in subsequent applications. 

The tracing direction is the (arbitrary) positive 
direction in which it is agreed to trace through a 
circuit. It need not have anything to do with Fig " 42 Trac j” fi ir,-cti<m 
the direction of the voltage or current in that 

circuit. As indicated in Fig. 42, the tracing direction may Ik* by an arrow, 
bv letters by numbers fl , 2, 3), or by any combination of these. 


I •! s ! 


I 


I 4 4 


to) 


(b) 


(c) 
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The direction of winding relates not only to the relative physical arrange- 
ment of the winding with respect to the core, but also as to which terminals 
are designated as “start" and “finish." Thus in Fig. 43a both windings 
have the same physical direction of winding with respect to the core and 
the “start" and “finish" terminals (as indicated by 1 and 2 respectively) 



Fig. 43 Winding directions. 


show that the tracing direction is the same for each ; consequently they 
are said to have the same direction of winding. In Fig. 43b the low- 
voltage terminal designations have been reversed, and the winding direc- 
tions become opposite. In Fig. 43c the windings are physically reversed, 
and the terminal designations are such that the winding directions are 
opposite. Finally in Fig. 43d both the physical windings and the terminal 
designations are reversed, and this makes the winding direction the same. 

The American Standards Association (ASA) prescribes the letters 
//, A', and V for high-voltage, low voltage, and tertiary windings re- 
sjjectively. Subscripts are then employed to indicate the direction of 
induced voltages. 


H, 1 



Hi 1 

— ^ 

H» 

I 

; 1 «*_ 


X, 

u 

X, 

t 

-0- 

Xi 


: | 







Fig. 44 Direction of voltage. 


N 

H, 
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JLflJL 


JLftJL 


JUUL 


Tmn 
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nmr 

X, 

X, 

x 3 


Fig. 45 Connection diagram. 


The direction of current is the direction of the current due to the induced 
voltage; it opposes the flux, as indicated by the arrows on the windings 
in Fig. 44 or as II \ to //* and \\ to A’ a . Since the current and voltage 
directions are related, it is not necessary to show both. 

The connection diagram is simply a sketch showing how the windings 
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are interconnected, and labelled to show the direction of winding. Figure 
45 shows a connection diagram for a FA transformer. 

Phase rotation relates to the relative vector diagrams of the windings. 
In single-phase transformers the voltages are either in phase or in phase 
opposition, and the notation II ill* and A|Aa on the connection diagram 
is sufficient. But in polyphase connections, either the connection dia- 
gram with polarity markings or vector diagrams are required. Standard 
phase rotation is taken as ecu. AIEK Standardization Rules sjiecifv 
that the leads must be marked in such a way that IlJLJh and .Y,.Y 2 .Y H 
have the same phase rotation. Figure 46 shows the vector diagram 
corresponding to Fig. 45. The angular displacement is the angle between 
7/i.Y and A’jA T . In Fig. 46 it is 50 degrees. 


H, H 2 H, H a 



Fig. 46 Phase relation. Fig. 47 Polaritx 


Polarity refers to the phase relations between high voltage and low- 
voltage terminals as brought out of the case. Fig. 47, and has nothing to 
do with winding directions or internal connections inside the tank. 
Factory markings are such that as the observer faces the tank on the 
high-voltage side, the // 1 terminal is always on his right. If the A', 
terminal of the low-voltage is also on his right the polarity is subtractive. 
But if the Aj terminal is on his left, the polarity is additive. Another 
way of telling polarity is simply to walk around the tank clockwise and 
note whether A',A* 2 subtracts or adds to II ill* The polarity markings 
corresponding to the FA transformer of Fig. 45 arc shown in Fig. 47. 

22. Multiwinding Transformer Circuits 

Modern power transformers may have three or more windings inter- 
connected in different ways. Moreover, various kinds of interconnections 
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between transformers, both single and polyphase, present a bewildering 
array of circuit problems demanding a unified method of attack. The 
present section is concerned with the development of the necessary 
equations and procedure to solve any of the multiwinding transformer 
circuits which may arise in practice.* 




In 


I o 

V, s 

i 2 


N, 


T~i 

n 

v 2 s 

<! 1 
v n • 

1 « 

1 0 
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! 2 

! - 

l 0 


N, 


N„ 


Fig. 48 Multi winding transformer. 


Consider a transformer, Fig. 48, hav- 
ing n windings numbered 1, • • *, n and 
having A'i, • • •, \ n turns respectively. 
These windings carry currents I u • • •, 
/„ and have terminal voltages V \ , ■ ■ ■ , 
V„. At this stage of the description 
there are In unknowns the n currents 
and the n voltages, and consequently 
In additional spec ilic ations and simultaneous equations are required. It 
will be shown that hall of these are supplied by the n-canonical equations 
which art* completely independent of the way in which the windings 
may be interconnected or connci ted to generators or outside loads; while 
the remaining half depend entirely on the n conations of constraint which 
describe the connections fKirchholT’s equations). It is to be understood 
that a specification, such as winding No. 6 i^ connected to a generator of 
known voltage V„ % is equivalent to an equation of constraint V t] = V u . 
(The above terminology and the subsequent procedure are borrowed 
from dynamics.) Let winding No. 1 of X\ turns be selected as the refer- 
ence winding 'Then the inverse transformation ratios of the other wind- 
ings with respect to the reference winding are 


n» - 




(118) 


Now consider onl\ two of the windings, sav a and b , to carry currents, 
all other windings being open circuited, and let 

z„„ - r„ n I /u7 M/lf impedance of winding a 

Zu, - r f ,h + jtaLhh - sclf-yn| km lance of winding/; 
z n i ■- iu>M,i, mutual inductance between a and b 
Then ignoring the exciting current, there are 

0 - A J n t Xhl, or h ~ — n * l a (ng) 

9t h 

V a - Z,i,il*. L Znfrlf ~ \^Zan ' 2<ih^/o (l2o) 


* How U*> . L. V, “Toiwir Mtiebia in Transformer Cinuits,” FJnlrii at Engineering , 
Nov. hjco 
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V b — ZbJa + Zhhh = (^Z ni - 91 " Zhhjl* ( 121 ) 

Multiplying (120) by (1 n„) and (121) l>\ il //, ‘ and subtracting 

Va Wu Vh Mb 2,i,i Zhf> lZ,,h v 

. = , T “ = 2 xl ,, ( 122 1 

n,J„ n,r //„//,, 

The construction of this equation show-* that the voltages and current 
have all been referred to the reference winding; heme the impedance is 
the leakage impedance between windings </ and /» referred to tin* refereiue 
winding (No. IT 

Hut if all windings are at the, and exciting turient is ignorable, the 
equations become 

h 

k 2. . n II23) 

n 1 

V , = Z ,\1\ T 52 2 ,y /y - ^ Al i - thZ i )/; (124) 

» j 

» ' 

Ki = 2n/l + ^(2j / - -nl/t (I25) 

> 

Subtracting w, times (1251 from 1124' and leariangii.g 

K, - it,V 1 =- » 2 i -11 z„ t u,n,Z\\)h 

: - j v) 

- 1 f 2 t 2 * J 2 ' ^1/, (126) 

2 \)l , H 

Comparing the terms in parentheses in '1261 with *122) il is dear that 
they are the leakage impedances so that (1261 ma\ be rewritten 

n 

V, - n,V, = 2 h,M/}<Z'i • + 2 \ , - Z', ,>/. = 2111 , 11 , 2 / 1 , (127) 

J J 

j = 2, •••.« 

Dividing through by //„ putting 7 / = m/ 7/, an«l l / - l / this coua- 
tion becomes 

7 / - K, = 2 2^1 . + ^1 # - ^ fl28 ) 

9 2 


7 - 2 , • • , « 
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in which all quantities have now been referred to the reference winding, 
and the impedance 

// = if z'w + zv.-zvo (129) 

made up of three leakage impedances, is called the branch impedance . 
It has the same form as the impedance branches in the equivalent cir- 
cuit of the 3-winding transformer (112). 

Equations (127; or (128), together with (123), constitute the n canoni- 
cal equations. They may be written regardless of any subsequent 
connections or interconnections between windings. Equation (128) is 
equally true in terms of per-unit quantities. 

The equations of constraint , which specify the way in which the wind- 
ings are interconnected with each other or to external circuits, are 
supplied by KirchhofTs laws: 

^(currents at a junction) = 0 (130) 

X(voltages around a loop) = 0 (131) 

This general method will be applied to a number of practical cases 
in subsequent sections. Sometimes the algebra involved is long and 
tedious and brings out nothing new from a circuit analysis point of view. 
In such cases final results will be given without showing detailed algebraic 
reductions. 



Fig. 4Q \\ incline in series. 


By (132) and (133), (123) Incomes 


23. Windings in Series 

Figure 49 shows m windings in 
series on the high-voltage side 
and (n — m) windings in series 
on the low* voltage side. The 
equations of constraint are 

/1 = /-=•■ = I m (132) 

/-♦I = * * * = L (133) 

Ei + V« + • • • + V m = E tt *134^ 
Emu + • ■ * + E„ = Vft (135) 


(«i + • • • + n m )I\ + (n m 41 + • • • + w„)/ n = 0 (136) 


/* = 


( *! x + 

V Wm*l + * 


• • + n„ / 


-a/, 


(137) 


hence 
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$23 Windings in Series 
Then (127) may be written 

Vj — fijV i = 2’ nShZu'lk 
2 

m 1, 

= Ii2*n jthZ j = U38) 

2 »M1 

Substituting (138) in (134) and (135), respectively, there results 

~ ~ <*£ ) HjihZ/ (139) 

1 2 \ 2 m- 1 / 

^ ~ *122(2-^2) njhZjk (140) 

»i + 1 m H \ 2 Ml/ 

Subtracting a times (140) from (139) and making use of (137) 


( m n \ / m .1 \ 

S - "S )( S - "li ) «)«*/,*' U41) 

2 M I I / \ 2 Mil/ 

In terms of leakage imj>edances (129b it may be shown (but it is quite 
an algebraic exercise!) that (141) reduces to 

( in m .. .. u 11 

- 2 S w f‘r , 1 -2 S "7 r " 

1 1 2 Mil w|l 2 

III II \ 

+ 2 an,n L Z', l J /, (142) 

I MU / 


in which all impedances have been referred to No. 1 winding. 

The special case of a single primary winding and two windings in 
series on the secondary is of great practical importance, in this case 
«=!,« = 3, and (142; reduces to 

V a — - — - V* = — w,Wl ZV 1 — a ( nJZ'o 2 -f IntfuZ'i 3 + nfZ\ .0 

W2 ■+ «3 L 2 1 

h (143 1 

But the leakage impedance of a winding to itself is zero, by (122), also 
«i = 1, and therefore (143) simplifies to 

K. - — V„ = [athZ' ,_ 2 + an 3 Z\ , - (144) 

ft* + n 3 


“f ■ il)l\ ()b»Z f \ 2 4" 


"1 :«) 


Example: A 3-winding transformer has the following data: 

Winding No. 12 3 

kva 20, (XX) 15,000 5,000 

kv 132 ' 33 / 11 
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pu v,- 2 = turn I 

pu Y*_i = 0.048 / at 20, (XX) kva , 132 kv. 

pu A'a-i = 0.124 j 

If windings No. 2 and No. 3 are in series, what is the transformer impedance 
referred to No. 1 winding? 

77 11 H 2 

~ = 0.250, /?, = — = 0.083, a = — = 3 
132 132 44 

The impedances are already referred to No. 1 winding, hence by ( 144 ) 

pu Z - * X 0 2 S 0 X 0 002 + * X 0.083 X 0.124 - 3* X 0.250 
X 0.081 X 0 048 = 0 091 


V, ^ 
Fig- 50 


■f i " 

a j 

y, • 

v„ | 

1 



Vy - n>V> - 


24 . Windings with Independent Connections 

Ly - k *■ If each winding is connected to 

^ l ^ l | its own independent load or power 

• ; * 5 source, ( 127 ) may be written for 

50 each winding in turn: 

V> — H>V , - ;7,WjZ.o7j }■*-{- HiUnZin'ln \ 

•* / (145* 

- n,n >Z„>'L + + n u n„ZJIn ) 

These (w ~ 1) simultaneous equations, together w r ith 

/1 > -<>/•/• + f ;/„/„) ( 146 ) 

permit the solution ot an\ // ot the \ariables in terms of the other n. 

As an evample, consider the 1 winding translormer, for w r hich ( 145 ) 
becomes 

V s -- // V\ n^Zy 7. f i/.#frZ., 7« / 

K, - h,K, h,h.Z,. 7. f h,-’Z„ 7, j <I47) 

Solving for the uirrents in terms of the voltages 

J lK. - //.V’,>W,7, ' lK, - HxW'MsHJii / g. 

H./.,(Z. Z,' Z.,'Z,') 14 


/a — — 


-»r 11 r, »/.//Z, + r, iiiK,»ii» 2 z»' 


it.#.! z./z„' - zz, i 


f 1 K» // I Z Z 1 - ( K, if 7 ! >/r.c Z»o' — Z*/) v 

*i - — - - , ^,. 7 ; — U5o) 

Zjj Zo Z.v Zu 1 

More likely, the voltages V and the current Zi could be solved 
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§25 Windings in Parallel 

for in terms of V x and the currents /.. , / h . (> r writing the equations 

w T ith all quantities referred to No. 1 winding, a* in (128*, 

- K, - r, .// + Jir. . + / , # - z # . .7/ ( 

- k, * jiz', , + z\ - r. ,.// 1 z\ ,// \ 

lo identify equations (151) with 
the 3 winding equivalent circuit 
reproduced in Fig. 51 , put V x - 0 
in both (151) and Fig. 51 . Then 
with terminal No. ^ open circuited, 

// = 0, and the voltage at the -}- 
oi>cn terminal must be the same as 
that at the neutral 0, that is the 1 51 

diop ac ross Z h thus 


V, h *- 

J /-yn-TTs . , 


** 1} 

— • v 2 ‘ 


- -IV 


Also 


•I 

■1 


- i«r, + z 

- z\ ,/«' - z t , /,)// 


z\ ,i r z,h' 


Z' ,/' (Z » Z 1 «v 

Solving these filiations theie results 

Z, = JiZ'. l Z\ Z' 1 
Z» — Z 1 * Z, » Z 1 *■ z 

Z, - Z', , z, VZ', 1 z 

whit h agree with the findings in Sri 17 


Z 1 t< 

1 


(152) 


1 * 53 * 


25. Windings in Parallel, An; 
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V e 
y O o 
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t 

3 


1 _ 

mO 


1 2 m 

Fig. 52 Winding in pui.ilM 

Suppose the primary consists of m winding’- in parallel numbered 
' 1, • , w), and the secondary consists ol in nu windings in parallel 

numbered (w f 1, , ;/) indusiNe I lit equation* ol (onslrainl arc 

V„ F, - V 1 154 1 
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V = V m +\ = ■•• = F„ (i 5S ) 

/. = / 1 + A + • ■ • + (156) 

7 = /«lfl 4- ■ • • + 7„ (157) 

Equation (123) is, as always, 

0 = /1 + W2/2 + • • • + w„/„ (158) 

and by virtue of (154) and (155) the general equations (127) become 
VJ 1 — w*' = fhth^nh + • * * + w-jW* £>»//„ \ 


K a (l — W m ) = flmn«Zm'ih 4" * • 4” n m n H Zmn In 
V ~ == fl m + \ fl'iZ m 4“ ’ 4“ W m |iW n Z m + l;n7 n 


F — w„ V n =s n H n»Z u ih 4“ • • 4* Mr,w,.Z wn '7 M / 

If any two of the variables are specified, th** others may be calculated 
from the above simultaneous equations. For example, if F and 7 are 
known, we may use (157), (158), and (159) to solve for F a , 7|, ■ • •, 7„ and 
then find 7„ from (156). 

If the turn ratios of windings in parallel are equal, then l;/ : . = 

• ■ • - n m - 1), and (w wi ,i «). Hence the left hand side 

of the first im - 1 ) equations in (159) are zero, while the left hand sides 
of the remaining equations are each equal to (F - nV a ). 

As an illustration, consider the 

“1 ■ a £~ I r -| 4 winding distribution transformer 

j 3 p»_ ! I of Fig. feeding a load of imped- 

Y' I ► . r - -■! Y lintT ^ ,rom a supply voltage V a . 
I j 'Hu* windings 1 and 2 are alike, and 

Fig. 53 Four winding transformer ^ a,1< ! ^ ari> 1 hen )h = 1, 

th =«i=*w, and by symmetry 
7| - 7j, 7.i ~ 7| — 7 2, Z'i i — Z2 Z^ * — Z > ». Also F — — Z7, 
and (123) gives 7 y - — w7 2. Then the equation from (159) for j — 4 
reduces to 


-Z7- wF„ 


\ -Z K ’ 4- Z*/ fW7 


Substituting leakage impedances and solving for the current 


Z f <2Z'j « — Z\ j — Z , ! -e 2Z', ,i 


< z6i ) 
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Bui the last three terms in the denominator add up to zero, as is clearly 
evident in terms of the self and mutual inductances of (122), thus 


2Zi - a Z\ Z% _ 1 = 2 z\\ + n 

w* 


4 

- *14 

n 


~~ Zw — Z;w + 2z\2 


__ *33 __ *11 ^ 9 *31 


(162) 


ir w- ;r 

Now Z22 = Z11, 233 = Zw and the mutual inductances 2 U w ■= Zi? = 234 w 2 . 


Hence 


/ - 


(163) 


/ + y Z\ , 


and - Z\ 3 is the effective impedance of the transformer referred to the 
load. 


26. Coupling Windings, Fi%. */ 

Coupling windings are sometimes used in transformers as a means of 
reducing the reactance. They are 
merely pairs of windings in para. lei 
with no external load. It is ton 
venient to number the coupling 
windings of each pair by odd and 
even numl>ers, ( 2 s — 1) and (2.s), 
as shown in Fig. 54. The equa- 
tions of constraint are 

fhn 1 = Hi* j 

Vu , = V ih , 164) 

0 = /»« 1 + h* I 

Then since the ampere-turns of each pair of coupling windings cancel, 
1/2, 1 4- H2J2* ■= 0). e(|uation (123) reduces to 

()=/,} #2/2 (165) 

Equation (127) may be written 

w 2 

V, - n,V 1 = n ,ti 2 Z $ h + ^n,-rh,[_Z' - Z 1O/2. fi66) 

2 

Rewriting (166). substituting ( 2 r — 1 ) for 7. and again with f2r) for j } 


:d"H. !*fl 


*4 


I? m~ 

"i a c 

j j* 4 i 

Fig. 54 ('(Kipling winding** 
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noting that thr -1 = thr, and subtracting 

h 2 

0 = — Z* i'i T "I" % *^ r > 12 ««) H” Z f 2r— l)‘2fc-l) 

2 

— ZV* r l»2* “ Z'i*rH2s 1» ]/2. (l 67 ) 

r = 2, ■ • • , n 2 


Also writing <166) for j = 2 

N 2 

V 2 — WjKi = }l‘i“ Z?/ L* ^ WaWg <r Z'yiVfi) — Z '1* l »]^2« (l68) 

J 

Kquations (165), (167), and (168) supply the necessary simultaneous 
equations from which all quantities may be determined in terms of any 
two quantities. 

As an example, consider a transformer having only one pair of coupling 
windings. Then (167) and (168) reduce to 


0 


H\)t‘j(Z\‘j ~ Z ’,12 )/•* uriZi,' T- Z\ s ,\ — 1Z\\\)1\ 
V 2 — H\.V \ ~ //*.> Z'i'> l‘j ■{" n*H\[Z*\ — Z>\\)1\ 


(169) 

(170) 


Suppose the secondary winding is short circuited, V* 
I 1 and l: Mwcen (165', (169). and (170) yielding 

v t z , iZ,/ z,/r 

/, " \Z\\ f* -- 2/,/) 


0, and eliminate 


(171) 


Substituting leakage impedances this becomes 

V\ ( Z\ , - Z, , - Z\ , + 2 '» ,) 2 

- 4 I 2 ’ 

/l 4 


( 172 ) 


Had there been no coupling winding the impedance would have been 
simply Z\ and thus it is evident that the coupling winding has reduced 
the short circuit impedance of the transformer. 


27 . The Simple Autotransformer, /-/g . 


The equations for the simple autotransformer were derived in See. 16. 

In the present section they will be obtained 
by the general method of Sec. 22. Referring 
to Fig. 55 , the equations of constraint are 
seen to be 


l. 



—I 


Fig. 55 \utotrunsformer 


V» = -27 
V a = V, 4 - V 2 
h -= /1 + / 


<I73> 
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$28 Forked Autotransformer 

Equations (123) and (127) become 

0 = /i + 1/2/3 (176) 

V* — )i>V\ = nfZa'I* = n-rZ\ (177) 

The elimination of / 2 , / and V 2 between these equations leads to 

~ = (-4 " 2 )> + z\ - - b-z + r, * (178) 


showing that the load impedance transfers to the high-voltage side by 
the square of the transformation ratio, and that the impedance con- 
tributed by the autotransformer is the same as the impedance between 
windings No. 1 and No. 2 ; that is. as if tested as a transformer. Also 
from (176) and 1175) 

/ U79) 

1 f 


28. Forked Autotransformer, Fig. *0 
Autotransformers are sometimes built with a third winding forming a 


fork, as in Fig. 50 . Either or both 
tines of the fork may be provided 
with taps for voltage regulation. 
The equations of constraint ari 

V a - F, + V> 1 1801 

V (l - V, + V, - -Zh (181) 
/> — 1 1 T /.j (182) 



Fig. 56 l uikul autotransloinier. 


Vnd the general equations (123) and (127) are 

0 =■ I) 4 //■„>/: 4 “ ( 183 ) 

V, - ;/,F, - nfZJU 4 )hn,Z^h (184) 

Vi - >hV } =- njhZu'li -f nfZa'h (185' 

Eliminating V ?, Va, l . /;« between these equations there results 

V a = nr[_ 1 - 11 * 1^4 »a*(1 + >i2) 5 2ii # +2ii*iijt1 ->h)(\+th)Z',/ HI f fh) 2 Z 
l\ in 2 j- w 3 >” 

(186) 

Substituting leakage impedances, the total impedance is 


V a 

7 i 


)Wjd - W;d 7/ . W 3 (l 4 »a) 7 / 

t W 2 + «3 «2 4 «3 

__ n^2 3 (l — «*)(1 4 W 2 ) ^ 
(«,"4 Hi) 1 




£ (187) 
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Thus the load impedance Z is transferred to the primary side by the 
square of the voltage ratio between the primary and the load. The 
terms in braces { f represent the impedance contributed by the forked 
autotransformer. 

Putting th = 0 , the circuit of Fig. 56 is that of an ordinary trans- 
former, and (187) reduces to (Z\ 3 + Z% 2 ), as would be expected. 

Putting » 3 = 0, the circuit of Fig. 56 is that of the simple autotrans- 
former of Fig. 55 , and (187) reduces to Z\ 2 + ( -- + Z agreeing with 
(178;. \ / 

29. Regulating Transformer, Fig. 57 

An arrangement such as shown in Fig. 57 consisting of a main 5 -winding 
transformer, the tertiary of which excites a regulating unit which in turn 

supplies a series transformer, is 
often used to provide variable volt- 
~T ‘jfej f p-i age to a load. Taps, usually with 

[i ?' "_j r automatic load-ratio control, are 

‘ 3 -j on the regulating unit. The lap 

range can be doubled by reversing 
1 the connections to the regulating 

j bet the windings be numbered as 

RagulaS" 9 Series Unit sh()Wll on the sketc h. In subse- 

Fig. 57 Regulating transformer quent equations unprimed voltages, 

currents, and impedances refer to 
the main transformer; single-primed quantities, to the regulating unit; 
and double-primed quantities, to the series unit. The equations of con- 
straint are 

V\ - V» (188) 

V* = VS (189) 

F 3 + Vi” = -Zh (190) 

0= h + v (191) 

0 = h 9 + ii' (192 ) 

/a = h" (193) 

The general equations for the main transformer are 

0 =/, + W2/2 + w.1/3 (194^ 

V? - w-j V\ - n^Z-xL + n^hZxh (195) 

Ft ~ W3 V\ — n«n$ZmL> 4- n^Zx\l.\ (196) 


V 0 I 

s* 


Regulating Series Unit 
Unit 

Fig. 57 Regulating transformer 
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$30 Single-phase Connections 

The general equations for the regulating transformer arc 


0 = // + (jp?) 

Kg W2 F/ = nt'mila'h' (198) 

The general equations for the series transformer are 

0 = /,' + n/1 / (199) 

V / - nJVf = nt'nf'Wh* (200) 


From (191), (i9 2 )i (i93^> (194^ (i97b and (199) the current relation- 
ships are found to he 


/i 


_ « 3 + thJi/nS j 

njn* 

w 3 + n*n*nf . , 

/ „ il 

n> n> 

«* + ns «/«?" f ,, 


(w 3 + ihn«ib”)h 

n A + n«n»n ” . , 
n 2 

(/fa + ntfh'n")l” 


(201) 


Kliminating all variables except Fj and /, there result «* 

F, = 

/, 

( )“Zm -j- 2 fhH'iib*’ n*" Z$* 4- >i\{Zx\ + ( }b» }bi + ( }bi* )* Z-?" + Z 

( H:\ T *) 9 

(202) 

In terms of leakage impedances this becomes 
V\ _ ntfbin "Z\ 2 + mZ\ 

/ 1 M 3 + 9l*9b/ 91** 

- nwn'nfZt a + Int'nfW 1 2 + (nS) 2 Z"« , + 7 ( 

( W 3 + 91*91* 9b" ) 2 


The ratio of transformation between the load and the primary is evi- 
dently (m 3 + n*jh’ib"). Putting « 2 = 0, or «*.' = 0, or n/ = 0, converts 
the circuit to that of a simple 2-winding transformer, and the impedance 
according to (203) reduces to (Z1-3 + Z « 3 2 ) as it should. Reversing the 
connections on the regulating unit is equivalent to changing the sign of 11*'. 


30. Single-phase Connections, Fig. 58 

Distribution transformers often have two similar primary and two 
similar secondary coils, enabling the transformer to be connected for four 
different voltage-current combinations, Fig. 58. As indicated by the 
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dotted lines in Fig. 58, the series groupings also permit bringing out a neu- 
tral, which may or may not be grounded. 

The polarity is usually marked; but if not, it may be tested for by 
connecting a high-voltage and a low-voltage terminal together (say // 2 
and Xs), applying a reduced voltage across the high-voltage (Hi to H>), 



Fig. 58 Single phase connections. 


and measuring the voltage between the other high-voltage and low- 
voltage terminals (II\ to A', ). If this voltage is less than the applied 
voltage the polarity is subtractive, otherwise additive. In making this 
test, the voltmeter selected must have a range that is at least equal to 
the sum of the high-voltage and low-voltage potentials. 

31. Polyphase Connections 

The primary and secondary windings of single-phase transformers 
may be interconnected in a variety of ways for polyphase power. The 
more common polyphase transformer and autotransformer connections 
are shown in Table 11 on pages SO and St. 

'I'he connection used in any particular case is governed by the following 
considerations: 

(1 ) Number of phases of the power supply (primary side) 

(2) Number of secondary phases required (2, 3, 4, (>, 12, 24) 

(4) Is a neutral connection required (for grounding, relaying, or load 
connection)? 

(4) Path for third harmonic (exciting) currents 

(5) Path for zero-sec juence (fault) currents 

(6) Insulation to ground and voltage stresses 

(7) Need for partial capacity with one unit out of sendee 

(8) Operation in parallel with existing transformers 

(0) Operation under unbalanced load or fault conditions 

(10) Kconomic factors (cost, size, weight, efliciency) 

(11) Voltage regulation (taps and load-ratio-control) 

(12) Phase displacement or control 





$32 The Y-Y Connection 7 g 

In analyzing any polyphase transformer circuit it is sufficient to re- 
member that : 

(1) The theory, equations, equivalent circuit, and vector relationships 
in any individual transformer of the group are the same as though 
that transformer were by itself. 

(2) Exciting currents may be neglected, except insofar as third- 
harmonic current paths must be provided, or eUe third harmonic 
voltages tolerated. 

(3) The ampere-turns on any magnetic core must balance out to zero 
(hereby secondary currents are readily determined in terms ot 
primary currents). 

(4 1 Kirchhoff's laws always apply. 

(3) In many practical cases simple vector diagrams, in conjunction 
with (3) above, are all that are necessaiy for an understanding 
and description of the circuit. 

(6) In complicated cases, particularly where circuit impedances or 
detailed current and voltage distributions must be determined, an 
appeal to the general method of Sec. 22 can always be made. 

In subset juent sections, the more common types of connections will 
be taken up in detail. 

32. The Y-Y Connection 

Because of certain disadvantages, which will be brought out, the 
Y Y connection is rarely used. If the primary coils arc 1 connected in ^ , 
there are tw*o possible ways of forming tlu* \ lor the secondary coils, as 



Fig. 59 W\r \\\r transformer. 

shown in Fig. 5 ( >. In the first case the 1 phase displacement is zero. In 
the second case it is ISO degrees. The phase* rotation is standard iposi 
tive sequence 1 in both ca-rs. The line voltage il\U is <//|\> \ '.MI?) 



TABLE II 

Typical Transformer Connections 



TRANSFORMERS i 

AUTOTRANSFORMERS 

PRIMARY 


n 

to 

20 

l_ 

!l_ 


l_ 

i_ 

j 3 Wire 

— J— 4 Wire 


30 

to 

30 

Y Wye 

Y Wye 

“y Wye 

Delta 

Delta 


Y wye 

Delta 


yy Delta 

^ Wye 

Stub 

y Y Delta 

/ Open -Delta 

/ Open Delta 

/ Open 

Delta 

0-5 1 0.5 Tee 

1 0.866 

0.5 1 0.5 Tee 

1 0.866 

3^: Tee 

Y or > 

Zigzag 


20 

to 

30 

i_ 

1 0.866 M 

0.5 | 0.5 S' 0 ” 

A . 

["A 

• A 

0.155 ro 
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TABLE II (Continued) 



1 TRANSFORMERS ~ 

AUTOTRANS FORMERS 

PRIMARY 


3<t> 

to 

n 

A 



A 



A 



)~ “ A 

Woodbridge 


30 

to 

60 

Y - > 

Y " t> 

^ ^ Diametrical 

i 


I Double 

| Wye 


)~ ~ A 

v/Vj> Double 

Delta 


>- " A 

^ ^ Hexagon 

^ 1 ^ Hexagon 

_L 

■ 1 Double 

1 1 Tee 

Inverted 

Zigzag 

Y “ > 

T Double 

YY Zi 9 za 9 

T Double 

Zigzag 

30 

to 

120 

Y “ > 

♦ _ 

y* Quadruple 
Y Y Zigzag 


Y " t> i 

^ n Double 

^ x Cord 
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= (II\X) — ( HiX ). thus y/3 times as great as the voltage to neutral, 
but the line and winding currents are the same. If the neutral is 
grounded, each transformer need be insulated for only 1 y/3 =- 0.58 
of the line voltage. This fact, together with the availability of the 
neutral, is the principal advantage of a wye connection. 

If the neutral is isolated, no third-harmonic current is permitted to 
flow (since the third-harmonic currents in each transformer are in time 
phase), and consequently third-harmonic exciting voltages appear across 
each transformer, but cancel out in the line voltage. If the neutral is 
grounded, and a similar grounded neutral exists elsewhere on the line, 
third harmonic currents, limited only by the impedance of the line and 
ground return circuit, may flow; but they cause telephone interference, 
and in some cases relay malfunctioning. 

If the neutral is isolated on both sides, no zero-sequence currents can 
flow. II the neutral is grounded on one side only, small zero-sequence 
currents limited by the exciting im pedant e may flow on that side. If 
both neutrals are grounded, and return paths through ground are offered 
elsewhere on both sides of the system, then zero sequence currents 
flowing to the neutral encounter the leakage* impedance of the transformer. 

'I he chief disadvantage of the Y Y con- 
nection is the instability of its neutral 
under conditions of unbalanced load. For 
example, if coil \'i V in Fig. 5 ( )a is short - 
circuited, its voltage muM collapse, that 
is, in the vector diagram the point X 
moves to point \|. It is interesting to 
* \j" work out the general case ol unbalance 

by the method of Sec. 22 . As shown in 
Fig. (>0, let unplimed, single primed, and 
double primed quantities refer to the 
three transformers, and let Z, Z\ /" be 
their respective load impedances. Let the 
balanced polyphase applied voltages be 
1-ff* is the unit vector which rotates any 
vector with which it is multiplied by 120°. Of course. <r -= -40° and 
the sequence (1, <r. a 1 represents standard positive phase rotation. 
The equations of constraint are seen to be 



Fig. 60 The V Y connection 

\\ it h unliulum ed loads 

F, <i ,J K, aV where <1 - - 


V 

V * - 

v : 

! 204) 

tiV 

V " 

v, 

■205) 

0 

r. 

v * // 

2061 
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o - tr - v/ + nr - zi/ (207) 

® = Ji 4 h ' 4 /* (208^ 

0 = h 4 1 / 4 ir (209) 

The general equations (123) and (127) for the three transformers are 

d = /1 t 91*1 i (210) 

0 = 1/ 4 9b/ 1/ ( 2 x 1 ) 

0 = /." 4 nrir (212) 

Vi — H/V \ — 99*99 *Z**I* ( 213 ) 

V/ - n/V/ =- ft/tt/Z/I/ (214) 

*7 - « r vr - »r>irz*rir <ais» 


Xote that the above equat ions allow lor entirely dissimilar 1 win- formers 
having different impedances and dilterent turn rati and an unbalanced 
load. From the current er|uations (2081. (209), (2101, (211', and (212) 
there results 


y 91 2 ft/ - 9 i r . , 

1 1 = — / 1 

91 * 9 1* - 99 r , 

i 1 

91* - nr 

7 /j" Hi 9 l/ 

99/ - 91 r , 

= 91 * - I* 

11. ~ ” r if -- - >hl (2x6) 

9 b* - 91 r 

n . - n> 

Eliminating V\\ V , and V ' b< tween 

(204). 1206), >213). and (214), and 


eliminating V", V and V* between 1205). 1207), *214), and (215) yields 
two simultaneous equations fiom which l\ and F. may he found, 




/. = 

91 »«;/»' 

11 " )[>h'u "u ' f iijii ' f an." 

)]F 

(217) 



Zl 9 l/ 

uf T 1 z"\n>' - //•>’ J x'tih — 

99/ )‘ 


V\ 

(tb/ 

— «.*■)(» < 

'4 an! 

'l Z + «/(».' - ».IZ* -4 »/(«. - 

99 r \az' 

V 

(218) 



<«./ - 

99 i) 1 ! 

f - w.i’z" + <n. U.'IV 



in 

which 



z - ii>n.Z>< -{■ Z J 







Z' - llflh'Zr' \ Z' , 


(219) 





z" - Hfnrz.r + r ) 



Then V,' 

may be 

found 

from (2041. Vf from 1205), V> 

from (213 

Vf 


from (214), Vr Irom (215), and any current Irom (216). 

However, if any two of the turn ratios are identical, such as n / = nf % 
it is evident from either (226) or (217) that /1 = 0. and by (2x8) the 
voltage V\ may reach very large values (hut limited by saturation). 

If all three turn ratios are identical, the above solutions are indetermi- 
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*4 


nate, and a new solution must be sought by putting n — n 2 
in equations (204) to (215) inclusive. It is then found that 

V 

II 

> 

II 

w w Z ~~ &Z Qj/ 

h = -nh = — — — — - - - n 2 V 

22 ' + 22 " + 2' 2" 

(220) 

/,' = nh' = ah r z ” n *V 

22 ' + 22 " + 2 ' 2 " 

(221) 

l” = n l{ = aZ '-~ aH -n*V 

22 ' + 22 " + 2 ' 2 " 

(222) 


If the transformer impedances are equal and the load is balanced, these 
currents are seen to reduce to balanced symmetrical 3 -phase currents. 
The individual transformer voltages V \ , V 2 , Vy\ V 2 \ V", V" cannot be 
determined, since both neutrals are free and may take on any potentials. 
Potential differences are found easily: (V\ — KjM from (204), { V " — Vy) 
from (205), (V‘i — V V) from (206), and ( V " — V 2 ) from (207). 

Interesting features of the V V connection with isolated neutrals are 
brought out by the following table, based on equations (220), (221), 
and (222). 



Balanced load 

S C of one load 

0 C of one load 


z = z' = z" 

z = 0, 2' = 2" 

N 

II 

JB 

II 

N 

* 

/, 

1 n V 

\ z" 

0? 

1” 

0 


1 ri 2 V 

n-V 

1 ri-V 

\ 3 2"" 

z"' 

2 z" 

I” 

1 H*V 

n-V 

1 trV 

\ * z" 

V 

N 

* 


If it is desired to investigate the division of load and the neutral shift 
under the condition of the load neutral and transformer secondary 
neutral connected together, or what is the same thing, with the trans- 
formers supplying independent single phase loads, equations (206), 
(207), and (209) must be replaced by 

V 2 = -Z/ 2 (223) 

V i = -Z 7 / (224) 

v " = - n ? (225) 

Solution of the simultaneous equations then gives 

/ 2 = — - = n«{an"n 2 z’ — tiSn-i’z”) — (226) 

« 2 D 
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I f V 

1-2 = — — f = ih'(nn)i«z" — arn”n”z) — 

D 

(« 7 ) 


I n » 

h” — — ~ = th" (abin' nS z - tM*HtZ f ) — 

D 

(228) 


Vi = z(Vw 2 'z* - anSnfz') - 

D 

(229) 


V\ = z'((i L Wz - #ow 2 z*) - 

D 

(230) 


V\ =- Z"((!Hntl >Z f ~ ablntlnZ I - 

D 

(231I 

where 

D = Hnibizz” + WoWaz'z* +• nfnSzz' 

1232^ 


The neutral shift is readily found for any specified loads or turn ratios. 
If all turn ratios are alike, « 2 = «•/, and two of the secondary load 
circuits are open-circuited, say z' = z" = ® ; then 1229) shows ‘hat 
V\ = 0, while (230) and 1231) show that V\ -= — V end V" = aV\ and 
the neutral has shifted to a corner of the applied voltage triangle. On 
the other hand, if the loads are balanced and the transformers identical, 
z = z' = z"; (229), (230), and (231) give K, - (1 - a)V 3, V\ -• 

( or — 1)F 3, and V\ = a{ 1 — a)V 3; and the neutral is seen to 1m* at 
the center of the applied voltage triangle. 

Equations (226), (227), and (228) become identical with (220). (221), 
and (222) when the turn ratios are equal: for under this condition 
In + In + In = — ( l\ + // + l\ ) n - 0, and no current Hows in the 
neutral. 

A great deal of space has been devoted in this section to the consider 
ation of neutral shift and instability. The matter is of considerable 
practical importance. 

33 - Delta-delta Connection, Fig. 61 

There are two ways in which transformers may be connected delta- 
delta, as shown in Fig. 61. The first case has zero angular displacement, 
subtractive polarity, and positive phase rotation. The second case has 
180-degree angular displacement, additive polarity, and positive phase 
rotation. With the delta connection the coil and line voltages are 
identical, but the line currents are y/& times the coil currents. The 
presence of a delta permits the flow of the third-harmonic exciting cur- 
rent (since the currents in each coil are in phase), and therefore neither 
third-harmonic currents nor voltages will appear on the line. But the 
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delta is a block to the flow of zero-sequence currents. The analysis may 
lx? carried out by reference to Fig. 62 , which shows three dissimilar trans- 



Fig. 6i Delta-delta ronnet turns. 


formers (different impedances and different turn ratios) supplying an 
unbalanced wye-connected load. The equations of constraint are 




Vi ■ 

V.,' - 

vr - 



- V 


(233' 

vr 

= a-V 


(234) 

vr 

- ,iV 


(235) 

Vi 

- Z"ik" 

- /-.) - Zik - /?') 

(236) 

v.r 

-- Zl/.. - 

/./) - z'nr - w\ 

(2371 

V" 

-- z'nr - 

- //') - z"(ir - 1.,) 

(238) 


The general equations (123) and (127) are 


0 — Z 1 --f— 11 *k 

(239) 

0 - /.' +- iii'ir 

(240) 

0 - /," \ n.rir 

(241I 

- II- V, = liiiliZak 

(242) 

m'vy - 11/n.rZi.rir 

(243) 

it " vr --- ii.rn.rz : rir 

(244) 


Those equations yield three simultaneous equations for the currents 

- mV = t mikZ x + zr -p Z)i : - zir - Z"ir (245) 

-a'-m'V = im'm'Zx' t/f Z' 1/,' - ZI, - Z'k" (246) 

-<nirv - iH.rn.rZa" + /' + z"\ir - zir - n. 1247) 

Explicit solutions for the currents from the al>ove three equations result 
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in long and cumbersome expressions showing nothing of interest. In a 
.specific case it is just as easy to substitute numerical values and solve 
245). (246), 1247) directly. 


34. Open-delta Connection, Fig. flj 

A principal advantage of the delta-delta con- 
nection is that it may continue to operate on 
3-phase circuits with one transformer removed, 
although at only 58 per cent of the capacity. 

The diagram of connections is shown in Fig. 63. 
Assuming dissimilar transformers, the equations 
of constraint and the general equations arc the 
same as 1233) to (244) inclusive, with l/' - 0 
and Z 2 " = and with (238), >241), and 1244) 
deleted. The solution of llvsc conations then vk!ds 




I> 


/, __ ~ th(Z 1 Z') - ;/ \rZ]K 

n* f n>n*Z<£2 | • Z Z" 1 Wj //•/Z*/ -f- Z 7 Z') — Z 


(248) 


l\ f- ;/»'// >;/oZ>2 tr ti/a'iZ f Z") - tt^ZlV 
)b/ ( ii\>H‘jZ>? { Z 4 Z"x«. // > Z*»i \ Z \ Z' ) - Z~ 


(24Q) 


l ; or similar translormcrs 1 Z» Z™ and n* - n») and balanced load 
impedances (Z — Z' = Z"). the ra t io of these currents is 


L 1 \ {niZj» * 1 Z) \ u"Z 

I*’ /,' (/'iwjZj. \ 1 Z) \ Z 


(250) 


'This equation shows that if the impedances contain both resistances and 
reactances, then the magnitude of the ratio is different than unity and 
the phase displacement may be anything. Thus the currents do not 
divide equally, even though the circuit of Fig. 63 is itself perfectly bal- 
anced and symmetrical. Reversal of the phase rotation of the applied 
voltage transfers the* larger current from one transformer to the other. 
If the circuit contains no resistance, then the current magnitudes are 
equal. Also, on short circuit (Z — 0) they are equal. This phenomenon 
occurs in certain other transformer circuits, and in the case* of the quad- 
ruple zigzag may reach exaggerated proportions. 

The capacity of an open-delta hank is usually given in terms of equal 
balanced currents in a resistance load, as shown in Fig. 64. The* load 
voltages are then in phase with the load currents, but the line, or trans- 
former, voltages are v\$ times as great and 30 degrees out of phase with 
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the currents. The output of the open-delta bank therefore is 

P = VI cos 30° + VI cos ( — 30°) = y/lVI 

The total transformer capacity is 217. Hence the capacity ratio is only 
0.866. The open-delta bank can carry y/iVI /iVI = 0.58 of the ca- 
pacity of a delta-delta bank. But if the load consists of simple imped- 
ances, and possesses no inherent phase-balancing characteristics, the 
currents of an open-delta will not be of equal magnitude, and the capacity 
of the bank may be considerably less than the ideal 0.866 given above. 


B 



Fig. 64 Open delta. Fig. 65 Wye-delta transformer. 


35. Delta-wye and Wye-delta Connections, Fig. 65 

These are the most popular and generally satisfactory of all 5-phase 
transformer connections. The wye is used on the high-voltage side to 
profit from the advantage of being able to use a transformer of lower 
voltage than line voltage, and to provide for a grounded neutral. The 
delta provides a path for third harmonic exciting currents, and permits 
zero sequence currents to llow to ground on the wye side by encountering 
only leakage impedance. 

Every wve-delta or delta-wye transformer connection can be reduced 
to the same vector diagram. Fig. 65, by a proper interchange in the 
numbering of the leads. This is not possible with wye-wye or delta-delta 
connections. 

On transmission systems, delta- wye connections at the generator end 
and wye-delta connections at the receiving end are almost universal. 

36. The T-T Connection, Fig. 66 

This connection may l>e used to transform 3-phase to 3-phase with 
two transformers. The voltage of the teaser winding (X* is only 0.866 
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that of the main winding AB. The output for a balanced resistance 
load is 

p = 11 cos Mf + Y cos (-30 ° ) + Y" 17 - \ 317 

The transformer rating is 17 + 0.86617 = 1.86617. Heme the tapatily 
ratio is 1.7.12 1.866 = 0.926. This is somewhat letter than the open- 
delta connection. 

A complete analysis will not be undertaken, as the connection is 
rarely used and then only in small power instal'ations. 




r B P 

UiLmiiCfcJ 




r 

Fig. 66 The 'I T connect uni 



Fig. 67 I h« Scott emmet turn 


37. The Scott Connection, Fig. ft? 

This connection is used to transform from 2 phase to 3 phase or ton 
versely. Of the great number of transformer connection* that ha\e been 
used, this is one of the few named after its inventor. It is a simple 'I'. 

The idealized connection and vet tor diagrams . ^ 

are shown in Tig. (>7. The power output to z 2 > VjtijjlJ z 2 £ v 2 T^llj 
a balanced resistance load is v 7 3l7. The r i 

rating of the windings is 1. 80017, and 
capacity ratio fc therefore 0.920. 

Figure 08 shows the Scott connet lion used 
to transform 3-phase power to a 2 phase 
load. Let the main winding on the 3-phase 
side be regarded as the windings 1 ' and 3'. pig. 53 
Then the equations of constraint are 

V >> = -2./, 

Vi = 


V 

T 


cr V , . 

■ s‘f : 1 1, 1 


-Zi'li 


'2511 

<2521 
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a 2 V= V/ + VS ( 253 ) 

V = V\ - VS (254^ 

0 = /, + IS - /*' (255) 


The general equations are 

0 = I\ + W2/2 (256) 

V*i — n*iV 1 = fivfhZwh ( 257 ) 

0 « /,' + nSIS + nSIS (258) 

VS — H‘/V\ f — nS tiS Z'iS IS 4 “ tiS mS Z^S IS (2591 

VS ” nSVS — nSnSZxSIS 4 “ nSnSZxS IS (260) 


Let Z\ = nSnSZvS — (nSnSZzS 4“ ZS ) ( 1 4~ mS) tiS 

Z 1 * — nSnSZwS — nSih!Z%S(\ 4" mS ) w*j / 

Z;{ = ( -f- ZSnS M'S 4~ ( tiS tiS Z>S ZS) fiS 
2| — ()hn«Z?i 4" Z‘>)( 1 4" hS) M‘S 4~ mSZ^S 



Then the solution of (251) to (260) for the currents yields 

Jt _ Z‘2 y 

Z\Z Z'iZn 


h’ 


Z, - tl'% y 

Z|2| - Z-iZ,t 


(262) 

(263) 


/.' - 


/l « 


nSitrZi — ZS 4 - mS(Z\ — u~z 3 ) y 


-Hth 


Z\Z - ZnZ 

(1 4 - nS)Z\ - nSi • - (w» z : < -z ;{ - w a 'z ,)</ 2 

Z|Z } — Z'*Z;\ 


(264) 
K (265) 


In practical cases nS - nS and the solutions simplify somewhat. 



Fig. 69 Double zigzag autotraiisformer. 


38. Double Zigzag Phase-shift Autotransformer, Fig. 6 q 

This connection is used to tie two systems together where it is de 
sirahle to adjust the phase angle between them, and jierhaps to effect 



jjj8 Double Zigzag Phase-shift Autotransfonner gz 

simultaneously small changes in the voltage ratios. The connection 
diagram is shown in Fig. 69. There are 3 windings on each core (or core 
leg in the case of a 3-phase core). Assuming balanced conditions, the 
phase voltages may be taken as (F ft , aV a , a 2 V a ) on one side and (K d , 
//K d , (rV ff ) on the other. The currents will likewise be balanced. 


The equations of constraint are 

I\ + h* + It! = I\ + (I 2 /? + ols = 0 (266) 

v x - = V\ — cPV* = V a (267) 

V\ - Vt! = Vy - aV* - (268) 

The general equations (123) and (127) for the first core are 

0 = /l + Wo/j -j- W.t /a (26 q) 

V*2 — WaPj = nothZ+J* + fltfhZxlz (270) 

— n.i V] = n-oi-iZ-AiL + ntft.iZwh (271! 


Taking the load cjuantities V 0 and 1 \ as given, (266) and (269) give 



dhh 

>h 


(272) 


t _ wi ““ « / 
= — - 13 

</ - W-. 


while (268), (270), and (271) yield 

K| = — 1 V„+ an * (h. "* ~ " Zxi + ihz!)h ( * 74 > 

1 - <iw, 1 - Mh \ a 1 ~ >h ‘ 

Fo = - K rt + «s* , Zk f Za 

1 — < 7 Hj L </" ~ »S 1 ~ ,,n 'l 

+ 2«« 2 « 3 ) z J /( (275) 

(1 — </« 3 )((i 2 ~ M2) J 

y. = _” 3 . v a + ■ • ( >H ”r ~ - Zxt f » 3 Zx) h C 276 ) 

1 — ath 1 ~ tfHj \ <i l — «a * 

V 1 — <»*»2 „ , f«3 2 (« - «S> 7 ,.2„ 2 " s ~ a 2m 

1 - <J«;, # L 1 - flW.1 ~ ”2 

—»s - 2 k 2 «.i -**+!• ^ 1 / 3 (277) 

(1 — (/«j)(a 2 - M2) J 

The short-circuit impedance of the autotransformer is found l»y putting 
V„ = 0 in (277), substituting h in terms of h from (273), and rearrang- 
ing as 

“Z - „,=& + i.+ S + *’ + ** ±3. t-f-fJ <«*) 

~/ 2 l+«J + »3 2 l+«3 + «3 2 



9* 


Ch. 2 The Transformer 


The above procedure for the analysis of the double zigzag phase- 
shifting autotransformer is typical of the method of solution for such 
circuits as the inscribed, extended, stub delta, semi-stub delta, inverted 
double zigzag phase shift, and hexagon autotransformers shown in 
Table II. 

39. Wye-Delta-Zigzag Connection, Fig. 70 

With this connection there are four windings for each magnetic circuit 
or core leg. Suppose that the balanced load impedance is on the zigzag 

T| 


-A/VSrf 

Fig. 70 Wye-delta-zigzag transformer. 

winding, and that the wye and delta windings are connected to gener- 
ators or lixed voltage sources. The three transformers will be con- 
sidered as entirely similar, and to be operating under balanced conditions, 
so that any single primed voltage or current is displaced 120 degrees 
from the corresponding unprimed quantity, and any double-primed 
voltage or current is displaced 240 degrees from the corresponding 
unprimed quantity. Then using the phase sequence (1, a, a 1 ) the con- 


straints are seen to be 

V, - V," =■ Vo - trV, = -Z/ 2 (279) 

/a" = H% = - I: (280) 

The general equations (123) and (127) become 

0 =■ J| + not* W3/3 + W4/4 1281) 

Vo — Ho V I = ftoHoZoofo -f- W0W3Z03/3 -j- YloH\Zo\l\ (282) 

V.s — H\\V\ — ntfioZmlo + HtfiiZml’* + n^H\Z^\l\ (283 1 

V\ — h*V\ = H\HoZ\oIo -f- n±n$Z\zh + W4W4Z14/4 (284) 


Solving for the currents in terms of voltages V\ and Vi assumed to 
be known, there results 

Io = — d*/3 = r [” ( V4 — *14^1)1 Hoti\Zo\ — - crn$n*Zto) — (<J 2 /i 3 — 112)^1 n^Zx^D 1 

(285) 

/■1 ~ [[urwa — Fi( Wo/144^2 (JH\HsZ 13) — (V4 — W4F1) ( HotioZoo -f- titfizZw 

+ W2W3Z23 4” Z)~^D 1 (286) 




§40 Leakage Flux Problems 

/ = (an 3 - »*)/2 - n 4 h 
m which 

Z> = (»*» A4) 2 + (wsw-c^it) 2 + notion \ 2 Z^Z^ 

tti'Z 44 (H>2~Z<£2 4 * n^Zyn + W2M3Z23 + ^) (288) 

If there is a load Z 4 on the wye winding (instead of a generator) the 
above solutions hold upon substituting (wrZ 44 + Z t ) for n?Z%\ and putting 
Vi = 0. 

40. Leakage Flux Problems 

The transfer of power between windings of a transformer is effected 
by the mutual flux confined to the iron core, and this flux is respo isible 
for the hysteresis and eddy-current losses in the laminations. There is 
also, however, an appreciable flux (from 2 to 12 per cent of that in the 
core, depending on the size and voltage rating of the transformer) ex 
ternal to the core, and this leakage flux has four generally undesirable 
effects: 

(1) By interlinkage with one winding and not with the other, or only 
partially with the other, it constitutes a leakage reatlamv flux 
resulting in an induced reactance voltage drop which causes poorer 
regulation, poorer power-factor, and influences the division of 
load on parallel operation. 

( 2 ) By interlinkage with the tank, clamps, bolts, and other accessories 
it induces currents in them which account for as much as 20 per 
cent of the total losses in the transformer. 'These losses are called 
stray losses , and are extremely difficult to calculate or estimate. 
Copper or aluminum shields are sometimes introduced to reduce 
tank losses. 

( 3 ) By interlinkage with the individual conductors it induces voltage 
differences over the cross-section of the conductor which cause 
an unequal distribution of current in the conductors, resulting in 
skin effect or conductor eddy-current losses. In effect, these eddy 
currents increase the effective resistance of the conductor to as 
much as 20 per cent more than its d-c value, thereby adding 
materially to the capper losses. In order to control this extra 
loss, the conductors are stranded and transposed. 

( 4 ) By interaction with the currents in the conductors it gives rise 
to mechanical forces which tend to burst the windings asunder, or, 
in the case of dissymmetry, to displace the winding axially. Under 
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short-circuit conditions these mechanical forces may become 
destructive, and must be braced against by suitable clamps 
and supports. 

As a matter of fact, the leakage fluxes present by far the most difficult 
and involved problems in transformer design. They are field rather 
than circuit problems, and therefore require more advanced analytical 
methods. It will not be possible to give more than superficial attention 
to these problems here. However, a detailed mathematical treatment 
of leakage fluxes and reactances, eddy-current loss, and mechanical 
forces will be found in a companion text.* 

41. Leakage Reactance 

The calculation of the leakage flux and reactance between a pair of 
windings is based on the assumption that the primary and secondary 
ampere-turns are equal and opposite; that is, the magnetizing amjiere- 
turns are neglected, Y|/| + As/a = 0. Also, depending upon the type 
of winding and the core construction, certain other simplifying assump 
tions are usually made in order to carry out the mathematical calculations, 
liven where the most precise and involved methods are used, it is usually 
necessary to make minor empirical corrections based on design experience 
for reliable design calculations. 

Figure 71 shows a simple concentric winding, core-type design, in 

which the high-voltage winding of 
.Y|/i ampere-turns is on the out- 
side and the low-voltage winding of 
AVa ampere- turns is on the inside. 
The leakage flux distribution fol- 
lows curved elliptical -shaped paths, 
as indicated by the light lines, but 
these actual paths can be deter- 
mined only by the use of advanced 
mathematics, and by ignoring the 
proximity of the tank and other 
distorting effects. It is sufficient 
for most purposes to assume the flux parallel to the core, and of a length 
(It -f dL where h is the height of the coil stack and a is an empirical 
correction which accounts for the return path of the flux. The ampere- 
turn distribution is trapezoidal, building up linearly through the low- 

• Hew lev, L V.. 7\\i» dimension^ Fields in Eleeirital En^in* cring. The Macmillan Com- 
pany, New York. 1948. 





$41 Leakage Reactance ^ 

voltage winding to a maximum of .V*/, and then linearly baik to zero 
as the ampere-turns of the high-voltage subtract. I'he procedure in 
( alculating leakage reactance is in three steps: (1) the flux d<t> in an 
elementary path is found by dividing the magnetomotive force with 
which the path is linked by the reluctance of the path; (21 the flux link- 
ages are found as the integral of the products of the fluxes d<t> and the 
linked magnetomotive forces; (i) the reactance is found by dividing 
flux linkages by the square of the total current. Referring to Fig. 71. 
and assuming the flux to go straight across and return through the core, 
the flux in the elemental path dx at radius x in the low-voltage winding is 

d^., = _ mmf _ _ fl-dT.Vj/jU - r„> L 
reluctance (// + a) 2*xdx 


interlinking with XJ t (x — r u ) L turns, and the total interlinka«*»*s are 


„ 0.8 rXflfF"-. . iVZrX.-lfl. /r, , /A 

X. = - I f.r - r„)-xdx = , I , 1 . 1 

I It -j- (l)L~Jn ill d </) \d »' 


(289) 


The flux in the gap between the (oils links wi*h the low-voltage 
winding. The total interlinkages are 


*•- *+„ L, xdx 

h + a \ If 


(290) 


Finally, the flux in an elemental path d.\ at radius x in the high voltage 
winding is due to all of the low-voltage ampere turns and part of the 
high-voltage ampere-turns, or since AVi = —A V: 

Ay, + Ay, (* Ay, ('" + '• + 5/ " ' x ) 

and the total interlinkages of the flux in the high-voltage winding are 

t\ o _2 V 2/ 2 /*'» f L 4 tt +• II 

X] = — - 9 \ I (r« + L + K + // - .V ) 2 x dx 

ill -p u)l + l. + U 

= 0 .8**AW u (ru + /. + *, //\ 

ih + a) V A 12/ 

The total flux linkages then are 

in which 


(291) 


1292) 


n = r« + '-L 


= effective radius of low-voltage winding 
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r = r 0 + L + £ 


= effective radius of the gap 


f 1 = r„ + L + g + — = effective radius of high-voltage winding 
4 


Now by the definition of reactance, 


w/, “ «w 


l.fcr»/AV 

1() S (A + a) 


( 7 y* + ** + ohms (293) 


in which dimensions are in centimeters. If the windings on the two legs 
of the transformer are alike and are in series, the reactance of the trans- 
former is double this value (if A T * are the turns per leg). If the 2 legs are 
in parallel, the transformer reactance is half of (293). In design work, it 
is usually sufficient to take r and r« ~ r and put 2irr = mean length 
of turn (mlt). Then 


8»»/AV(nlt)//- /A 
"l(M + a) \3 + * + 3/ 


(294) 


Problems 

1. A hydroelectric station generates at 13.2 kv and transmits over a long line 
at 220 kv to a switching station from which radiate three secondary trans- 
mission lines at 66 kv to main substations. Distribution lines leave the sub- 
stations at 13.2 kv and supply feeder substations which distribute at 4 kv to 
pole-top transformers that reduce the voltage to 220 110 volts for domestic 
use. Draw a single-line diagram showing the system, and indicate on the 
sketch the location, voltages, and classification of all transformers. 

2. List and discuss the advantages and disadvantages of the different types of 
construe tion features found in transformers. (Consult other texts and manu- 
fac furors’ bulletins.) 

3. (ireat economies accrue from the use of standardized ratings. Consult the 
ASA (American Standards Association) and the NKLA (National Electric 
Light Association) bulletins, and submit a list of standard voltage ratings for 
(a) power and (b) distribution transformers. Indicate if any of these standard 
voltages are to be preferred. 

4. A single-phase transformer has 1200 primary and 200 secondary turns, 
and supplies a 640 kw load at 6600 volts and 0.80 pf. What is its ratio of 
transformation, and approximately the voltage, current, and kva on each 
u inding? 

5. The 60-cycle voltage applied to a coil of 663 turns is 

e* = 160 sin 377/ + 60 sin (1131/ — 45°) — 20 sin (1885/ + 75°) 

(a) Plot the voltage and flux wave forms and their harmonic components. 



Problems 

fb) Repeat, when the signs of the harmonics in the voltage wave are re- 
versed. 

o. A sample of transformer steel has the following hysteresis loop; 

Kilolines per sq in. 0 10 20 AO 40 50 «) <4,5 

Ampere-turns 

per in. (up) +0.85 1.00 1.17 1.45 1.8ft 2.50 8.50 4.00 

Ampere-turns 

per in. (down) —0.85 —0.78—0.60—0.85 0.05 0.80 2.55 

Let A T = #00 turns, / = i.$o in., A = ioo sq. in., / = ( >o cycles. 

/a) Assuming a sinusoidal ilux density wave, plot the magnetizing current 
and determine its harmonies by Fourier analysis. 

(b) What is the in-phase (energy loss' component of this current 0 

(c) Assuming a sinusoidal current wave, plot the Ilux densitx wa\c and de- 
termine its harmonics. 

(d) Determine the induced voltage wave shape and plot it. 

(el What is the energy loss for this hysteresis loop? 

(f) What is the coefficient in the Steinmetz formula if the exponent i: 1.6? 

7. The tore loss (hysteresis and eddy-current ) of a sampi* of iron at a certain 
ilux density is known for 25 and for 60 cycles. Deriv* *• formula which will 
give the loss for any other frequency at the same Ilux density. 

S. A 6600-volt, 60-cycle transformer has 6.22 kw hysteresis loss and .LSI kw 
eddy-current loss. Assume the hysteresis exponent as </ - 1.6. 

(a) If this transformer is used on a 50-cycle supply at the same voltage, what 
will its losses be? 

(b) If the voltage is reduced to 6200 volts at 50 1 ycle, what will the losses be? 

0. The transformer of problem S is operating at a maximum ilux density of 
75,000 lines per square inch at Ml cycles. Plot curves showing how its core 
loss will vary with (a) applied voltage at constant frequency, lb) frequomy 
at constant voltage, (( ) ilux density at constant frequency. 

10. Core-loss tests on a sample of iron give the following corresponding values: 


/ 50 50 60 cycles 


B 

4(K)0 

10,18)0 

10,000 

gausses 

P 

1.80 

8.50 

16.48 

watts 


Determine the exponent a and the coefficients k ’ and k n in the core-loss 
equation (16), Chap. 2. 

11. A transformer has the following constants: 

.Vi = 1200 turns .V 2 = 120 turns / = 60 cycles 

R\ = 20 ohms Ri = 0.2 ohms Gu = 1.00 X 10~* mho 

A*, = 110 ohms .V 2 =1.1 ohms B h - 6.00 X 10^ mho 
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The secondary voltage is V* = 6600 volts, and the secondary current is 
1 2 = 150 amperes. Draw to scale, the vector diagrams for the following 
secondary power factor angles: $2 = 90° lag, 45° lag, 0°, 45° lead, 00° lead. 
Comment on the ratio of Vi \\ in each case. 

12. The following table gives the characteristics of some typical 60-cycle 
transformers. 



Ratinc. 

Short -(’ iR( uit Test 

Open-circuit Test 

No. 

Kva 

Voltages 

r, 

/, 


r, 

mm 

ir„ 

1 

2 

10 

2,. UK): 220 

n 

4.55 

204 

2,5(X) 

0.045 

71 

5 

UK) 

1,000: 220 

■ml 

25.1K) 

1,060 

4, (X)0 

0.00 


4 

500 

1.1.2IX): 2,2(X) 

725 

57.00 

4,550 

15,200 

1.06 


5 

1 .(KM) 

liO.IXX): 2,2IK) 

5,150 

15.15 

7,220 

66, (XX) 

0.48 

0,100 

(> 

5,<KXI 

15,200: 2, 2(H) 

1,070 

570 

58,11)0 

13,2(K) 

15.0 

20,0 0 

7 

10, (Km 








S 

20,000 








0 

,10, (KX) 








10 

50,1 M K ) 









For transformer No. listed in the above table: 
bn Determine the constants R\ % V it / 1 , /? 8 , .Y a , Z 2 , Go, A,, 3*n. 

(bt Show and label the exact and approximate equivalent circuits. 

(c > Calculate and plot the Regulation at unity, 80' f ' lagging and SO' f ' 
leading pf. 

(d ) ('ah ulatc and plot the Etlu inny at 25 f < , 50' , 75' \ , 100' \ , 125' <' load, 
at SO' ( lagging, SO' , leading and unity pf. 
fc) Calculate the currents, voltages, and phase angles for full load, 80% 
lagging pf < onditions. 

(f) Draw the vector diagram to scale. 

(g) Calculate the .1, H % (\ /) constants, and write the voltage and current 
equations. 

15. The daily load cycle for transformer No. 2 of problem 12 is 


'rime 

0600 

0800 

08(H) 

12(X) 

12(H) 

1500 

15(N) 

17(K) 

1700 

18(X) 

18(X) 

21(X) 

21(X) 

24(X) 

0KX) 

06(H) 

' ( Load 

50 

00 

50 

80 

50 

50 

60 

10 


UO What is its all-da v efficiency? 

(10 What is its maximum efficiency, and at w'hat load? 
u) If a replacement were ordered, what ratio of iron to copper losses at 
full load should be specified? 
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14. Derive the .4, B , C\ D constants corres}>onding to the exact equivalent 
circuit of the transformer. 

15. Plot a set of curves showing how the regulation varies with the pei cent 
reactance (% A7* = 100 A7* \\) for different load tmwer factors (0.80 lead, 
1.00 f 0.80 lag). Assume that R A = 0.1 in all castes, and take the per cent 
reactance range from 2% to 16%' . 

16. (a) Derive equation (76) from (75), showing all steps in detail. 

(l>) Itemize and count the number of operations in eath formula. 

(c) Do you believe (76) has an advantage over (75) in speed or an urac\ for 
slide rule computations? Is the alleged advantage easilv circumvented 

if one knows that\/l + 1 + when a is small? 

17. Of the several alternative expressions for edit iency in 177), whic h will give 
the best slide rule results? Why? 

18. Suppose that you have a 1 read \ calculated the regulation of a transformer 
and found it to be 5.6%. The secondary \ ullage < referred) is IV - 15.JHXI 
volts. W'hat would you use for l\ u in 177) if you wante 1 .cry precise results 
but did not want to go to the trouble ot sohing the c\: c ♦ equivalent circuit? 

19. Show' the detailed derivation of (79) from (78). 

20. The daily load cycle of a 10 kw distribution transformer is 


lime 

06(X) 

<)7<K) 

IKK) 

1200 

U(K) 

17oo 

18(H) 

21(H) 

25(H) 

07(X) 

11(K) 

12(K) 

IKK) 

1700 

INK) 

2KH) 

2*m 

00(H) 

f * Load 

90 

60 

110 

15 

50 

95 

50 

00 

5 


What should be the optimum ratio of the full load copper- to-inm losses for 
this transformer? 

21. Two different manufacturers submit bids for the abo\c transformer. 
“A" offers a transformer having 0.75%' iron losses and 2.25 ' , copper losses 
at full load. “IT’ offers a transformer having 0.80% iron and 2.10% copper 
losses. 

fa) At the same price which bid should be accepted? 

fb) If pow r er is selling at 9 mils per kw hr, what should be the price* dif- 
ferential between these two bids to make them equally attract i\e? 
Assume fixed charges at 12% per year. 

22. A 60-cycle, 2500-kva, 66, (XX) 4fXX)-volt transformer shows the following 
test results f high- voltage side): 



Volts 

Amps 

W vi is 

Short-circuit 

5575 

57.9 

14 .XW) 

No-load 

66, ( KK) 

0.7 

7600 
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fa) Calculate the 6 transformer constants. 

(1) Draw the exact and approximate equivalent circuits and label with the 
proper impedance values. 

fc) If this transformer is carrying 1600 kw at 0.80 pf lagging and at 4(XX) 
volts on the load, calculate for both the exact and approximate equivalent 
( ircuits: 

M) all currents f/ 2 , //, /<„ I\) and their phase angles 
(2) all voltages (1' 2 , IV, fii, Vi) and their phase angles 
f4) regulation 

(4) losses ( segregated into primary and secondary copper and iron losses) 
(5 1 efficiency 

01) Draw the vec tor diagram (referred to the high-voltage) to scale of 10, (XX) 
volts per inch and 10 amps per inch. 

(e) If the load current remains the same, but the primary voltage is held 
to 66 kv, what are the results under (c) above? 

(f) At full load how many reactive kva does this transformer contribute to 
the system? 

(g) What are its .1, /$,(', l) constants? 

24. Construct the \e< tor diagram for the autotransformer. 

24. Carry out in detail the development of equations (102) and (103). 

25. An autotransformer rated 1250 kva, 6000 4(KX) volts is tested as an 
ordinary transformer with the generator on the series winding. The test 
data are: 


Sr (ONIHRN 

s v 

0 c 

Primary volts 

125 

2<AX) 

amps 

141.1 

2.75 

k\\ 

7.25 

7.45 


(a) Determine the transformer constants in ohms and in per tent. 

(1>) Determine the autotransformer constants in ohms and in per cent, 

( c ) Neglecting the exciting current, what are the currents in the series and 
common windings and to the joad? 

(d) What are the kva cajxicities of each winding? 

le) Calculate the losses and efficiency of the autotransformer at full load 
and 0.80 pf lagging. 

(f) Calculate the regulation at full load and 0.80 pf. 

(g) What would be the relative si/e, efficiency and per cent impedance of a 
transformer for the same job? 

26. (a) Reduce the following system to a “single-line diagram'* w'ith all loads, 
voltages, and impedances expressed in per cent values based on 50, (XX) kva, 
and 14.2 kv at load A. 



Problems I0I 

<b) Calculate the voltages and currents at all points in "per rent" ami con- 
vert to actual kilovolts and amjjcres. 


-H- 


Transformer 
40,000 kva 
27/164 kv 

c olX*8 


Transmission Line 
80 Miles 
R*0.2 ohm/mile 
X*0.8 ohm/mile 


Three- Winding 
Transformer 
1 2 3 

42/000 / 30,000/ 12/000 kva 
138 / 13.8 / 44 kv 

? e IX 12 = 12 at 30,000 kva 

?olX 23 « 4 at 12,000 kva 

%IX 3 , * 8 at 12,000 kva 


Load A 
25,000 kva 
0.8 pf 
13.2 kv 

Line 

20 Miles 
R s 0.2 ohm/mile 
X*0.8 ohm/tnile 


f 


Load B 
8000 kva 
0.9 pf 

Autotransformer 
10,000 kva 
44 22 kv 

“ IX*6(as a Transformer) 


l 


e 


Fig. 72 


27. Two transformers operated in parallel on a U()-\oli lagging 0.80 pf load 
have the following characteristic!*: 



K\ \ 

V 01 1 \c;i s 

' ,/A* 

w 

No. 1 

2IK) 

240) 4 ill 

0.9 

.b5 

No. 2 

100 

2401 4SI) 

1.1 

d.S 


(a) What load can be carried without overloading either transformer.*' 

(b) What load can be carried if the voltage ratio of No. 2 is the same as 
that of No. 1? 

u ) What load can be carried if the pu im|>edan<e of No. 2 is the same as 
that of No. 1? 

01) Draw* to scale the vector diagram for (a> above. 

(e) What is the circulating current between these tw'o transformers at 
no-load? 

28. (a) If three of more transformers are operated in parallel is it possible 

for one transformer to be free of t ire ulating < urrent? 

(b) If all the transformers have different ratios is it possible for more than 
one of them to be free of circulating current? 

(c) If several transformers having identical ratios are to Ik* operated in 
parallel, show that maximum load can be carried without overloading 

. .. R\ R» R& 

anv one transformer if — = — = — - = etc . 

-Y, -Y, A* 

29. Solve equation ( 114 ) together with /= /1 + /*+•■■ + /« for n = .1 by 

determinants and compare solution with ( 117 ). 
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(a) Does the determinant solution bring out the “physics” of the problem, 
that is, does it show clearly the distinction between division of load cur- 
rent and circulating currents? 

(b) Does the determinant solution have anything to recommend it from the 
point of view of facilitating the numerical calculations? 
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General Principles of Rotating Machines 


i. Introduction 

There are a number of features and characteristics whirh are onnmnn 
to practically every electrical rotating machine, and it will accordingly 
save much duplication of treatment if these c< ir.mc.n factors are disposed 
of once for all in a preliminary chapter on rotating machines. 'Huts the 
types of windings used in both d c and a c mac hines an* generally similar; 
and therefore the processes oi voltage induction are tin* same, as are 
the magnetomotive force or armature reaction fluxes developed bv 
these windings.* 

Windings are rarely lumped or concentrated, blit made up of a series 
of coils displaced in space from each other, so that each individual 
coil may be situated in a different field of flux at anv given instant. 
Moreover, each side of a coil may be cutting a flux o! different density. 
The arrangements and dispositions of windings then leads to certain 

* Xote to the instructor 

A thorough understanding off the contents of this chapter h essential to the treatment of 
the synchronous generator and motor given in Chapier f». and the- syiuhionous convener 
given in Chapter 7, and ac commutating machines given in Chapin s However, the 
chapters on the polyphase and .single-phase induction motors mav la considered independe nt 
of the present chapter if a complete understanding of skew, pit* li and distribution factors is 
not insisted on until after the study of synchronous machines is undertaken In that event 
it will suffice to explain to the student that these < m tin ienls are dmp'v fa* tor- wide h ace omit 
for the fact that the winding is not a full pitch emu nitrated mil I his procedure permits 
the transformer and fioUphase and single phase induction motors to l»r treated in tlu In -a 
semester, and to take up the more invcilved aspects limit i -vin hrmimis machine"- the mi mid 
semester 
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redurtionjaclors which enter into the calculation of induced voltages and 
armature reaction. It is the purpose of the present chapter to describe 
the usual types of windings encountered in rotating machines, and then 
to derive the equations of voltage and armature reaction for these 
windings. Finally, there is offered a brief discussion of the various 
leakage reactances found in such machines. 

2. Armature Windings 

The armature windings of most a-c machines may be classified with 
respect to: 

a. Number of phases single or polyphase 

b. Conner t ions star (wye) or mesh (delta) 

c. Parallel paths single or multiple 

d. Layers single 'half-coil) or double (whole-coil) 

e. Knd connections lap, wave, spiral (concentric), and chain 

(basket) 

f. Slots per pole per phase integer or fraction 

g. Coil pitch full or fraction (chordecO 

h. Phase belt span 60 or 120 degrees for d-phase 

Modern syru hronous generators and motors, poly] ill ase induction motors, 
and other a-c motors above the fractional horsepower class usually 
have double layer, wye-connected, lap windings with short-pitch coils 
but there are many exceptions. 

The essential difference between single and polyphase windings is 
illustrated in Fig. 1 for the case of a bipolar generator with concentrated 
phase windings. Kach diamond-shaped coil has two “coil sides, “ a and 
</', and may consist of any number of turns. The sinusoidally distributed 
flux of the revolving field cuts the coil sides and induces sinusoidal 
voltages in them. The coil side voltages, being in series, combine to 
produce the coil voltage represented by the wave or the vector V„. 
Suppose, now. that an additional winding W is added to the stator 
c >0 degrees in .spate ahead tin the direction of rotation) of the winding an'. 
The voltage of this new coil will reach its maximum at a later instant 
00 degrees in lime after the maximum of coil aa' occurred, as indicated 
by the wave or vector V h . This arrangement constitutes a 2-phasc 
winding. If there are three windings </<i\ bb\ cc' on the stator, 120-degrees 
apart in spate, the three induced voltages are obviously 120-degrees 
apart in time, as indicated by the waves or vectors V n , V h , V , , and the 
arrangement constitutes a .> phase winding. Obviously, an ;;/-phase 
winding may be constructed by placing m windings on the stator dis- 
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tributed with an angle of 360 m electrical degrees between coils. There 
are 360 electrical degrees per pair of poles, and consequently, in the wise 
of a multipolar machine. 

, . , , , (numl>er of poles \ , . . , . . 

(electrical degrees) = - 1 (mechanical degrees* 




(a) (b) (c) 

Fig. 1 Induced \nltages in cumentraled wmdiim** <t mmk]< phase. b P* K|st '. 
(. three phase 

Thus there are 1080 electrical decrees in one revolution of a <> pole 
machine, and in such a machine the voltaic alternates f. tunes lor ea-lt 



(a) 

Fig. 2 Phase connections. 

a Star or wye. b Me4i of delta 


(b) 
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Both ends of each individual phase winding are rarely brought out to 
the terminal board of the machine, but are interconnected inside the 
machine to the other phase windings, either in star (wye, open-circuit ) 
or mesh (delta, closed-circuit) as illustrated in Fig. 2. The majority of 
modern machines are star-connected, although rotary converters and 
a-c commutating machines have mesh -con netted armatures similar to 
those of d-c machines, and some alternators are delta-connected. 



In multipolar machines, as shown in Fig. S, the armature windings 
opposite similar poles may be connected in parallel to provide multiple 
current paths 

tF^ tF = tl tf == 


Single Layer 
(or Half Coil) 


Double Layer 
(or Whole (foil) 



Fig. 4 Singlt* and double lajer windings* 


t It tt U tt ( 


Figure 4a shows a single-layer or half-coil winding in whic h then* is 
only one coil side per slot, and consequently only half as many coils 
as slots. This tyjie of winding is used in small induction motors. It is 
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not much used in polyphase machines. The double-layer or vhole-coil 
winding of Fig. 4 is standard in most machines, as it permits the use of 
fractional pitch coils, and identical diamond-sha]H'd coils. There are as 
many coils as slots. Typical diamond-shaped coils are shown in Fig. 5. 



(a) (b) 

Fig. 5 Diamond-shaped coils. 

Three basic types of end connections are shown in Fig. 6. The lap 
winding, Fig. 6a, is the most generally used. It permit* the use of 



(d) 

Long-Pitch 

Concentric 






Fig. 6 Type* of windings. 


identical diamond-shaj>ed coils throughout, (oil groups may be con- 
nected in series or in parallel with other groups. The end ( onnections are 
comparatively easy to brace. 

The uavc winding, Fig. 6b, is rarely used in a-c machines, except for 
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the rotor of wound-rotor induction motors. It has fewer end connections 
than the lap winding. The lap and wave windings of a-c machines arc 
identical in construction with those of d-c machines. 

The spiral or concentric winding. Fig. 6c, is sometimes used in large 
high-voltage generators. It is more popular in Europe than in the United 
States. Variations of this type of winding are shown as the full-pitch 
winding of Fig. 6d, and the short-pitch winding of Fig. 6e. In polyphase 
windings of this type, the coils must be made with different length end- 
extensions, which gives the winding the appearance of links of a chain. 
Such windings are sometimes called chain or basket windings. The field 
windings ol turbo alternators are usually the concentric type. 

All of the above windings are electrically identical and indistinguishable. 

Fractional -slot 'bindings, which do not have an integer number of slots 
per pole per phase, are the rule rather than the exception. Their use not 
only simplifies manufacturing by minimizing the number of standard 
armature puuhings which need be stocked, but they also are of real 
benefit in reducing the undesirable higher harmonics in the induced 
voltage. In fact, certain higher harmonics which would cause telephone 
interference cannot be eliminated except either by fractional slot windings 
or skewing. In slow speed mac hines with a large number of poles, it 
may be difficult to provide* more than two slots per pole per phase, and 
in such machine's fractional slot windings are just about universal. In 
such windings it is necessary to counee t the phase groups under several 
pole's in series, and some of these* phase groups will have one more coil 
side than the others. However, the winding repeats itself in a repeatable 
group of poles. In order to avoid repetition, a special case will be de- 
veloped along with the general equations.* Let in a single-layer winding, 

- total number of slots = 42 
P - total number of poles =■ 10 
m — number of phases = $ 

Then since the total number of 'dots must be equally divided among the 
phases, ^ m must be an integer. Suppose that m and P are each 
divisible by a common integer factor k. Then the slots per pole per 
phase are 

= 0 = 0 nik = = 7 

V mP P k P' * 

where k = number of repeatable groups in the winding = 2 

• tor comparison purpose**, the same example is* discussed here as in Langsdorf, Alexander 
K. theory #>• .l//wrii//wj; C. vn*ni Mothtnerw p Mb, McGraw-Hill Book Co 
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= = num ^‘ r °f poles in a repeatable group — 5 

?' = = slots per phase in a abatable group -- 7 


The angle between adjacent .slots is 


V >nq 


= 42?° 


if phases /, //, ///, • • ottupv su<u*ssi\i* ISO 0 m aits on the armature, 
then a single-layer winding may be arianrcd ;ts in 1-ig 7 slumn tm a 
t pha'-e winding and 60 decree an si 



Be "* 1 h 11111 11 111 1 11 1 11 in'i 

Slot* y o o o-o o—o o-o ooooooo >ooo > 
Phases aabccabccabbcabbraabc 
2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 

Fig. 7 I hrec-phast uimling with 7 s si 1-, ,> i j •! pu ph ■ 

The wth slot is lotated at an an ah' 

1X0 


<« — 1)0 - (» - 1 I 


I n Mi?’ 


from the centerline of the first pole, and belongs to phase \ if 
(h + A )lSO° > (w - 1 1 1,S,, ° > (// I ' ^IXO" 

where h is any integer of the sequence 0, 1,2, , V 1 The in 

equality may be rearranged as 

(-Y + mh)q + 1 > n ^ ( Y f mil - 1 )q f 1 
Hereby the conductors belonging to din phase \ ma\ be readily found. 
The conductor will be under an \ or S pole depending on whether h is 
even (including zero) or odd hoi A - 1, m - \ and q 7 S there is 


( 1 -f- Mi ) \ 1 ^ ti > ( V/ *, T 1 ) 


A pole 
S pole 
A pole 
S i >ole 
A r | wile 



14 

18, V) 
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Thus the phase-1 slots are 1, 2, 6, 10, 14, 18, 19. 

The angle corresponding to any conductor n is (« — l)180 0 /»w? and 
it is displaced from the center of the nearest trailing pole by the angle 

( n -\)V®L- h 180° = ('Lzl EL - a) 180° 

Now the latter expression is obviously divisible by ( 180 mq'), the quotient 
being the integer [(« — \)P' — mhq'~\ , and therefore (180 ’mq') is the 
angle of progression of the winding. There will be q' slots belonging to 
each phase in P' pole pitches, and since the conductors under an X pole 
are in series with those under an S pole, the whole single-layer winding 
is equivalent to a uniformly distributed winding having q' slots per 
pole per phase, as shown in Fig. 8. For the case in hand the angles 
from the pole centers of the conductors of phase 1 are 0, 42-6 7, 34-2 7, 
25-5 7, 17-1 7, 8-4 7, 51-3 7, and the sequence may be arranged in the 
order 0, 8-4 7, 17-1 7, 25-5 7, 34-2 7, 42-6 7, 51-3 < 7, thus showing q' = 7 
slots distributed by the regular angle 180 mq' = 180 21 = 8-4 7°. 



Fig. 8 


For a 2-laver winding, the coil sides in the top of the slots are dis- 
tributed as for a single-layer winding, and the coil sides in the bottom 
of slots have an identical distribution of one coil pitch further along. 

The ideal flux distribution in the air gap of an electrical machine is a 
simple sinusoid, for such a flux distribution will induce a pure sine wave 
of voltage. Anv deviation from a sinusoid in the flux distribution will 
cause undesirable harmonics to appear in the voltage wave. These 
harmonics not only cause telephone interference, but increase the losses 
and may impose greater insulation stresses. Various expedients are 
adopted to give as nearly a sinusoidal flux as possible, such as chamfered 
field poles and distributed field windings. Nevertheless, the no-load 
field form is usually far from sinusoidal, and armature reaction further 
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§3 Induced Voltages 

distorts it. There are several methods employed to eliminate or reduce 
the induced voltage harmonics. The armature conductors may Ik- 
ska-vd as shown in Fig. 9. Skewing is used on small motors, hut is too 
e.\|K-nsive on large machines. 

Jli 111 

j r; y zuni) j 

I Fractional j 

Pitch ! ! 

h Pole Pitch *\ 

Fig. 9 Skewed conductors. Fig. io Fractional pitch n il. 

The coils may he made with fractional pitch as shown in Fig 10. A 
fractional pitch coil can he made to eliminate or greatly reduce certain 
harmonics without materially affecting the fundamental. Moreover, 
short pitch coils result in shorter end connections and a saving in copper. 
Their use is practically universal. Finally, harmonics may he eliminated 
or reduced by distribution of the winding in several .dots per pole per 
phase. If this distribution is in fractional slots per pole per phase, there 
is a vernier effect equivalent to a high order of uniform distribution. 
The effects of skew, pitch, and distribution will he investigated in detail 
under the section on induced voltages U'low. 

3. Induced Voltages 

Faraday's law states that the voltage induced in a closed circuit is 
proportional to the time rate of increase of the flux linked with that 
circuit, 

a* ih m 

10" dl 

The negative sign is occasioned by Lenz s law, which recognizes that 
any current which is permitted to !low f as a result of this voltage will 
oppose the original flux change. 

Consider a coil, Fig. 11a, embedded in the slots of a movable armature 
A . and a movable field structure F whose poles are excited by magnetising 
ampere-turns X,i f . Evidently there are three distinct ways in which 
the flux linked with the roil may be caused to vary: 

(1) With both armature and field structure stationary the current in 
the field coils can be varied, thereby causing the flux </> itself to 
vary. The voltage due to this action is called transformer elatro 
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motive force. It is the common means of induction in transformers, 
and is present in some forms of a-c motors. 

(2) With the field structure stationary and the field excitation con- 
stant, the armature can be moved so that the coil cuts through the 
flux, thereby changing its flux linkages. The voltage due to this 
action is sometimes called a motional or speed electromotive force , 
and the proc ess is referred to as cutting action. It is the common 
means of voltage induction in d-c machines. 




l.l) With the armature stationary and the field excitation constant, 
the field structure can he moved past the coil, thereby changing 
the llu\ linked with it This also is a speed electromotive force , 
since it is the relative mi.tnn between field and armature which 
counts, and it is immatewal whether the armature or the field has 
the absolute motion. A mming field is the more common means 
of voltage induction in revolving field synchronous machines and 
in polyphase induction motors. 

Of course, ali three processes may occur simultaneously. It is quite 
easy to develop a general equation for this contingency.* Such an 
equation lias the great advantage ol unifying electrical machine theory 

* “lmtiuol \ oll.tircv ol Il'ttnial Matlumn l>\ L \ lie*lt\, \ I I* I„ 'I rails* Ynl 4S, 
I'lUi 
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and of permitting a more critical examination of the processes of induction 
which occur in particular machines. Referring to Fig. lib, let the flux 
density distribution be specified by the Fourier series 

t* = 2jA sin k(^' i ^ ( 2 ) 

in which 

k = order of the space harmonic 
A = amplitude of the A’th harmonic (a function of time) 


7/ = phase angle (position) of the kih harmonic in function of time) 
It = pitch (wave length) of the fundamental 


x = distance measured from an arbitrary stationary reference axis 


Xow it is clear that the location of thi.s flux density may be shifted 
'that is, caused to move) by changing the values of the phase angles y k . 
Indeed, there is no reason why the relative positions of the several 
harmonics cannot be disturbed, so as to cause a change in the shape of 
the distribution, as well as its location. If, for cxampic, the are func 
tions of time, a particular point on the sinusoid of the A ( th harmonic is 
given by 


and by differentiation 



constant 

l ( h ' 

7 r < it 


< 3 > 

l 4 l 


that is, the particular point is travelling in Ike positive or negative diredion 

'1 villi a linear velodtx - ^ • The diredion ot travel is positive for - y, 

TT dt 

and negative for +7/. Thus (2' defines a system of travelling sinusoidal 
waves if the 7/ are functions of time. 

It is also clear that the amplitudes ft, may be functions ot time. l‘or 
example 

(i, ti> c os ;/u'/ * 5* 


Sue h a pulsation would give rise to a transtormer component of induct'd 
voltage. 

Thus (2) represents a distribution of flux density which may pulsate 
in place; or move along as a rigid distribution, or break up into indi 
vidual harmonics pulsating at different rate*- and travelling in either 
direction at different speed". 
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'Hie next operation is to find the flux which such a distribution causes 
to link with the (movable) coil at a given instant. This is also quite easy 
to do. Again referring to Fig. lib, let the mid-point of the coil lx? located 
a distance from the reference axis, and suppose the coil pitch is p T 
where p is some fraction. The coil is then said to have a fractional pilch. 
U*t Z be the axial length of the coil along the armature, perpendicular to 
the motion. The flux linked with the coil then is 

<t> = I lOdx = I /£& sin kl— ± yAdx 

J xa' - 1>t 2 J n in 2 \ T / 

= -r/£si n kpv sin k(~ n - + y k ) (6) 

r 2 k \ t ) 

Thus the flux linked with the coil has the same sinusoidal distribution 
as the flux density, but the amplitudes have been reduced a«- their order. 
For instance, the fifth harmonic, k = 5, of flux is reduced to A th the rela- 
tive amplitude of the fifth harmonic of flux density. Moreover, if p 5* 1, 
each harmonic of flux is further reduced by the coefficient 

A ;„# = sin (7 ) 

'this factor is tailed the pilth ( orjlii ient. It may have a value anywhere 
between -1 and +1, depending upon the pitch, />, and the harmonic 
order, as shown in Fig. 12 for several space harmonics. It may reduce. 



Fig. 12 Pitch f.utor> 


suppress, or even reverst* a given harmonic. For example, let p = 0.67. 
Kquation 17), or Fig. 12, shows that Aj - 0.87, h.\ — 0, anti A;, - —0.87. 
'l hus a 2 A pili li does not greatly alter the fundamental, but it suppresses 
the drd harinonit entirely anti reverses the 5th harmonic. A 2 .1 pitch will 
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eliminate all multiple of 3 harmonics, and is often used for this purjiosc. 

It will be remembered that the average value of a sine wave is 2 w 
times its amplitude, and the half-wavelength of a kxh harmonic is r k 
'since by definition it has k wavelengths in a fundamental waxelengthb 
Therefore the tlux in a half-wavelength is 

*t = - A 7 / (8) 

7T k' 

Hence (6) may he rewritten 

0 — (f k sin k - i (g) 

It is possible also (Appendix IV) to take into account the effect of 
skewing the conductors an angle a. by introducing the skr.' i orfu inti 


sin k\ 1 


A'.* = - — 


t H f 1 

in which X— -- • This function is plotted in Mg. 1 . 1 . It is evident 



Fig. 13 Skew factor^. 


that a small amount of skew may be utilized to reduce the higher har- 
monies, such as cause telephone interference, but it is not practicable to 
use skew* as a means of reducing the lower harmonics say Udow the 
11 th. Skewing is usually resorted to in induction motors to obtain 
smoother running characteristics. 
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In (9) suppose x\ and 7 * all to vary with time. Then by (1) the 
induced voltage is 

Here the three processes of voltage induction are easily identified with the 
three terms 

— , variation of the flux 1 

dt I 

dx ' v 

— -- , movement of the conductors ) (12) 

dt 1 

, movement of the field I 

dt I 

This equation and its extensions will* be invoked and emphasized re 
peatedly hereafter in the explanation and analysis of different types of 

machines. Indeed, it is the cen- 
tral feature of the book, and it 
is mandatory that the student 
.a i 2} 3 nTm understand thoroughly its deri- 

^ j i mm \ vat ion and implications. 

c - -pr Hut armature windings con- 

j!| I °f severa * r °ik in series, 

“ uniformly distributed along the 

6 j 6 armature. Figure 1 4 shows such 

X 0 " H m ^ a group of q coils, separated by 

Fig. 14 the slot pitch a. The center of 

the coil group is at x 0i and there- 
fore the center of the Mb coil from the end is at 

Xi) = .V« — o’ + //<r (13) 

Suppose the voltage induced in this coil by a A’th space harmonic of flux is 

-*(*)T( J *- 1 r i ' + *' ± ; 1 '‘) (,4) 


r - -Xo- 

Fig. 14 
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In this equation the notation (®™ 1 means that either or !>oth mav Iw 
used. V ° S/ 

Then the voltage of the entire group of coils due to the kth s|«ue 
harmonic of flux is 

z* -$*(£> 


and this requires that q voltages of equal magnitude, hut differing in 
phase by the angle a = kir<r r, he added. This may he done by the anal\ t- 
ical method of Appendix I, hut it is usually 
more instructive to do it geometrically, as 
shown in Fig. 15 . Obviously, the several 
equal voltages form a polygon with equal 
exterior angles « and equal interior angles 
I? r - «), and therefore are chords on a circle 
of radius 

R = / 

2 sin « 2 Fig *5 



and subtend at the center of the emit* a total angle (</«»). 
resultant voltage is 


2 >- 


... (hi sill U/o 2) 
1 R sin ' =- - 1 v 


sin •(> L 




or substituting for « 

sin [h-KUtj It ) , 

{( J ( 1 

q sin [kiro 2r) 



A ,//<</<•) 


Therefore, the 


(16) 


in which K, lk is the distribution fat tor of the phase* belt. 

Moreover, the resultant voltage is displaced ahead Irom the voltage 
in the first, // = 1, coil by the angle 


71 " ~ Of 71 " (Jot q 1 

2 ~ 2 2 


</ 


1 kiro 

1 T 


so that the resultant voltage is 

= A- vqE, (“")-* (*. 


2 

+ * 7 / ^ 


1 - yt -f 

r 


>) 


(17) 


Thus the effect of distribution is to reduce the voltage by the distribution 
factor Kdk and to displace it by the angle yf/dk- 
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Hence by (17) and (11) the coil group voltage is 
'• * | sin k " ± r>) 

+ 4 fc (;i + %)"•*(•*»)} ( ' 8 ’ 

The distribution factor K dk is plotted in Fig 16 for several harmonics 
for 3 phase machines with 60 degree phase belts, that is, qa = r 3 The 
curves arc valid for integer slots-per phase-per-pole only 



linally, if several phases aie interconnected, as in a star or zigzag, 
the resultant line voltage mac ha\e aditteient harmonic content than the 
phase* \oltages It a harmonic \oltage has the same magnitude E k in 
each phase, but different phase angles kd r , the resultant harmonic voltage 
lor c phases connected in series is 

E k = J^lcos kS , + / sin kd r ) = A #((£*) 


d9) 
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in which 

_ 1 . 

,k c ^ + liC s > n kd,)* = j >hase connect ic >n 

fat tor 

4,i = tan 1 ^ ^ = phase displacement angle 

This factor and its associated displacement angle are tabulated for a 
few simple cases in the following table. 
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Four different harmonic reduction factors have been described 
skew, pitch, distribution, and connection. While these reducing fac tors 
have different names, they arc* in fact due to the same essential cause 
the arrangement of the winding so that the* harmonic voltages pro- 
duced in different parts are in partial or complete opposition, and thus 
tend to cancel out over the complete circuit. Figure 17 shows how this 
is accomplished in the case of the third harmonic-. 

If the conductor is skewed or spiralled so that half of it is rutting 
through a positive loop, and the other half through a negative* loop of 
the harmonic of space distribution, then the voltage induced in the two 
halves of the conductor are always in direct opposition and therefore 
completely cancel within the conductor itself. The second simplest 
method of cancellation is to use a coil of fractional pitch so that both 
coil sides are cutting through positive loops of flux, but the voltages 
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generated thereby cancel in the coil. In this case the coil may be either 
of short or long pitch. The distribution of the winding in more than one 
slot per phase gives rise to a reduction of the harmonic voltages between 
the coils which make up the phase group. Finally, it is possible to 
eliminate those harmonics which are multiples of the number of machine 
phases, by connecting phases in series. 



As a rule it is desirable to suppress as many harmonics as possible at 
the least cost to the fundamental. For all harmonics are more or less 
objectionable, but when they are suppressed in such a way as to reduce 
materially the amplitude of the fundamental it means more flux in the 
air gap, more excitation, and possibly higher losses, or even a larger sized 
machine. It must l>e understood that other considerations than the 
relative etliciencv have a decided bearing on the choice of a method of 
harmonic reduction. Thus if either skewing or fractional pitch is an 
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available method in a given case, the fractional pitch would undoubtedly 
be the choice; because it is less ex]>ensive to make straight slots and coils, 
there is considerable saving in copper and copper losses on account of 
shorter end windings, and for the same reason a possibly shorter machine 
with less windage loss. 

The following Table II is a recapitulation of the several reduction 
factors: 


TABLE 11 

The IIvrmonic Reduction Factors 



Reduction factor 

Seat of the 
reclin tion 

Skew factor 

sin {k\ 2) 

A — -- 

kX 2 

In the coil side 

Pitch factor 

A',.* = sin ~ 

between cod sides 
of the coil 

Distribution fac- 
tor of belt 

sin ikwqa !r) 

a*// ==• 

q sm {kira 2r » 

Between coils of 
the phase belt 

Connection factor 

v ( £ s > n M ,2 4 ( L ( (,s v* 

A ,i = 

t 

Between phases 


Fa am pic: A 4-pole, IXOO-rpm, synchronous machine has a double-layer 
winding and {) = 72 slots. The air-gap diameter is d = 17.5 inches and the 
effective length of the armature stacking is / - 10. ( ) inches. The slots are 
skewed a -- 1.75 inches. The armature winding has m * (t coil groups per 
pair of poles, each coil having X = X turns and p = O.KW pitch. The coil 
groups are connected in series for 5-phase wye. The tlux density distribution in 
kilolines per square inch, is given by 

d = 47.2 sin — + 3.0 sin — + 0.5 sin 5^ - 36°^ + 0.3 sin 7^™ - 26°^ 

t - — = = 13.75 polo pitih 

P 4 

a = — — — 0.7(0 slot pit* li 

{> 72 

q = “V. = 2Xj_2 _ s]ots hase b e i t = (> co ;i s j,hasc belt 

mP 6X4 
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Then the flux comjxMients (kilolines) and harmonic reduction factors for the 
various harmonics are: 



Kq. 

Fi*. 

Harmonic ( k ) 

1 

5 

5 

7 

0C 

(8) 


451 X) 

96 

10 

4 

A.« 

(10) 

5 

0.99 

0.94 

0.84 

0.70 

A ,,A 

(7) 

2 

0.97 

-0.71 

0.26 

0.26 

A ,/a 

(16) 

6 

0.96 

0.64 

0.20 

-0.15 

Ac 

A ,/ A A ill, 


0.92 

—0.45 

0.045 

-0.027 


The held flux neither varies nor moves, and therefore the only term present 
in the voltage equation ( 18) is that clue to the motion of the conductors. The 
angular velocity of the conductors is 

- -7 rr/ (rps) =■ i tP = a>n - 12 (hr radians, sec. 

r dt t 60 


- .»</ — U)J =■ 120 TTt 
T 


'I hen by (18) the voltage induced in the coil group is 

_ 8 X <> x 1 2()jr j- 0 0J x 4S(K) cos _ () x 2X8 n)s w _ () 

10 s 

X 50 cos 5(W — 56° I - 0.027 X 28«>»7(«„/- 26°)J 
— — 750 cos W + 22 cos fan l + 0.4 cos 5(W — 56°) — 0 

Thus the 5th and 7th harmonics arc* quite negligible. 

A 5 phase, wye connection is obtained by connecting in series the 
coil groups occupying the same relative position under each pole (re- 
versing the leads of alternate coil groups). The three phases thus formed 
are then connected in wye. The phase voltages are then four times the 
coil grouj) voltages given above. According to (19) and Table I, the line 
voltages will be \ 5 times as great for the fundamental, the fifth and the 
seventh harmonic, but the thircUiarmonic is eliminated completely. The 
final rms line to-line voltage therefore is 

E =- N * 750 X 4 = 5670 
V 2 


Problems 


1. V cording to Kquation (81, relative to the fundamental, the kth harmonic 
of flux is onl> 1 Ath as important as the klh harmonic of flux density. What 
is the />/m/< <// reason for this? 
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2. In the case of the coil of tig. 11, suppose the tlux is a rigid distribution 
pulsating in time, thereby inducing a transformer voltage in the coil. In the 
light of (ix), would it be possible to move the coil at such a sj>eed as to just 
nullify the transformer voltage by an equal and opposite sjH*ed voltage? 

5. Confirm the geometry of Fig. 15 used in arriving at m6). 

4. An alternator stator has 12 slots per pole. Compare its output if wound 
for single-phase, two-phase, three-phase, and six-phase. (Hint: The distribu- 
tion factor will !>e different for each case.) 

5. What attention would you pay to skew, pitch, or distribution factors if you 
wished to eliminate the 15th harmonic in the voltage of a wye-connected, 
three-phase generator? If you wished to eliminate a 5rd harmonic in a delta- 
connected machine? 

6. Select a laboratory machine for which you can count the slots and determine 
dimensions. Calculate the skew, pitch and distribution coefficients of this 
machine for the fundamental and all harmonics up io the 21st 

7. Compile tables of the distribution factor, A’,/*, for 60- , ( X) , 120 , an 1 180- 
degree phase belts having 2 to 8. as well as infinite, io ; !s per belt, for all odd 
harmonics up to k = 21. 

8. Draw curves of the skew factor. A.*, su h as shown in Fig. 15, for higher 
harmonics. What is the limiting \alue of the skew factor f or \erv high har- 
monics? 

0. How might the pitch factor. A,,*, lie plotted, so that a single curve will 
suffic e for all harmonic s? 

10. Suppose a machine has 2 5 pitch and is delta-c ounce ted. By any means 
could it be made to deliver a drd-harmonic \ oil age.' 

4. Armature Reaction 

The armature reaction of a distributed polyphase winding will be 
obtained in three steps. First, the magnetomotive force of a single 
fractional pitch coil will be found and expressed as a houricr series. 'I hen 
by vector addition an expression will be found for the magnetomotive 
force of a group of coils. And finally, the resultant armature reaction 
of all the phases will be developed. The same harmonic reduction factors 
encountered previously in the equations for the induced voltages will 
turn up again in the case of armature reaction. In the present discussion 
it will be assumed that no time harmonics are present. I hesr arc* taken 
into consideration in the more general treatment given in Appendix II. 

In Fig. 18 is shown a single coil of .V-turns and pitch pr carrying an 
instantaneous current i. The center of the coil is located at a distance 
Xq from the arbitrary reference axis. Assuming the winding is of such a 
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nature that a similar coil a pole pitch away carries the same current 
(reversed), it is permissible to assume the magnetomotive force due to 
the two coils to be the blocked wave shown in Fig. 18 . This wave has a 
magnetomotive force magnitude of 0 . 4 xA T i and the magnetomotive force 
per coil, therefore, may be expressed by the Fourier series 

Fix) = 0 . 8 .V/S cos — (*- *«') (21) 

1 k T 

in which K pK is the pitch coefficient of (7). This equation shows that 
the space harmonics of armature reaction have magnitudes inversely 
profMirtional to their order, and in the case of fractional coil pitch they 
are further reduced by the pitch coefficients. The distribution is sym- 
metrical about the mid-point of the coil, x = x». 




Now consider a group of q coils displaced by the slot pitch a and 
carrying equal currents /. Ix't the center of the group of coils be located 
at x {t , as illustrated in Fig. \ { ) for the case of three full-pitch coils. The 
magnetomotive force of coil No. 1 is shown in light lines, that of No. 2 
in dash lines and that of No. 3 in dotted lines. The resultant is shown 
in heavy lines. For any particular case the resultant blocked pyramid 
could be constructed as above and analyzed by Fourier's method to 
determine the harmonics. But it is easier and more general simply to 
add the Fourier series, (21), for each separate coil. For the //th coil, 
(13) holds, and the kih harmonic of magnetomotive force for the group 
of q coils therefore is 

a K (x) = O.8.V1 ^ cos - T - x 0 + ^ 1^5 - / /<r J (22) 

But the addition of the q cosine terms leads to the distribution factor 
Km, and its displacement angle just as in the case of the induced 
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voltages, (16). Therefore, the ith space harmonic of magnetomotive 
force for the group of coils is 

<h(x) = 0.8 qXi COS k s (x - *,) (a 3 ) 

R T 

Thus distribution of the winding has further reduced each harmonic by 
its distribution factor K^. 

Suppose, now, that the current is an alternating current 

* = / max sin («/ + 6) (24) 

Substituting (24) in (23) and making an elementary trigonometric trans- 
formation, there results 

(hU) = O.fy A 7 lllIlx sin (u>/ + 0) cos ** (a* - a«) 

A’ r 

= O.-kr A | sin + 6 + (x - .v„)J 

+ sin £<«i/ + 6 — - 'x — (25) 

This equation may be interpreted as two equal sine waves travelling in 
opposite directions, because 

kir 

it)t -f- 6 t (a* - a*u) - constant (26) 

T 

defines a fixed point on the sine wave, and consequently the distance x 
from the reference axis at which (26) is satisfied progresses with time /. 
The velocity of progression is easily found by differentiating (26) with 
respect to /, 

, kr dx ,, 

w i — = u 

r dl 

that is velocity = ^ — 4 (27) 

di rt 

Thus one of the waves is travelling in the forward (positive) direction, 
and the other wave is travelling in the backward (negative) direction. 
Moreover, the velocity is inversely proportional to the order of the 
harmonic. For example, the 7 th space harmonic travels only 1/7 as 
fast as the fundamental. 

Referring to (25) and to Fig. 19 , suppose the group of coils to be 
moving at some speed 

= w (28) 
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with respect to the reference axis. Then the arguments of the sine 
terms of (25) become 

(oj + koto )i i — + 6 

T 

and the corresponding velocities of the harmonic magnetomotive forces, 
with respect to the reference axis , are 



There are three special cases of this equation of importance in the analysis 
of rotating machines: 


Referemc Axis 

Wll 

Velocity of Harmonic Waves 

On the armature 

0 

O) 

~ y 


Stationary in space 

03 

k - 1 

“ r’ 

* + 1 

03 

k 

Stationarv in space 

OJn 

03 

«n “ 7 » 
k 

1 w 
«u H — 
k 


In the second case, when the armature is rotating at synchronous speed, 
it is seen that one component of the fundamental, k = 1 , has zero velocity 
with respect to the reference axis, or is stationary in space. 

It remains to determine the resultant armature reaction due to the 
entire polyphase winding. Consider a 3 -phase machine for which the 
phase an rents are 

i\ — I max sin (a )t + 0) 
i'l ““ f III *l\ sin (ui + e - 120) 

/' ,i = / m i\ sin (u >/ 4 “ ^ — 240 ) 

The current in phase - 1 gives the armature reaction of (25). The current 
in phase-2 is lagging by 120 degrees in time, and this phase is 120 degrees 
liehind in space. Therefore, if in (25) ut is replaced by (ut — 120 ), and 
( ta'u r) is replaced by (a«w t — 120°), that same equation will give the 
armature reaction of phase-2. Likewise, substituting (ut — 240 ) and 
(.I'd* t — 240 °) in (25) will give the armature reaction for phase- 3 . 
Then for all three phases 
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+ sin |rf + * - 120 > * r u - _ , r „') * *12<)J 

+ sin [“/ + »- 240 » kr u - ♦ *24oJ| 

(31) 

This is an equation of three sine waves distributed in time l»v the angle 
(1 •+ k) 120°, for which the sum is 

sin (1 + k) .460° 
sin H * k ) 120° 

It is zero unless (1 f k) is zero or a multiple of 4 (the numlier of phases), 
in which case it is an indeterminate evaluating to . 4 . Hereby 131 ) may >h- 
written (putting A t = and «*. r = ^J) 

A Jx) = l. 2 q .Y/ U1IV sin £a.>/ 4 ( t | 

1 + k — multiple of .4 or zero. j 

Therefore, the space harmonics of .4 phase armalm* reaction and their 
velocities with resjiect to the reference axi« may Ik- tabulated as follows: 


k 

Amplitude 

Factor 

l 

\Vlo( ilv 
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i-W. 

(edit - U)» 

5 

0 


5 

\. 2 q\h, 5 

twi, 4* w 5) 

7 

\.lq\K7 7 

( Ca>> 1 - 03 1 ) 

<) 

0 


tl 

\.2q\Kn 11 

1 (*>u + W lit 

15 

\.2qXKn 15 

<u)i, - w H) 

15 

0 


17 

1 .2q.\ A 17 17 

(hill 4 w 1 7 i 

1<> 

\.2qXK\u \ { > 

f«.i - U) 1^> 


This table shows five interesting things alxiut . 4 -phase armature reai tion: 

( 1 ) There are present no multiple of three spate harmonics. 

( 2 ) The amplitudes of the space harmonics rapidly diminish in im- 
portance due to the winding factors anti to the factors k in the 
denominators. Consequently, for most purposes it is quite jkt- 
missible to ignore them entirely, and to assume a sinusoidal dis- 
tribution of armature reaction. Exceptions are in the calculation 
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of leakage reactance, and where certain harmonics must be avoided 
to prevent telephone interference or for other reasons. 

( 3 ) The harmonics for which (k — 1) is a multiple of 3 give rise to 
backward moving waves, while those for which (k + 1) is a multiple 
of 3 give rise to forward moving waves with respect to a reference 
axis rigidly attached to the armature (ox> = 0 ). 

(4) When the reference axis is fixed to the armature fco 0 = 0), the 
harmonic waves are going alternately in the negative and positive 
directions. 

(5) When the reference axis is stationary and the armature is moving 
in the forward direction at synchronous speed, w ( , = w, the arma- 
ture reaction of the fundamental, k = 1 , is constant and stationary 
in space, for by ( 32 ) 

A\(x) = \2qK\SI llX0X sin + o') ( 33 ) 

If the armature is stationary and the field is revolving backward 
at synchronous s[>eed, the reference axis may be taken on the field 
pole, and the same result is obtained, because the relative motion 
of the armature with respect to the field is then in the forward 
direction. 

Equation ( 33 ) may be resolved into its direct and quadrature space 
components, 

/li(jr) = \.2qK\X |/„, M cos 0 sin — + I uuiX sin 0 cos 


= Ah Cos * + .4,, sin 
r 


rrx 

T 


the relative magnitudes depending on the power factor angle 0. 


(34 1 


Problems 

1. A 3-phase armature is wound with 120-degree phase belts, and has three 
2 3 pitch coils per phase belt: 

(a) Plot the magnetomotive force distribution for a single coil, assuming the 
areas of the |>ositive and negative portions to be equal 

(b) Plot the magnetomotive force distribution for a phase belt 

(c) If the phases are excited by sinusoidal 3-phase currents, plot the re- 
sultant magnetomotive force at = 0, 60, 120, 180, 240, 300, and 360. 

Comment on: ( 1 ) any evidence of a rotating field , ( 2 ) any distortion in the 
magnetomotive force wave, (3) the average to the maximum magnetomotive 
force at different instants. 
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2 . tor the above machine, calculate the harmonics of armature reaction, with 
respect to the armature, by (32), after putting aU = 0. 

fa) Compare the super] tosit ion of these harmonics of magnet omotive force 
with the block waves in the problem above. 

(b) Explain the distortion shown by the block waves in terms of 132b 

a. At what armature speed will the 7th harmonic magnetomotive force remain 
fixed in space with respect to the field pole? At what speed will the 5th har- 
monic magnetomotive force remain fixed in space with respect to the field 
pole? 

4. According to (29). Single-phase armature reaction possesses a forward and 
a backward travelling wave of fundamental wavelength. Hut according to 
•32 b the space fundamental for 5-phase armature reaction is onlv a forwaid 
wave. What happened to the backward wave? 

5 . Reactances 

The reactances of rotating machines are numerous, comylicated, and 
often difficult to calculate. A considerable part 01 electrical machine 
design is given over to their evaluation; and opu\,iing characteristics 
are vitally dependent upon them. Some of these reactances (/>. slot, 
end-turn, and air gap) are common to all rotating machines, while others 
( i.r. synchronous, direct and quadrature, transient and sub transient, 
field leakage, and others) are peculiar to certain kinds of mac hines only. 
These* reactances depend, too, on whether the machine is in the steady 
state or undergoing transients, and whether the load is balanced or 
unbalanced. Table III is a rough classification of the more important 
reactances. 

Not all of these are independent, but rather depend upon different 
points of view. For example, of the total tlux in the air gap, some links 
both field and armature and its fundamental space component is usually 
taken as the main useful ilux. But certain harmonies in the air gap 
tlux induce fundamental voltages which lag the main Ilux voltage by 
W degrees, and these* may be considered either as a part of the armature 
reaction (see Appendix IV), or as a combination of reactances based on 
physical concepts f tooth-tip, zigzag, belt, and differential >. I he former 
point of view is the more rational, but the latter point of view is well 
established in text books and in design practice. In order to acquaint 
the student with the different prevalent ideas, this text provides a 
detailed analysis of harmonic air-gap fluxes and corresponding reac tances 
in Appendix IV, but also offers a brief description of differential leakage 
reactance in Chapter 4 on the polyphase induction motor. 
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The present chapter is restricted to consideration of slot and end-turn 
leakage reactance. The other reactances are discussed cither in the 
Apf>endices, or with respect to the machines to which they specifically 
apply- 

TABLE 111 


Operating 

Condition 

Leakage 

Reactance 

Reactance of 
Armature Reaction 

Synchronous 

Reactance 

Steady 

state 

Slot 

End-turn 

Differential 

tooth-tip 

/ig/ag 

belt 

Potier 

Fundamental 

Harmonic 

Direct 

Quadrature 

Unbalanced 

load 

Positive sequence 

N ega t i ve seq u en ce 
Zero sequern e 

Positive sequence 
Negative sequence 
Zero sequence 

Positive sequence 
Negative sequence 
Zero sequence 

Transient 

Field 

Armature 

Amortisseur 


Transient 

Sub-transient 


Slot leakage reactance is due to those flux linkages with the conductors 
in the slot by flux which crosses the slot, but which does not enter the air 
gap. This type of leakage reactance is common to all machines having 
conductors embedded in slots. In the case of double-layer windings, 
there are two coil sides (belonging to different 
coils) in each slot, and every coil has one of its 
coil sides in the top of a slot and its other coil 
side in the bottom of a slot. The two coil sides 
in a slot may belong to the same phase or one 
may belong to one phase and the other to a 
different phase. 

Figure 20 shows a slot having two coil sides 
of .V-conductors each, carrying currents I and 


dy 

ll* 

II 

II 

II 
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d," 


d 

i 

d 


= = = 

Fig. 20 

/ 9 respectively. The flux linkages may be calculated on the basis of 
the following assumptions: 


1. The flux goes straight across the slot. 

2. The iron part of the path is infinitely permeable. 
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3. The redistribution of currents in the conductor due to skin effect 
may be ignored. 

4. The top and bottom coil sides are identical. 

5. The winding arrangement is such that for every slot carrying / 
in the top and I '0 in the bottom conductor there will be another 
slot in which these are interchanged. 

Referring to Fig. 20, there are four different regions to be considered. 
In each region the reluctance of an elementary path is w Idx . where / is 
the length of the slot, and the magnetomotive force acting on this path 
is 0.4ir times the total current below it. 

With / in the top of the slot and / 9 in the bottom of the slot, the 
interlinkages are 

X, - 0.4* [</ + lS)l >h + / -I / ./,] 

= o.4»l.v*/*[d + Sid, + + *')</] 

With / in the bottom of the slot and / in the top oi the slot, the 
interlinkages are 

X 2 = 0 A*’- .Y-[</ + Jt Id* + h •" t /)/</.'■ 

+ ™’ 4 rG')*] 

= (Ur^-.YV’jjl + t ‘*Ul, + (1 I )(/ f '/■] 

The total interlinkages per ampere multiplied by 10 s is the indue tame 

/ = X| + X - = ( il 4x 1 .V-T.X1 + ros 0 )d:\ + (/, + 1 «os o)d 1 (35) 

10“/* L \.t / J 

The above equation gives the reactance of a coil, one of whose coll 
sides is in the top of a slot shared by a coil side out of phase by an angle 
0 . and whose other coil side is in the bottom of a slot shared by a mil side 
out of phase by -0. It remains to identify the angle 0 . and the portions 
of a coil belt to which they apply. Figure 21 indicates an wi phasc 
winding (shown for m = 6 ), each phase belt spanning It m radians. 
The phase belts in the tops of the slots are numbered /, •#» y ♦ while 
the return belts in the bottoms of the slots are n urn la-red .1', 

If the coil pitch is /nr, it is clear that la-lt /' will, in general, la- covered 
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by two other phase belts (3 and 4 in the illustration). To find these belt* 
divide 

s i + ?? = a + |8 
2 t/m 2 

where a is the integer part 

/? is the fractional part 

Then the belts covering V in the tops of the slot are a and (a + /). 
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Fig. 2i 


The overlaps between /' and « and between /' and (a -f t) are re- 
spectively 

2 7T 2 IT 

(1 - 0) and 0“ 

w m 


The phase angle oi /' is tf and that of a and » + 1 an* (« - / )2 tt f m and 
«2ir m respectively; so that the angles between /' and its mates are 
(or - l)2ir m — 7r and «27r m — t. A little consideration will show' that 
the coil sides in the bottom of the slots occupied by 1 have the same 
oveilaps as for /', and are out of phase* with / bv fir — (a — /)2ir ni] 
and [V - «2 tt /;/] respectively. 

Therefore, if there are </ slots per phase ]>er pole 

6 — if (o — 1 ) —— for i iq slots 
m 

2 7r 

0 = 7r — a — for (\ — (3)q slots 

m 


and then by ( 35 ) the inductance per phase belt is (for X turns per coil) 

a2irl 
m 


t 0.4ir / 1 . (« — 1 )2ir /A < 

- A‘</ 2 1 - & cos (1-/3) cos * 

10* v 1 L w 


p /3 + tfo 


+ 


G- 


0 cos 


(nr — 1 )2ir 


m 


— (1 — ft) cos 


a -^]d] 
m J 1 
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+ * + (! + A >! 

in which K is the coefficient of tf«. 

'I his factor A accounts for the out-of-phase currents in the slots 
occupied by a phase belt. It depends essentially on the pitch and on the 
number of phase belts per pair of poles. For typical constructions it 
reduces to the values given in the following table: 


m 

Pitch 

K 

() 

0.07 < l> < l.(K) 

1.5/) + 0.5 

() 

0.55 < p < 0.07 

5.0/> - 0.5 

(i 

0.00 < p < 0.55 

1.5/) 

.1 

0.(>7 < p < UK) 

1.5 

.1 

0.00 < p < 0.07 

2.2:1, 

■1 

0.00 < p < 1.00 

If 

2 

0.00 < p sT 1.00 

•*/> 

ot 

/' 

K ./ 


End turn leakage reactance i* due to that flux linking the end turns 
which induces fundamental frequency voltages in the conductors. P. L. 
Alger * has analyzed this component of rea< tame as 
due U) two sets of currents: (1) the axial currents 
flowing parallel to the shaft, and (2) the peripheral 
currents flowing circumferentially. The resolution 
of the current in an end conductor into these two 
space components is indicated in Fig. 22 as /„ and I ,, 
respectively. 

Now as far as the axial components of current 
are concerned, they may be regarded as producing 
rotating fields of flux in exactly the same way as do the axial c urrents in 
the armature stacking, and these fields induce reactance voltages in the 
same wav. There are, however, two major differences to be considered 
in comparing the voltages induced by axial currents in the stacking and 
in the end turns. First, in the c ase of the main winding the pitch factor 
E , t i* constant for a given space harmonic; but in the case of the end 
winding it tapers from A /f at the iron to zero at the ends, and at any 
distance x from the ends it is sin pvx 2. (The distribution fac tor, A </, is 
the same for main windings or end turns.) But the winding factor enters 

* Alger, I*. L.. “Calculation of the \rmature Reactance- of Sym hronous Machines,” 
•UKE Trans , Veil. 47, 1928. 



Fig. 22 Fuel turn 
leakage. 
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the reactance formula as the square — once because it appears in the 
magnetomotive force equation, and again because it appears in the 
electromotive force equation. Consequently, the proper pitch factoi 
squared to use for the end turns is the average value: 


V fl ' 2 = f sin ! 
Jo 


pT X 


dx 


pT 


— sin pi- 
2 pr 


The second major difference to observe is that the end windings are in 
air, rather than embedded in the iron slots. It may be shown that a 
polyphase current sheet in air, of crest magnetomotive force A, will 
produce a sinusoidal flux per pole, per unit axial length, equal to the 
average of the magnetomotive force A tl „. The span of a coil of pitch p 
on an armature of diameter I) and number of poles P is pirl) P. If the 
end windings make an angle a with the iron of the core, they will project 
a distance (pirl) P) tan a beyond the core for both ends. This is the 
effective length of the end turns for the axial components of current. 

The armature reaction per pole of the end turns for an w-phase ma- 
chine is, by (33), 

A — 0.4/Wy.YA\/A’ ; ,7niax 
Therefore the end-turn llux per pole is 

2 /■ pirl) 

<*>. = - (0.4wn/A T A\/Ay/ V 2) tan or 


This llux will induce a reactance voltage in the qXP 2 turns, 

2tt P 

R = — f K ti K,:qX~<t> r 
v 2 10" 2 


= ntfiKdK/qX ) 2 pi) tan a I 

Alger takes the peripheral currents as concentrated in a ring located 
a distance from the iron equal to the center of gravity of the currents, 
and of circular cross-section having a diameter equal to half the axial 
projection of the end turns. Since this part of his analysis is rather 
arbitrary, it is omitted here. He finds the total end-turn reactance to Ik* 

x, - ^ mf ( A'^/.Y [k*D tan « + K*I) ( 37 ) 

To oomixMisati* for the irregular peripheral space distribution of the end- 
turn magnetomotive force, he shows that the distribution factor K d may 
1 k‘ taken equal to unity. 

Deferential ( or air gap) leakage reactance accounts for all fundamental- 
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frequency voltages induced by the space harmonics of armature reaction, 
but not including that due to the space fundamental. This latter is 
considered as armature reaction rather than as leakage reactance. A 
complete solution is rather involved, depending as it does on a general 
harmonic analysis of the air-gap fluxes. This is carried out in detail for 
a salient pole synchronous machine in Apj>endix 1Y and will not Ik* 
repeated here. A somewhat similar analysis can be made for the in 
duct ion motor. 

In general, then, the total leakage reactance of a rotating machine 
;in the steady state) is 

•V/ = .Vs lot + *V( ml + X in |.»p (38) 

The flrst two terms are of the same form for most machines. but the 
air-gap term is different for different types of machines, (ienerid formulas 
will be found in this text for the synchronous generator and indiution 
motor. 
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The Polyphase Induction Motor 


i. Introduction 

In the polyphase induction motor the energy is transferred electro 
magnetically from the primary (stator) windings to the secondary (rotor* 
windings, and the currents thus induced in the rotor react on the held 
of the stator to produce motor torque. 'There are no electrical intercon 
licet inns between stator and rotor. 'The polyphase induction motor may 
have closed rotor windings, or be provided with slip rings and brushes 
for connection to an external circuit. In the latter case the machine lias 
been called “the general alternating current transformer, “ since electrical 
energy of a given voltage, frequency, and number of phases in the primary 
windings may be converted in the rotor partly to mechanical and partly 
to electrical energy of a different voltage, frequency, and number of 
phases. 'Thus a single machine may be motor, transformer, frequency 
converter, and phase converter. The polyphase induction motor is the 
simplest and most rugged of all motors, and it can be designed with 
characteristics suitable for all except very special load requirements. Its 
efficiency and power factor are not as good as in some other types of 
motors, but it is cheaper to build, and is generally the most desirable and 
most extensively used for industrial applications, particularly for approxi- 
mately constant speed loads. 
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2. Principles of Operation 


I he r^ential feature in the theorx ot pol\ phase* induction motor is 
the revolving field produced In the stator, although the tlieor\ max be 
«li \ eloped from other points ot xiiw In tin** otchmiraix sune\ of the 
principles of operation of the motor, it will suit'd to give a pictorial 


representation ot the pinnies in- 
fixed The mathematical dev cl 
opment will follow in alater sec Hon 
Hguie 1 shows a stator core 
stacking Y5 having a > phase wind 
ing consisting ot coils / /', > J\ 
and 'V displaced 120 dtgic*ts 
apari in space, and excited In 
pol\ phase currents 120 degrees 
apart in time VctualK, the wind 
ing would be made up ol scwial 
toils tor each phase but i< i our pr» 
assumed 'Ihe instantaneous pin. 



sent purpose com collated coils are 
i c mu ills aic ^iuii m 1 ig 2ia), 



M* 'M 


Fig. 2 Rotating field due to pol\ phase wilding- 

on phase c urn nt- supplic d to the ’ending 
i/n instantaneous currents and mmt 
0) directions and magnitude s of mini 


and the current directions in the coils for different instants oi time, are 
shown in Hg 2(b). It is evident that the* rc sultant magnetomotive force, 
rc presented by the arrow, is rotating s N n< hronouslx in the clockwise* 
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direction. The vectors for the instantaneous magnetomotive force of 
each coil are shown in Fig. 2(c). The resultant magnetomotive force 
is seen to he constant in magnitude, at least for the various instants 
selected. It will he proven later that it is constant in magnitude for all 
instants of time. The speed of the revolving field in rpm is given by 


where P = number of poles and/i is the frequency. 

The rotating magnetomotive force of constant magnitude, acting on the 
permeant e of the air gap, produces a synchronously rotating lield of 
flux; and this flux, sweeping hy the conductors of stator and rotor, 
induces electromotive forces in them. As a re sult of this induced electro- 
motive force, rotor currents flow, and these currents react on the field 
causing the rotor to revolve. If the rotor is stationary, the rotating field 
cuts its conductors at synchronous speed, inducing a voltage /£» and rotor 
currents are of lim* frequency. But if the rotor is revolving at speed // 2 , 
the rotating field is cutting the rotor conductors at a relative speed of 
//, — = stii, where the fraction .s - 1 //i is called the slip. The 

rotor voltage is then only of that at standstill, and the frequency is 
only f., ^ sfi , thus approaching d-c conditions as the speed nears syn- 
chronism (.v - 0). If the rotor were to reach synchronous speed, «•_» = U\. 
the relative speed between rotating field and rotor would he zero, and 
consequently no voltages would he induced, nor could any rotor currents 
flow to produce torque. Consequently, the rotor must always revolve at 
less than synchronous speed in order to produce torque. At synchronous 
speed its power and torque are zero. 

The rotor itself is a polyphase* winding, and the polyphase currents 
induced in it produce a rotating field revolving at slip speed with respect 
to the rotor. However, the rotor is revolving at (1 — ,s) speed, so that 
the rotor lield is actually revolving at synchronous speed relative to the 
stator, and the two fields may he superimposed. 

The rotor currents of slip frequency art* determined hy the rotor volt- 
age and the rotor impedance. Rotor reactance at normal speed is rela- 
tively small compared with its resistance, since the frequency is low 
(running slip is of the order of one or two per cent and slip frequency is 
only a cycle or two). Thus at normal speed it is the rotor resistance, 
rather than the reactance, which determines the rotor current, and this 
current is of high power factor. But during starting, when the frequency 
of the rotor currents is high, the reactance 1 2rf»L) dominates, and the 
rotor current then has a low power factor. 



Construction 


m 


*3 

The rotating flux is the resultant of the stator and rotor currents, 
and the relative magnitude and phase of these two currents must Ik? 
*uch as to provide the necessary excitation at all times, just as in the 
transformer. However, the existence of an air gap in the induction 
motor requires a relatively higher mag- 
netizing component of current in the 
motor than in the transformer. The bulk 
of the hysteresis and eddy-current losses 
{proportional to/ 1 * and f- respectively) 
are found in the stator of the motor, sime 
the rotor slip frequency is very low. Hut 
an additional component of core loss is 
introduced bv the high-frequency pulsa 
lion of the dux in the rotor teeth as they 
pass the stator teeth The exciting i ur 
rent of the induction motor may Ik* 20 to pig. 3 stator and rotor poles 
40 per lent of the rated current, a'* com •* ude 

pared to 1 to 10 per cent in a transformer. 

It is clear from Fig. 4 that the stalo. magnetomotive force induces 
the same number of poles on the rotor as on the stator. 



3. Construction 

Structurally, the induction motor consist ^ <>t a laminated stator core 
in the slots of which are embedded the pol\ phase winding, a laminated 
rotor core in the slots ol which are embedded the- totor conductors, and 
the frame with its end bells, shatt bearing**, and Inundation plate. 

Induction motors arc clarified with respcc t to their rotor construction 
as squirrel (ii£(\ double squirrel oii'c, and «c omul rotor The squirrel cage 
motors are further classified with respei t to their c harac teristic s and duty 
as follows: 
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Induction motors are also classified with respect to the kind of service* 
which they are to perform dustproof , splash proof , totally enclosed , 
explosion- proof , etc. 

Figure 4 is a photograph of a standard line of semi-enclosed, polv 
phase, squirrel-cage induction motors. The enclosed upper portion offers 
protection from drips, while openings in the lower parts of the end hells 
and casing provide for ventilation. 



Fig. 4 Sijiulan! Inn ul |»ol\ phase squmil cage induction motors [(min lllalm 
C ompiiu v) 

Figure 5 is a < utawux \ie\\ ok a wound rotor motoi, showing the stator 
and rotot coils piojccting Horn the stator and rotor puiuhings, and the 
method of securing the laminations in place hv holts and damps The 
rotor slip rings and hiush rigging, shalt, ventilating tan, frame, end 
bells, hearings and other mechanical details should he noted. 

Figure (>a shows an assembled stator with form-wound coils held in 
place in the stator slots by fiber wedges. Both torm-wound and skein 
windings are used in induction motors hut the latter aii for small 
machines. Father lap or wave windings may he used, and arc the same 
type as in alternators The details of the end turns and cc ■ nec lions 
should he noted. The radial ventilating ducts spaced along the length 
of the core, usually two to three inches apart, may he seen in the illus- 
tration. Figure fib is a close-up ot the stator windings and phase con- 
nections, ‘henving the binding together of the coils. The fingers of the 
clamping st ucture which support the stator teeth may he seen between 




Fig 5 C utaw i\ \r\\ >f a wound rot »r p h| Ihm i nluctum im i r (II <\tin\,hou\i 
Jh tin Lot pot lion) 




Fig 6 Stator and stator winding of i jh»1\ ph i c iniucti nm tor {( mnr t\ 1 U< 
tru Lompati\) 
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I 



) 



b 


Fig. 7 a Franu with stator laminations in plau [(mural hln trie Company) 

b Show in" method oi si curing statoi punchings b\ means of damping 
nngs and l>< ills (\\ t stui"hou\< frlatiu ( or partition) 


1 



i 

lm 

Fig. 8 Wound lotoi ot an induition motor, showing rotoi wind 
i ngs, slip rings uni Ians I\tbu Lomptin\) 


yr 



( om/>tin\ ) 



H2 



Fig- io SqMirnl (Utfi rotor (one third culawax) with uM alu 
nnnum ‘dawid l>ars {(mu hi l Ilutiu Lomf>tin\' 



Fig. ii ^omi t\pual r»»toi laminating 

tih ( l»Hf>,lil\ 


Mu wiiil / In 
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the coils, as well as the liber slot wedges and the radial ventilating ducts. 

Figure 7a shows the stator punchings in the frame. The punchings are 
usually riveted together in small machines, but in larger sizes are either 
bolted or else held by end rings and bolts as indicated in Fig. 7b. These 
illustrations show standard semi-open slots to accommodate skein or 
hand- wound coil*. 

Rotors are of two general types wound rotor and squirrel cage. 
In the former, a polyphase winding is placed in the rotor slots and its 
connections brought out to slip rings. Figure 8 shows such a rotor with 
hand wound e oils and skewed roll sides. Note the slot insulating channels 
projec ting be\ond the* stae king. Why are the fans at the two ends of the 
rotor of different construction’' Rotors may be wound for any number 
of phases, but are usually phase. Of course, they must be wound for 
the same number of pole-* as the stator. The rotor laminations are usually 
thicker than for the stator, since the rotor frequency U much lower. 

In the squirrel »age rotor the conductors are embedded in the slots 
and joined to common end rings at the two ends of the stacking. 1 he 
bars max be round or rectangular, copper or brass, bolted, wedded, or 
brazed to the end rings as in Fig. y. This illustration shows the bars, 
end rings, radial ventilating ducts and spacers, clamping bolts, fans, 
spider, shaft and kex w a\ . Figure 10 shows a < ut away view of a modern 
rotor with aluminum conductors of any desired shape cast integral with 
the end rings and Ian blades 

'Fhe rotor slols take a xariety of shapes open, rectangular, semi 

closed, inverted T, etc. Some 
typical rotor laminations are 

shown in Fig. 11. Number 1 is 

for a double* squirrel cage motor 
designed to g.ve normal torque 
and low starting current. The 
inner rectangular portion of the 
slot c arries a low resist are e copper 
or aluminum bar, and the outer 
oval portion of the slot is filled 
Fig. 12 Hu* “\ ;il\ amp” *1* »ut»K* |t iii with a high resistance brass or 
rel cam* rotor >( « m ml l\i, , - aluminum bar. Number 1 is for 

Uu ( ’ a wound rotor. Number > is an- 

other double* squirrel cage designed lor high torque and low starting 
current. Number 1 i*> t«u a high torque and high slip motor. Number 
5 is a normal Intone *»d normal starting current de ign. 1 he number 
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of rotor slots must not be a multiple of the number of stator slots, if 
the possibility of locking and subsynch ronous crawling is to be avoided. 

Figure 12 shows a cutaway view of an interesting recent modification 
of the double squirrel cage principle, in which the narrow neck con- 
necting the upper and lower portions of the slot is interrupted at intervals 
over the core length in order to increase the effective imi>edancc of the top 
bar. Also, the interrupted neck increases the heat capacity of the top 
bar so that it will not become too hot at starting. 


4. The Rotating Field 

A full-pitch single coil of A-turns excited by I amperes w ill develop 
a rectangular space distribution of magnetomotive force of magnitude 
0.2 tA/, the fundamental of which will have a crest value 4 * times as 
great. Fig. 13. But in a distributed winding mad'* up of fractional pilch, 
skewed coils, the magnetomotive force is reduced by the skew pilch, 
and distribution factors, so that the fundamental of magnetomotive 
force becomes O.XA’^AVwA/ O.NA.Y/, where A - A A,, A* is the 
combined reduction factor (see Sec. 3, Chap. 3). 


4 Nl 

7T 



Nl 

— 


Nl 

T 


Fig- 13 


I cos n(wt+0-~r) 



I cos n(ut+0) 


Now consider a polyphase induction motor, Fig. 11, in which the m 
phase windings are distributed uniformly around the stator with an angle 
of Irlm electrical radians between the centers of adjacent phases, and lei 
the phases l>c numbered k — 0, 1, • • *, m - 1. The magnetomotive force 
of phase k is centered on, or directed at, an angle lirk m in space, and this 
direction may be specified by the unit ve* tor in whit h the j - — 1 

refers to a spare , and not a time vector, if phase k is excited by an wth 
harmonic current / cos n(wt + 0 — 2wk w), that is displaced in time by 
an angle n2vk m from the excitation of the nfereme phase k - 0, then 
the space fundamental of magnetomotive fone lor the /ct h phase is 

M k = 0.X K X I co* n(*t + 0 - 
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| / 2rk\ { 2 irk . . . 2t£\( 

= ().« A'.\7 !cos «( ut -\ 0 )(cos — + 7 sin — JJ 

I v m ) \ m m /' 

= 0.4 KSI J cos [,W + n9 - (« + 1 1 - 

i sin j^Hw/ + nO — in + 1 1 — - J t £moi/ + n9 — (it — 1 ) — — -J 

+ /sin 4- n9 — (it — 1 ) — - Jj 


= 0.4 AAV Jr 


* / | a /»/ «*>/ i 0 /' « ♦ I 


Jir/ 


f r 


r ,/M O' 1 O' I 


1 J '' I 

r# I — l 


fl) 


The two terms and r obviously represent forward and 

backward rotating vectors in space, revolving at n times synchronous 

Spml * . v. 

The total magnetomotive force for all m phases is the sum ?Mi. 
The summation nwiv be effected with the help of the geometric series 

»* ! ylll 1 

£ .v' 1 + v f \ 1 4- 4 .v" 1 * ‘ - 

0 

whcivupon, il or is any intctfiT ( iiu liitlim; zitoi. 


x- 1 


J« 1 


1 , f i 


0 

E>- " 


il n *■ 1 a th 


III il n ♦ I f am 
t | in it ii I it in 

| III it ii 1 *t tin 


( 2 ) 


(3> 


Therefore, the magnetomotive lorce lot all phases i> 


M -- 0.4 A. V/ 


\m if (w \ 1 ) am | 
_ (0 if i// + 1 ) ^ arm I 


III tot *H 


Sm if < i/ — 1 1 — «m| U ., M 
r |() if (// - 1 ) 5 * ami 1 

This is an extremely interesting result, for it shows that harmonic* exci- 
tation of a polyphase winding may give rise to a magnetomotive force 
of constant magnitude revolving either forward or backward, or to no 
resultant livid at all. For example, using -f, — . 0 to indicate forward, 
backward, and null fields, we have for a three phase i m - 3) winding 
excited by different time harmonies 



Time harmonic (// 1 S 5 7 *>11 IS 

Rotating liold -f 0 - -f 0 -j- 
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We shall return at a later time to a consideration of the effect of these 
harmonics on the torque of the induction motor. For the present, con- 
sider the fundamental of excitation (w = \) and let us write subscript 1 
for stator quantities. Then (4) gives 

M, = OAKiXJmS'*'* = 0.4 \ iAVYiW,//*' ( 5 ) 

in which Ii = he* \'2 is the rms value of the vector current. This is 
a forward revolving field of constant magnitude, and it will cause a flux 
to rotate around the air gap of the motor in the same way as with re- 
volving field poles 

Suppose, now, that the rotor, having the same number of poles as the 
stator, is wound for «/« phases, with ,Y? turns per phase and a winding 
reduction factor A 2 . As the stator field cuts the conductnis of the rotor, 
it will induce currents / 2 in them, and since the rotor phases an* uniformly 
distributed around the rotor, the induced currents in adjacent phases will 
differ in time by the angle hr m : . The rotor itself, being a polyphase 
winding, will have a resultant magnetomotive lone which will react 
on the stator field, causing the rotor to rotate in tne same direction. If 
there were no load or windage and friction, and no losses in the machine, 
the rotor would revolve synchronously, tor then there would lx* no 
relative motion between stator field and rotor conductors, and therefore 
no voltages induced in the latter However, the rotor speed will be less 
than synchronous bv a fraction 

fsvm hronous speed ) 1 rotor speed t - 

s — (Of 

(sync hronous speed ) 

called the slip, lints the stator field, revolving at sync hronous sjieed 
(*)t w r ith respect to the stator, induces a 
voltage of normal frequency /1 in the* stator 
coils. But with respect to the rotor the 
stator field is revolving at a relative speed 
(see Fig. 15) 

0) (1 — A )uJ = AOJ (7 1 

and consequently the currents induced in 
the rotor are of slip frequency / 2 = a/j. Therefore, the rotor magneto- 
motive force relative to the rotor is 

Af 2 = 0 A\' 2 K 2 \^hhe ,u,t (with respect to rotor) (8) 

But since the rotor is moving at a speed (1 — s)a relative to the stator, 
the field due to (8) is moving at a speed sa> + (1 - s)u> = «, or syn- 
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Rotor 
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Fig. 15 
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chronously, with respect to the stator. Hence the stator and rotor 
magnetomotive forces superimpose to give a resultant 

M = Mi + M 2 = 0.4 y/i (A'i.V]J 9 Vi/i + AV^WsV"' 

- 0.4 Vl Ku\im(h + fp*;- / 2 )^ 

\ AiAiWi / 

= 0.4 Vi AW,*, ftp* ( 9 ) 

in which the rotor current / 2 has been referred to the stator by the ratio 

(A\.Y 2 w 2 ) (A’i.ViWi) in the same way that the secondary current of the 
transformer is referred to the primary by the turn ratio. In the in- 
duction motor the effective turns must be used, and in addition the 
(umber of phases. 

'Hie resultant magnetomotive force, acting on the permeance Pq of 
the air gap, produces the rotating field 

*> -- Ml\ - 0.4V2A,.\>i/Uf'“' = (io) 

This flux induces in the stator a voltage 

A ,.V, </<&/“' w V l A' l 4>«r'"' , , 

= ~J- (ll) 


Hie flux has a veloc it v of swt with respect to the rotor, so that the voltage 
induced in the rotor i- the slip frequency voltage 


A, A .. </ 4 y = 

10 s dt JS 10' 


( 12 ) 


When the rotor is at standstill (.s =- 1), the rotor voltage is at stator 
frequency, and the voltages are in effective turn ratio 


E, A, .A'., 1 

Ei Ai.Vi a 


(13) 


5 . The Vector Diagram and Equivalent Circuit 

Equations (11) and (12I in rans vector form become 

Ei -- -MWW.W0 * (14) 

sE» = — /.v4.44/i A 2 .V 2 4>fl 1 0" s (15) 

If the voltage applied to the stator is V x and the stator impedance is 
Z\ - R\ -f /.Vi, then calling £»> = — E\ the voltage necessary to over- 
come the induced voltage, we have 

Vi =■ — £1 + Z\I\ = £0 + Z\l\ (16) 

If the voltage applied to the rotor slip rings (assuming a wound-rotor 
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induction motor and an external source of voltage of proper frequency) 
is V2, and the rotor imjiedance at frequency f\ is Z 2 = R . + j \ , (or 
Ri +jsX t at frequency/. = sf x ), then 


Vi — — sRi -f- (Ri 4* /rA.^/. 

The exciting current, bv (9), 

\ A1A1W/1 / \ m 1 <;/ 


(17) 

(18) 


may be accounted for, as in transformer theory, by an exciting admittance 
( Yq = Cro — 7 -Bo) , thus 

/o = XA = l(io — /Bn) A, 1 (19^ 

Equations (16), (17), (18), and *19) are the equations of Mu* induction 
motor. In order to interpret them in terms ot a vector diagram and 
equivalent circuit, it is necessary to reduce ( 17 » to stator terms: 


Vi' = - Vi = - f - (R.. -f V,)/ 2 

A A 

+ J A.) (-"> '=) 

;;/.j \ a / \W| tf/ 

= Bo + 

= Bo + //// (20) 

where / 2 ' = — — now agrees with the of (18), and the referred values 


m\ a 


of impedance are = — ' Afe and A* •/ - W] ir \V 'Hie interpretation 

/>/•.■ 


is then given in Fig. 16 . The equivalent circuits for each part, cor- 
responding to air gap, stator, and rotor, may be joined together as a 
composite circuit, since the conditions of voltage equality and current 
continuity are satisfied at the junction. The composite circuit may be 
confirmed by showing that its driving point and transfer impedaix os 
agree with the foregoing equations, or by showing that the circuit holds 
under the limiting conditions of open- and short circuited terminals. 
For example, from (20) 

7 ,_*v-b„ 

h Zi~ 


and substituting this and (19) in (18) 

Y,Ri, = /, + 


V/ - E„ 


Zi 
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from which £o may he found and substituted in (16) to give 



If the rotor is short-circuited (V-/ = 0), the coefficient of I\ is seen to be 
the impedance Z, of the equivalent circuit. On the other hand, if the 
stator is o|>en- circuited (/, = 0), and a voltage V-/ applied to the rotor, 
the second term of (21) is seen to agree with the voltage E» of the equiva- 
lent circuit. 
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6. Power Equations 

The exciting current /« of an induction motor is relatively greater than 


in a transformer, since the flux must be forced across an air gap. Never- 
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theless, no great error is committed if the exciting admittance K 0 of the 
equivalent circuit is moved to the line terminals, as in Fig. 17. The 



Fig. 17 Approximate equivalent circuit oi the p..lx ph.i-e indue 
tion motor. 


analysis is greatly simplified by this artifice. I’nder thi- condition 
/« = Y n Vi = (Oi, — jR„)V t = exciting current 
V\ - JV 

I ~ ; . . . , load curp'iit 

R\ + ft- s f /i \, + \/i 

/,=-/(, + /■=■ Fift;,, - jH„ -t 1 1 

L a*, i av x t t \/)J 


V/ 

R\ I AV s | /( \ , \ \j') 


^0 


cos flu = - power factor of exciting current 

\ G<r + /V 

0 = Ri + R pf () f | na( j c-urri'iit 

A lR\ + R» + * \| 1 \/f (IV 0; 


COS 01 - 


\ \R } 1 AV s) /' 


| (a + *'+/'• 7 4 (*t V7 


( 22 ) 

(23) 


(24) 

( 25 ) 

(26) 


= pf of stator current (IV =. 0) (26a) 

It has been noticed that the resistance c'omponent of the rotor part of 
the equivalent circuit is /V and thus changes with the slip. Since 
the normal slip of an induction motor is only a few per cent, it is evident 
that R/ s is the dominant term in the rotor impedance, even though AV 
be, say, ten times as large as R{. However, the rotor copper loss is 
RJ? = R/P, while the total energy consumed by the resistance R>/ 's is 
R'/I 2 s. It is, therefore, desirable to separale the equivalent circuit 
resistance into two parts 

*1 = Ri > + k ,’ 1 r_i 


5 
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as shown in Fig. 17 , so that the first term R 2 will represent true rotor 
copper loss. 

The electrical energy transmitted to the external rotor circuit is V 2 / 2 
cos 62 where V 2 and h are the actual voltage and current of the motor 
itself (not the equivalent circuit), and cos S 2 is the power factor at the 
rotor terminals. 

Now by the conservation of energy: 

i Input j | dross | jKledrical energy j jCore| fStator| ^RotorJ 

to . - j median kill. » ! transmitted to . -i loss / -Ktopper/ + < copper! 

f statorl I power 1 » external c in u it I f ) * loss ) ( loss ) 

(27 ) 

Remembering that there are m\ stator phases and m 2 rotor phases, and 
that all previous equations were set up on a “per phase” basis, (27) may 
be written explicitly 

wil'i/i cos 0\ - P 1 mjV>h cos a, + niiGiIV + m\R\I] 2 + m 2 R 2 T 2 2 (28) 

But in the equivalent cin uit, the input per phase is 

r,/, ««.S 0 , - GJ'r + K x r- + — F+ IV/ cos 9, (29) 

s 

Equating times (29) to (28), and putting 1 ' 2 -- - \\\ T 2 = — /•/, 

a m 2 

I =: I\ 2: /•/ and rearranging, there results 

P milt/l ~ + »«,!','/ cos fc(l - s) 


( 30 ) 


The »r/ mechanical power is less than this by the windage and friction 
losses. It is sometimes customary to include windage and friction with 
the core loss (#„IY. if the voltage is constant and the speed substantially 
constant. Blit the approximation is poor in wound-rotor induction 
motors having an appreciable speed range. 

Making use of (23), there i" 





' K,_- F/J 

f )’ t- I.V, + A7) ! 


oi\Vi | Vi — V 2 jcos0 2 (l — 5 ) 

I (p\ + + (A'l + AY)* 


There are a number of special cases of practical importance. The general 
case, (3i\ is itself of practical importance in connection with cascade 
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induction motors, and motors in which rotor voltages are introduced by 
Kramer or Scherbius controls. 


Case I: Rotor short-circuited 

In this case 1 2 — 0 and (31) reduces to the usual equation given in 
most textbooks for the mechanical (gross' output of an induction motor 


P = miRi 


A ,-y ’ ' — = w.^'C ') /- 13a > 

(*’+- ;) +<V. + AV' ! V 5 7 


Now since 
(32) becomes 


I = 


/in 

v (AY s )* I- ( \Y) S 
/in/ 


A’..' .v 


/’ = >«, — tl-.v^ - - - m x EJ " (l-.v) 

* \ ( A’-.' a ) 2 + ( AY ) 2 \ 1 R-i O’ f- t V s ' r 

= m\E[)I cos 0 -j( 1 — .v) 


= m\1ij cos 0 2 — ni\sEJ cos tk 133) 

Now lu 1 is the voltage due to the air gap flux, and sE» is tin* voltage 
actually consumed by the rotor, so that their dilTereme /n,< 1 - s) is of 
the nature of a counter electromotive fora . 

Equation (32) shows that the power is zero at standstill (\ 1 ) and 

at synchronous speed <s - 0). For values of slip in the range iO c a «: 1 ) 
the power is positive and the machine behaves as a motor. When the 
machine is driven above synchronous speed (a 0», the power is nega 
tive and the machine become** a generator. Finally, if the motor is re 
versed Is > 1 ), the power is negative and the machine is acting as an 
electrical brake. 


Case II: Rotor circuit closed through an external resi statue 

If the external resistor is R ohms per phase, then referred to the stator, 

. 4 . R' tni R . R’ , rl . # 

it is - = -- Q- — and 1 2 - - /• I hen by <30* 

s in* s s 

P = nuR^ ~ P + >»i * Pi 1 - si -- m,(R-/ f A'i^ 1 ‘ *)/’ ( 34 ) 

and the effect is the same as increasing the rotor resistance by R’ . 

Case III: Operation at sytuhronous speed 

As the slip approaches zero in (31). the term IV = a\\ s dominates 
the numerators and /£•/ s dominates the denominators, and the < urrent 
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in the rotor becomes d-c so that 62 —+ 0. T hen ( 31 ) reduces to an inde- 
terminate : 

„ T «* S »V ciMV 1 « 

' "L"' .*7 1- -s 

which tells us nothing about what occurs at synchronous speed. Actually, 
however, if a direct voltage is applied to the rotor so that a direct current 
Hows from one terminal to the others, the machine will behave as a 
synchronous motor. The practical application of this principle will be 
discussed in a subsequent section. 

( use / 1 \* Xendtivc sli p 

If in (31 1 the slip is negative, .* = — <r , we have 


r = - »hR, 


, 1 \ <r 


(*■ 


v, - V.' 2 

Jii'Y 


V V + (-V, I AY )- 

IT / 

I nil IV Vi - V/ (’OS ft >( 1 + a) 
I ( A ’| - ** ) + <v, +- AVI 2 


(36) 


The tirM term is always negative, representing geneiator action, but 
the second term is positive if ft. < ir 2, and therefore the machine may 
continue to act as a motor if the rotor applied voltage is of proper mag 
nitude and phase Thus the motor range of an induction machine may 
be extended through and beyond synchronism by introducing appropriate 
rotor applied voltages. 

7. Torque 

If synchronous sjxrd of the motor in rpm is 1/1, the rotor sj>ecd at slip 
s is >h - (1 - -s » // 1 and the torque in pound feet is related to the me 
chanical jxiwer b\ 

’ .WOOD P 44000 P 

1 _ (371 

*40 It Hi 740 hni\t\ —a) 

in which the power is given by 130) or 131 ). For a motor with no external 
rotor voltage, equation (32) applies, and the torque is 
T 44000 w,r,-7f/ a 

2ttW|/4() ( R\ } R/ -|- ( \ 1 -f* A •/ V 
The torque has a maximum value when <//’ i/v - 0 of 
AAOtld n/| I*i ' 

_»ir Wl 7+r» _>[ ♦ A', -l s *.>,-• 4 , \ , f \ /, J 


(38) 




' 30 ' 
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for 5 = — 


±R 2 ' 


\ Rr+ (A, + .V /) 2 


(40) 


I he "h sign is used for motor torque and the - sign for generator torque, 
Hg. IS. hquations I39) and (40) clear!) show that maximum torque 
is independent of the rotor resist- 
ance, but the slip at which it o< curs 
is directly proportional to the rotor 
resistance. Thus by adding exter- 
nal resistance to the rotor circuit 
it is possible to shift the maximum 
torque point further back from 
synchronous speed, as shown in F,gt 18 

Fig. 19. If the rotor resistance is made equal to \ AY f < \, { \/p. 



T 



Fig. 19 Kflu t ol into! n siNt,inir «»n tin lonjm quid 
c har.u t( 1 ist 11 


then according to (40) maximum torque will occur at standstill \ till 
greater value of rotor resistance will move the maximum torque to the 
region of reverse* speed 


8. Determination of Constants 

The complete performance of the polyphase induction motor may be* 
specified in terms of the applied voltage Fj, the slip s, and the six con 
stants Go, B, u R], A’j, AV- These six constants may be obtained 
from the design sheet, or from running light and him ked rotor tests, 
corresponding to the open and short-circuit tests on transformers. 
Referring to the approximate equivalent circuit of the induction motor. 
Fig. 20(a), it is evident that at or near synchronism, a = 0 , the impedance 
of the rotor circuit is very high, and is essentially a resistance R» a. (If 
the induction motor were driven at exactly synchronous speed, a - 0, 
no current would flow in the rotor circuit, and the entire input would be 
consumed as core loss and the stator copper loss of the exciting current.) 
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At standstill, 4 = 1, the input current is practically entirely reflected 
in the rotor, and the bulk of the power input is consumed by the resistances 
R\ + /?*'. The stator resistance Ri is 20 per cent to 60 per cent greater 
than its d-c measured value, because of the eddy-current losses in the 
conductors. These losses can be reduced by stranding the conductor and 
transposing the strands. At normal speed the rotor resistance R 2 ' is 
practically the same as its d-c resistance, since the rotor frequency is low, 


- T ■v/v' mbt 1 - — 's/v ' 
1 R i f l x * 

' Go iBfr” 


• V// » W/ / T5'lT v 

“•-lx. > * vhx; I 

• . j 

Fig. 20 

lmt at standstill tin* rotor frequency is the same as the stator frequency, 
and the rotor resistance is increased in the same proportion. For the 
same reason, the rotor core loss is much greater at standstill than at 
normal speed, hut windage and friction are smaller at lower speeds, 
and vanish at standstill. Thus rotor core loss and windage and friction 
comj>cnsatceaih other to a certain extent, and both are usually included 
in (»nlV. 

To a first approximation, then, the two tests yield: 



Fig. 2i 


Running light 
test {s ~0> 

I*.. - 0 

Blocked rotor test (s = 1) 

I t, II M 

Stator input phase 

r,.. /„. ir„ 

i, /. r„ 


/ = U h 

( 1 1 n t i tt" 

A\ — (1.2 to \.to)Rin- 

Ri + Rt'-n\ /»*_ 

/*., \ i ,* <;/’ 

AY--( A, + R{) -\AR», 

V, 4 AY ^V/'-iRi + Rs) 2 

ms A,, - ir„ v /„ 

\V — V| (assumed' 

COS (9 = II h VlJh 


The approximations given in the table ignore the resistance losses in 
stator and rotor due to the small current necessary to overcome windage 
and friction, in calculating J‘<»; while core loss and magnetizing susccpt- 
ance are ignored in calculating Z. Many methods have been devised for 
obtaining better approximations. Sometimes the windage and friction 
loss can he determined b\ driving the motor with another machine and 
measuring the power required. The loss can also l>e segregated by taking 
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running-light input measurements at several different applied voltages, 
including the lowest voltage sufficient to rotate the motor near normal 
speed, Fig. 21, and extrapolating the curve of watts-input to zero voltage. 
The intercept must then be the windage and friction loss, since the core 
loss at zero voltage is zero. Then if the windage and friction loss of /•’ 
watts per phase is not to be included by there is ve'-y closely 


On = 



<41 1 



The resistance, as corrected for core loss, becomes 

w U3) 

and if cos 6 b = 11’/, VJ lt wc have Z - V, t / - 1’/, i I t - /„\ or 


(K* + M) + jlX i + W) = 

from which 


I 

//,< ( Os 0 h — j sill tff . ) 


i(/j> — )h \\ ) 1 h 


A i 4- A i = I - f / h . . ( A*i \ AY ) ,J 

» ( //, cos Oi, — (/» I / )“ j- ( It. sin Oh - Mu l / )* 

(44) 

Kquations (41) to (44) contain tlu* corrections for the constants of the 
approximate equivalent circuit, Kip. 20* a). 

The determination of the corrected constants for the exact equivalent 
circuit is a bit more involved. Referring to Hg. 20(b), and noting that 
A’j y> and 0 O == 90°, we find Making K, as reference vector) for the 
running light test, 

E u = 1', - (R l + jX 1 )/« = l] - (R\ t- /A i'/«(c*os 0 {) - /sin ft.) 

l’i - A./„ 

The power input per phase is 

Ho = CJu? + RJ 0* + F 


and therefore 


ITo - F _ - /W 

(I'i - -Y./ 0 i* 


M o - /*’ - Rid 

"iv 


Us) 


The windage and friction loss is to be determined as in Hg. 21, or by 
driving the motor with another machine. If the input losses are taken 
with the motor driven at exactly synchronous speed, then /* is not entered 
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in (45). We also have 
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y„ 




( 46 ) 


B tl = Vi «* - a} ( 47 » 

During blocked rotor test 

^ Z, +■ - 7 -' = Z, + Zt' (1 - Z*’Y„ + ZWr - ■■■) 

h 1 + l/Y, 

I iroppin^ all terms beyond the second in the series, and rearranging, 
we get 

Z\ I Z/ -- — (cos 0 /, + j sin Of,) + IRt -h /A 'i )“ (C*o — jSn) 

/ h 

from whidi 

R\ 4 Ri — - cos 0i, -f* 2R/\»'B U “f- ( R 2 /2 — — cos Oi, ^ 4 ®) 

/ /1 / #> 

.Y, + .\y ‘ '■sill ft, I 2 R,;.X»'U„ - (Ay- - AY 2 )/*,,^ — sin ft, (491 

/ h I b 

By successive approximations, equations (45) to (49) may be cjuicklv 
solved. l ; irst, the approximate values as given by the second forms in 
each equation are calculated. Then using those approximate values the 
more exact values arc* found by .substitution. 


Rumple \ .{phase, wye-connected. OO-cvcIc, 220 volt. 5-lip, 1800 rpm 
indue tion motor has the following test data 


Running light 
220(127 phase' 
4.5 S 

211 (81. 5 phase' 
05 (21.7 phase* 


voltage 

current 

watts 

windage and friction 


Riot krd rotor 
68 (5 ( M phase) 
20 

1265 (422 phase) 


Stator resistance at 75 C and including skin effect, R x =■ 0.545 ohms per 
phase. Kor the approximate equivalent circuit, bv (41), (42), 143) and (44) 


Ci 1 ■ 

R - 



0.0.W 


422 

cos th - - =■ 0.557, sin Oh = 0.845 

50.5 X id 
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R, + /?-' = 


422 - 0.00.47 X 40.4 s 

!.)■ 


1.040 ohms, 


R: =■-- 1.040 - 0 545 
■= 0.405 


v.t Y.' = 


w 4= 


' 20 X 0 .07 - 0 0047 X .W 4 5 T 20 X 0 S44 0 0440 x » 4 


1 OtO-' 1 SI (i 


For the exact equivalent circuit, l»y (45^ to (49) il lusive, and using previous 
values of the constants in the "correction terms,” 

SI .3 - 21.7 - 0.545 X 4.35 s 
0 >=- - 0.0033 

(127 - 0 0 )8 X 4 35)- 

.. 4.35 

1 0 - - = 0.0353 

127 - 03) )K X 435 


Bu — \ 0.0353" - 0 0033- ^ 0.0352 
3 g 3 

ff, + R/ * — X 0.537 + 2 X 0 405 X 0 <Xi8 X 0.0352 
20 

I- (0.105- O'JOX'iUtKKt 1 0S5 
30 \ 

V| + AV =■- — O.S43 + 2 X 0.405 X 03)08 X 0.0033 
20 

(0 105" 0 00S 30.0352 1 .(»T1 


Recapitulating, we have for the different assumptions 


Constants 

\pprox equi\ c ir< u it 

hxac 1 cqim < ire ix it 

1 si approx. 

corrcc ted 

1st approx 

c orrre led 

(/i 

0.0050 

0.0047 

0 0041 

m 1 


0.0450 

0 0440 

0.0311 


R, + R;' 

1 .054 

1.040 

1 054 


A > + AV 

1 (>5(> 

1.X 16 

1 (>5<> 

1 1.071 


These comparisons show rather conclusively that tin* approximate values 
are sufficiently exact, particularly since the equivalent circuit is itself an 
approximation in setting it up, time and spate harmonics were neg- 
lected, conductor skin-effect correction guessed at, rotor and stator core 
loss taken to be proportional to the main flux only, saturation effects 
ignored, etc. Therefore, there is little practical justification for using 
other than the approximate equivalent circuit, or in calculating the 
constants by other than the so-called first approximation method. As a 
matter of experience, the performance characteristics of a given motor, 
calculated from the approximate equivalent circuit, are just as likely as 
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not to agree more closely with the test results than calculations based 
on the so-called exact equivalent circuit. Go varies with the saturation, 
rotor-core loss (a function of/*), and speed ''windage and friction), ft/ 
varies with the speed, since skin effect is proportional to/ 2 2 . -Vj and AY 
change with load, due to saturation in the teeth. 


9. The Circle Diagram 

The current vector for a simple ft — A circuit, Fig. 22, follows a cir- 
cular locus of diameter l'/.Y as the resistance is varied, since 


V £ .Y 

/ Y / 


r . „ 

— sin 0 
X 


From a circle diagram constructed on this principle, corresponding values 
of current / and power-factor angle 6 may be taken. 

Over half a century ago, Alexander Heyland 
'Klektrotech. Zeitsch., 41, p. 561, 18<M) applied 
this idea to the performance calculations of the 
induction motor. Since then, numerous forms 
and variations of the circle diagram, for both 
the approximate and the exact equivalent cir- 
cuits of the induction motor, have appeared in 
the literature, but the only one which has sur- 
vived in general use is the one illustrated in 
Fig. 25 for the approximate equivalent circuit. 
The current I in the series part of the circuit, 
(/\*i j- ft/ s) + j( Y, -f AY), obviously follows 
the circular path (YPJ) % on diameter (YD 
equal to F» 1 \ x + AY), as the resistance 
varies with the slip. However, since the resistance is never less than 
ft\ \ AY, coi responding to standstill at s = 1, the motor operating range 
of the circle is confined to the arc ( YPft , where (Y is the no-load or 
running light point, and H is, the blocked-rotor point. Input current 
/ 1 and exciting current /o readily appear on the same diagram by shift- 
ing the origin to () so that /, = /« +• I. Then for any point P the mag- 
nitudes of the currents I u /», / and their phase angles 0 U ft*, 0 are found. 
The projections of these currents on the voltage axis V\ give the in-phase 
or power components. 


I — •*» 

I'r: 

v X 

1 

1 



/i cos 0i 


YJ\ cos 0i _ P x 

r, v 


/o COS 0() ■= Crol 1 = 


OolY 

’ Vi 


1 
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I cos B = 


R / = A II / = K J1 

z r, / V, 


and thus multiplication by Uj gives the power and energy losses. 

Under blocked-rotor conditions, point P moves to B so that 6 = $ H% 
I = /*, and then V\ • MU = V\h cos 0 O = ColV is the core loss, while 
Ui • BC = (^i + R*l')Ih 2 is the resistance loss. If the line BC is divided 
so that BT : TC :: R* : R\ then BT and TC an* proportional, respectively, 
to the rotor and stator copper losses. 



Fig. 23 Circle diagram of the polyphase induction motor. 


Now draw the lines O'H and O'T rutting the perpendicular at points 
b. I, r. Then from the geometry of the figure 

\\Tc = Vi O'c = 1 '* B '< I sin e 

r R\ 4- R‘/ A'* 4- AY __ , « /j/2 

‘‘■a-I + j?'' z + 

and therefore bi and ic are proportional to the rotor and stator cop|>er 
losses at current /. The rotor mechanical output must then be V x • Pb. 
The total input to the rotor is V x • Pt, and by (38) this is equal to the 
torque when multiplied by 33,000/2xwi746. The slip is given by the ratio 

RSI 2 £ 

Pi 


5 = 


R_i P 

s 
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outpu 1 M 

I he efhciency is y = 7- = 

input P(J 

Maximum power factor occurs when the current vector I\ is tangent to 
the circle at point 1. Maximum output occurs when the tangent to the 

circle is parallel to the output line 
O'B at point 2. Maximum torque 
occurs when the tangent to the 
circle is parallel to the torque line 
(YT at point 3. And maximum 
input occurs when the circle reaches 
its crest at point 4. 

It is possible to employ geomet- 
ric constructions leading to gradu- 
ated line segments on which slip, 
efficiency, or other variables may 
be read directly. Hut unless a 
great many points are to be com- 
puted, or a slide rule is not at 
hand, there appears to be little 
need for elaborating on the simple circle diagram. 

Recapitulating, if the circle diagram has been laid out on a current 
scale, we have 



Input 

Load Circuit 

Exciting Circuit 

Current 

- OP 

/ = o'/* 

1 0 = 00' 

Pf angle 

0. 

H 

a. 

Watts 


m\V\Pt 


Vais input 

w,r,o(> 

Mll’lOV 

mYiOM 

Volt amp input 

ni\V\OP 

m x \\()’P 

nhWOO' 

Watts output 

Core loss 

Copper loss 

Wil'irt (stator) 

ni\Y\Pb 

(rotor) 

m 

Total loss 
Efficiency 

Torque 

Slip 

Speed 

V = Pb IV 

33 (KX) .. _ 

wr' 

S = bt Pi 

1 -S = Pb Pt 




Typical jHTfo nuance characteristics calculated from the circle diagram 
are shown in Fig. 24. The dotted portions of the curves represent regions 
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of instability. Reasonable accuracy requires that the circle be drawn 
with a diameter of, say, 10 inches. It may In* constructed in terms of 
the six design constants G», B», R x , A',. R/, AV if known, or from test 
data. Thus the running-light test data give and ft, from which point 
O' is located, and the blocked-rotor test data give /,, and 0 H from which 
]>oint B is located. I he center of the circle is then at the |>oint where 
the j>erj)endicular bisector of O’B cuts the line 07 ). 


10. Analytical Derivation of Exact Circle Diagram 

Referring to Fig. 2 () 1 > for the exact equivalent circuit, the over-all 
admittance is 

1 1 f Z/Y., 


Y = G-jB = 


Z, + 


1/ 

1 d Zi'Yo 


Z f Z« f Z\Z«'Yn 


(50) 


Solving for Z 2 , and substituting orthogonal components, there is 

Z > = **' + j\„' = 

s 

1 - a; - jft) (R, -} i\\) 

(G — j ft) — ((in — jftu) + (G - j ft ) (Co ~ jftu) (R\ 1 / A 1 ) 

.Vow if the right-hand meml>er is rationalized and its imaginary com- 
ponent equated toy As' on the left, there results 


AV 


- G*IX\ + ft,/, 2 ) AWY, \ «,/,*» ♦ i2H \, * 1 //* /*, 

<W /< 2 Hi + i ,*// * f 2/it. v 1 1 * i .*a», » 2/n/<, i ).;a,> 


and this expression mav he rearranged in the form 

mm* - a* -a y 


i „* 


(so 


when* 7 = AT, A, 'IV + RB„ + A*'CA 

A = A 1 A 2 1 0 " + A 1 Ai +• A / Ai } J 
L = AV(1 + ZflV + 2A,6o f 2 A, ft,) + A’, f /.’ft, 

which is the equation of a circle of radius 1 2L and center at J, A and 
A* L. If Equation (51) is multiplied through hy l'i, then CT| and RVi 
are the components of the stator current, I\ = Hi — jft)V 1. It is to he 
noted that rotor resistance R V and slip s do not ap|>ear in (51), hut 
R2' s does fix specific points on the circle, as is evident from ($0). \ he 

standstill point, s - 1, follows from (50) upon substituting /•/ 
= (R2 -f y’AY). The synchronous sjieed point, s = 0 , follows from (50) 



( 6 « . 

ujjon substituting Z 2 ' = 
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so , which gives 

r G _ . Rl = (G n + - j(B 0 + XiYq 2 ) 

L J 1 + Z\ 2 Yo 2 + 2(R\Go + A \Bo) 


( 52 ) 


In practical cases this can hardly be distinguished from (Go — jBo), 
and in fact the circle of ( 51 ) differs very little from the circle for the 
approximate equivalent circuit. (See Problems 8 and 10.) 


11. The Design Constants 

The six design constants of the induction motor, which together with 
the type of windings, number of poles, voltage and frequency, determine 
its performance characteristics, are Go, Bo, R\, A',, R 2 , AV The manu- 
facturers possess an abundance of design data, of both a theoretical and 
empirical nature, for computing these parameters to a high degree of 
accuracy, but design calculations and procedures differ considerably 
among the different manufacturers. In this text consideration of 
these design constants will be limited to a discussion of basic principles. 


12. The Core Loss (Go) 

In accordance with the theory of the induction motor developed in the 
foregoing pages, the core loss is accounted for by the parameter Go as 
WiCilV, although this same factor may include the windage and friction 
losses, ('ore-loss curves (which include both eddy-current and hysteresis 
loss) as functions of flux density and frequency, and which include test 
corrections for nonuniform flux distributions due to irregular shapes and 
saturation of parts, permit the loss in different portions of the magnetic 
circuit to be computed. Since core loss varies approximately as the 
volume of iron and square of the flux density, it is evident that for the 
same total flux a reduction in core loss can be secured by incieasing the 
areas and operating at reduced flux densities 

P. «/*-(£)’ Mil -4? 

But this adds to the cost of the motor. 


13. The Magnetizing Current ( Bo 1 

The magnetizing current defends on the flux densities in the different 
parts of the motor, and due to saturation increases greatly with higher 
flux densities. This current, which in standard designs may be as high 
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as 40 per cent of the load current, not only depresses the power factor, hut 
increases the stator copj)er loss. It can be reduced by ojx*rating at lower 
flux densities, but then the size and cost of the motor is increased. It is 
limited by using the smallest air gaps which are feasible from a me- 
chanical jxrint of view, and by using teeth having thin overhangs that 
almost close the slot. In small motors it can lx* comjx*nsated by shunt 
capacitors supplied as part of the motor. 

14. The Winding Resistances (R t , R t ) 

The ordinaiy d-c resistance of a conductor is given by 

R « 7*[l+a><7’- r,)] (,S3> 

in which / is its length, A its cross-section, pu the resistivity at tem- 
perature 7 «, T any other temperature, and or 0 the temperature cocllicient 
at 0 C. But the conductors of the motor are eml>edded in iron and 
linked by considerable leakage flux across the s*ot and from tooth tip 
to tooth tip in the air gap. This flux causes a very uneven distribution 
of current in the stator conductors at all times and increases the effective 
stator resistance by as much as .SO per cent. The same is true of the 
rotor resistance during the starting period when its frequency is high, 
but under running conditions the skin effect is negligible, since the 
frequency is only a few cycles. Skin effect calculations are involved, 
and cannot be separated from consideration of slot leakage reactance.* 
Stranding of conductors and transposition of the strands reduces the 
eddy-current loss in the conductors. Skewing a conductor increase's 
the length slightly, and adds to its resistance. High-frequency flux pul- 
sation, due to the passage of rotor teeth by the stator teeth, add to the 
conductor eddy-current losses. 

15. The Leakage Reactances ( A'i. A 2 ) 

The leakage reactance of an induction motor is usually calculated 
in several separate parts as slot , end-connection , tooth-tip or s/gaig, and 
belt or differential leakage flux reactances. The slot leakage flux may be 
calculated in the same way as for synchronous machines. It is sufficient 
to assume the flux to go straight across the slot, Fig. 25, and uniform 
current distribution, although exact determination of the flux and current 
distributions are possible.* On these assumptions the stator leakage 

• Bewley, L. V., Two-dimensional Fields in Electrical Engineering, New York, The 
Macmillan Co., 1948. 
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flux for an open slot is (see Sec. 5, Chap. 3) proportional to 

-5 *■ 

in which the dimensions refer to Fig. 25, and A' is a factor accounting 
for the fact that the two conductors in the top and bottom of the slot 
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do not carry in-phase currents unless the coils are full pitch. Values of 
A are given in the following table: 


10 - 1N0° belt 
20 - 00° belt 
30 - 00° belt 

30 - 120° belt 
ao0 0° belt 


1 > pitch > 2 $ 

pitch 
pile h 

0.75 pitch + 0.25 
0 75 
A,/ 


2 3 > pitch >13 

pitch 

pilch 

1.50 pitch — 0.25 
1 125 pitch 
AY 


1 3 > pitch > 0 

pitch 

pitch 

0.75 pitch 
1.125 pitch 

A ,, 2 


The leakage flux for the rotor ( referred to the stator) is proportional to 

[ A (“ *- 2 r- + J ' + T-) + i r (l - ^1 <55) 
A s* A ; yA u'Vu'i 7c + %c\ 7c 3u’/ 12zt' J 

where .Vi and S> are the total stator and rotor slots respectively, and 
A <:», A, >2 , AY, etc. are the skew, pitch and distribution co- 
etheients. These are each equal to unity for a squirrel-cage 
winding. The terms enclosed by the horizontal brace ~ 
are replaced by 0.60 for a squirrel cage. 

The end-connection leakage flux, Fig. 26, cannot be cal- 
culated precisely, but a good estimate is given by C\ A. 
Adam's formula 

KI)S\ * or “ P°k rttotors 

1PH ^ jl-2 ^ or volt motors 

f 1.5 for two conductors per slot 



Fig. 26 
hncl turn 
leakage flux. 


0 , = 


(56) 
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where P - number of poles 

D = diameter of air gap in inches 
/ = core length Hess ducts) in inches 
K = out-of-phase correction factor it able above) 

In addition to the discrete leakage lluxes discussed alxive. there are 
space harmonic fluxes in the air gap which induce fundamental voltages 
in the stator, but do not contribute to the jxiwer output. They are, 
therefore, properly classified as reactance voltages. Their determination 
rests on the general harmonic analysis given in the Appendiu-s. When 
»u<h an analysis is made, the total differential leakage rcattaiuc may la* 
split into belt and zigzag leakage reactance. To the latter arc attributed 
ihose harmonics due to the teeth, and then belt reaitanu i-- calculated 
as the difference between the total differential and zigzag reaitanevs. 
Physically, zigzag leakage fluxes are those which zigzag b'<«k and forth 
between stator and rotor teeth, as indicated in Fig. 27. 


ittftTtrffir 

__ _ / 

Fig. 27 Zigzag leakage tlu\ 



ir \ (br 

Fig. 28 Hilt ditftrtnti.il leakage rt art- 
amt 


The physical explanation of belt leakage lluxes has been given by 
Hellmund and Ycinott f in terms of big. 28 Suppose lor the sake of 
simplicity that stator and rotor have the same number of turns and 
carry equal currents. Then if both windings have the* same distribution, 
Kig 28(a), equal voltages are includ'd in each, and there is no leakage 
flux between them. Now suppose the distributions to be* as in Hg. 28(b), 
in which the two winding distributions no longer match Neglecting 
the resistance and reactance of the secondary, its total flux linkages 
must he zero, since its voltage must then be zero 'Hie llux linkages of 
the secondary are proportional to 

\>> — 2(b2I \ 4" l)2I») = 0 or /a - 
while the flux linkages of the primary are 

X, - <2b2l 1 +- al\ + 2bll • 1 al\ 

* Ilcllmunil and \ciimlt " I randomicr Kalin and I >ilt« i< filial laakapi "f I >isf r iIjiiI < « l 
W inclines, I Ihh 7 tans \ol 4*> 1W0 
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Thus it is seen that even though the currents are equal and opposite and 
there are no flux linkages with the secondary, nevertheless there are flux 
linkages with the primary, and these constitute the belt differential leakage 
reactance . The above example has been made as simple as possible in 
order to illustrate the principles, but it is clear that in any case in which 
the two windings are dissimilarly arranged, there may be differential 
leakage flux. The method of calculating differential leakage is given 
in Chap. 3 . 

The total leakage reactance of the induction motor is (dimensions in 
inches) 

V = + <t>a + <M + A'„ + .Y« ohms per phase (57) 

in which .Y„ is the zigzag and X H the belt reactance. 

16. Performance Calculations 

The ultimate purpose of any method of analysis is the determination 
of the principal characteristics of the motor speed, torque, power out- 
put, power factor, current, losses, and efficiency as well as to study 
the effects of variation in voltages and frequency, and changes in the 
design constants. 

In the previous sections three different methods general equations, 
equivalent circ uits (exact and approximate), vector and circle diagrams 
(exact and approximate) have been presented for analyzing the poly- 
phase induction motor. In addition, there are other types of circle 
diagrams, and the cross-field theory. The latter will be developed in 
detail for the single-phase induction motor in the next chapter. Each 
method of analysis has certain advantages. The general equations are, 
of course, the basis for all methods. 

The equivalent circuit (originally proposed by t\ P. Steinmetz) and 
its approximations show the intimate relationship of the induction 
motor to the transformer. It is well adapted to the formulation of 
design equations, particularly in series form. P. L. Alger has given 
such an analysis,* in which the reciprocals of complex constants are 
expanded in infinite series, and only the dominate terms retained, as 
the circuit is successively reduced to a final over-all impedance. Calcu- 
lations based on the approximate equivalent circuit appear to be suffi- 
ciently accurate for ordinary* purposes. Indeed, it is questionable if the 
additional refinement of the so-called exact equivalent circuit leads to 
more accurate results. 


Alger, I\ I. . ‘induction Motor Performance Calculation/' A I EE Trans , Vol 49, 1930. 



§17 Effect of Harmonics 

The circle diagram not only offers a visual picture of the way in which 
the different characteristics vary with respect to each other, but is also 
the best adapted to the calculation of mass 
data for complete characteristic curves. How- 
ever, accuracy demands that the circle dia- 
gram be made with care and of reasonable 
Mize - say 10-inch diameter. 

Characteristics are plotted in different ways, 
but usually against output , as in Fig. 24 or 
against speed or slip as in Fig. 2d. The latter Speed 

i.s preferable for determining the acceleration Fig. 2 9 
of a load, or for seeing the effects of load changes on speed t emulation. 

17. Effect of Harmonics 

Time harmonics may exist in the applied voltage, or be in t induced 
by magnetic saturation, or result from pulsatin'? **pace harmonics of 
flux due to the passage of the teeth of the rotor !>v thosi of the stator. 
If polyphase time harmonics of current are permitted to flow, they 
give rise to rotating fields which, according to (4), may be null, forward 
or backward, and which produce corresponding torques. The speed of 
a rotating wth harmonic field is //-times that of the fundamental field, 
and therefore synchronous rotor .speed with respect to the fundamental 



Fig. 30 Effect of time harmonic* on the torque speed char- 
acteristic. 


is only l/«th synchronous speed with respect to the wth harmonic. Figure 
.10 shows a 5th time harmonic torque (greatly exaggerated ) superimposed 
on the fundamental torque. The harmonic -torque curve is stretched out 
five times as long as the fundamental- torque curve, and since a 5th time 
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harmonic produces a backward rotating field, its torque-speed curve 
passes through zero at five times synchronous speed backward. Thu> 
the Set torque is reduced by the presence of a Sth time harmonic. On 
the other hand, a 7th time harmonic would augment the net torque, while 
any 3rd harmonic or its multiple would have no effect on the torque. 
In practice, the time harmonics are always small and may be ignored. 

Space harmonics may exist in the flux depending upon the skew*, 
pitch and distribution of the windings and the slot and teeth combinations. 
A complete harmonic analysis will not be carried out here, but reference 
may be made to the Apjjendices where it is showm that space harmonics 
may lie of anv order 

+ 1 ) for forward rotating fields 
| (2 atm - 1 ) for backward rotating fields 
where: k = order of the space harmonic 

a =■ any positive integer 
m - number of phases 


k = 


Now a £th space harmonic of flux has k times as many poles as the 
fundamental, and therefore its torque-speed curve passes through zero 
at 1 k synchronous speed, positive or negative 1 , depending on whether 
its field is forward or backward. Figure 31 shows the torque-speed curve* 
for the fundamental, fifth, and seventh space harmonics, and their 
resultant. It is evident that such space-harmonic torque cusps may cause 
dips in the torque-speed curve which will not permit the motor to bring 
its load up to full speed. 



Fig. 31 KlTect of quee har 
monies 



Fig. 32 Cusp in the toique- 
sprni characteristic. 


There is still another effect due to space harmonics, called subsynchro - 
nous locking. It is possible for certain rotor harmonics to produce rotating 
fields which revolve in synchronism with certain stator harmonic fields 
(of a different order) for one particular rotor speed. When the rotor 
reaches this critical sliced the two fields lock in synchronism, and may 
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cause a pronounced cusp as shown in Fig. 32, and the motor may not he 
able to “pull out of synchronism** at this speed. 

The theory of parasitic torques in induction me tors is not complete. 
Designers rely to a large extent cm empirical rules and design records to 
avoid stator-rotor slot combinations which will cause sul synchronous 
locking, crawling, and excessive noise. Skewing of the rotor bars will 
smooth out the torque-speed curves and reduce the noise, but skewing 
adds to the cost and increases the leakage reactance. 

Space harmonics also increase* the core loss, since the frequency of the 
rotor harmonic currents due to them is high. If synchronous (funda- 
mental) speed is //,, then for the kth space harmonic (which has k times 
as many poles) synchronous speed is * k and therefore Mu slip with 
lespect to the kth. harmonic is 

t«i k — w 2 , , «a , , , . , 

= - 1 * —A « 1 l AM - .0 

+ j/i k ii\ 

and the rotor frequency for this harmonic is 

.** fi - P AM - a)]/i 

or high when the motor is running at normal speed. 

18. Starting of Polyphase Induction Motors 

The starting torque of an ordinary polyphase induction motor is 
usually between 100 and 200 per cent of its running torque, whereas its 
low power factor starting current may be 5 or 10 times normal running 
current. High starting currents are not onl\ objectionable on the power 
system, but require oversize fuses and abnormally high settings for the 
relays and circuit breakers, militating against their protective functions. 
There are three common methods for reducing the starting current: 
(1) reduced voltage starting, il) wound rotor motors with external 
resistors, and (3) special designs. The problem is to reduce the starting 
current to tolerable values without reducing the torque below that 
necessary to start and accelerate the load, and without jeopardizing good 
running characteristics. It will be sufficient for our purposes to investi- 
gate the possibilities in terms of the approximate equivalent circuit, and 
neglecting the exciting current. The torque (in synchronous watts) 
and current equations then are, putting A — A] + V/, 

/ = -. — 1 - (58) 

Vl/f, + Rt'/sf + A’ s 
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I = 


r, 


V(Rt + K,') 2 + X s 


for s — 1 


T = — 


mi TV 


5 (/?i + Ri/i)* + A' 2 


- *2 - 


»iil7 


7' = — 

J mux 


i ye, + /e 2 ') 2 + A ' 2 

m 1 17 


for s = 1 


for s = 




2 t/e, + vye, 2 + a 2 ) 


V /?, 2 + A' 2 


(58a i 

(59) 
(59»1 
(60 ) 


It is evident from (58a) that the starting current may be reduced by 
reducing the applied voltage, but in so doing the starting torque is 
reduced as the square of the voltage, according to (59a). Nevertheless, 
this is the most universal method of starting induction motors of mod- 
erate size. It is aKo dear from (58a) that the starting current may be 
reduced by increasing RS, and from (59a) it is seen that this may result 
in an actual increase in the starting torque, although a permanent 
material increase in R/ would result in a motor with high slip, excessive 
running losses (/?//-'), and low elliciency. High starting and moderate 
running rotor resistance is possible with wound rotor and double squirrel 
c age motors. 


19. Line Start Motors 

It is not necessary or feasible to provide auxiliary starting devices for 
small motors, and the) are usually designed to start at full line voltage 
They accelerate rapidl) and the over current period is ot short duration 
Also, such motors usuall) have high rotor resistance to yield high starting 
torques, and the tesulting lower running etticiency is not of great im- 
portance. 

20. Autotransformer or Compensator Starting 

Autotransformers with one or more taps provide a simple and effective 
way of reducing the voltage applied to the motor during starting. Figure 
33 show's a diagram of connections of tw r o autotransformers operating 
open-delta on a 3-phase system for starting an induction motor. The 
open-delta arrangement is satisfactory for starting, as the autotransform- 
ers carry load for only a short period Assuming perfect transformation 
of voltage ratio a, the motor voltage becomes Yya, and the corresponding 
motor current, by (58), is reduced in the same ratio. But line current 
is, by transformer ratio, 1 a times motor current, or 1 a 2 the starting 
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current at full line voltage. The lowest tap is fixed by the smallest 
voltage which will yield sufficient starting torque, l aps are then changed 
automatically by a relay at definite current valves until the motor is 
brought up to full speed. 



Fig. 33 Compcii'dlur Martini;. 


Let the permissible maximum line current be and suppose the 
transformer is on tap k with transformation ratio a,. When contact 
is first made with tap k the motor current is aj luax . When the motor 
current has fallen to the permissible minimum value (fixed by the 
minimum torque requirement) the slip will Ik* given by 


' inm /• i 


r. 

</,\ tA, * AY .s, >’ » (.V, d .\Y»* 


(6x) 


At this instant let the voltage be increased to 1', 'm > i such that the line 
current is again or the motor current </, nl Then 


Uc 1 if inu\ 


r. 

(A, + A-/ si )* 1 • A i + A g’)* 


(62) 


and comparing (6i) and (62) there results 

111111 '/ * 
t 

rn.'ix 


J 7 / 

il/n ~ I , 


(63) 


The initial transformer 


4 



tap at start t.v„ -• 1 1 is, by (62), 

1 1/ ri 

(A, + A a ') 2 + 1 A', + AY/ » 


(64) 


If the load torque (including torque for acceleration), as function of the 
slip, is T{s), then the slip s» at which minimum current occurs must 
satisfy the equality 

M _ 33000m, a/ 

W 27m, 746 5* (A, + Ri'/sj + <A'i + AY) 2 


(65) 
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Since the load torque T(s k ) is usually given as a curve, this is best solved 
by plotting the two sides of the equation against slip and determining 
s k from their intersection. 

Starting compensators are built as complete units including the auto- 
transformer, relays, undervoltage releases, and contactors all enclosed in 
a cabinet. The relays operate automatically to change taps on the auto- 
transformer at predetermined values of current. 

21. Wye-delta Starting 

Figure 34 shows a 3 -phase motor with 
all leads brought out and connected to 
a triple-pole, double-throw switch so 
that the windings may be connected w\e 
for starting and delta for running. When 
connected wye the volts per phase are 
reduced to 1 \/3 of normal with a corre- 
sponding reduction of 1 v3 in starting 
current per phase, or one-third as much 

Fig. 34 W '<• delta starling lint ‘ * tarti "" rurr( ' nt “• for the delta 

connection. The torque, being propor 
tional to the square of the current, is reduced to one-third. 

22. Wound-rotor Motor with External Resistor 

The wound rotor motor with adjustable external resistor oilers the 
best, but most expensive method of starting, since, as has already been 
pointed out, maximum starting torque may be obtained with moderate 
current. As the motor comes up to speed the resistor is cut out in steps 
until the rotor is short circuited under normal running conditions. Thus 
optimum starting conditions do not vitiate good running characteristics. 
Suppose the resistor to be cut out in steps so that the current will vary 
between „ and and let the total resistance in the rotor for any 
stage k be r*. Then by (58) the current decreases from a maximum, (66), 
at slip s k 1 to a minimum, (67), at slip s k . 

A,, ax = - - - ( 66 ) 

\ (*. + n s< ,)* + A -s 

I nun “ (67) 

V (/f, + n Si >* + X- 
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Now by (66), since the maximum current is the same for every stage, 


By '66). (67). and (68) 


n* 1 _ 

Sk S t j 


ru\ 

r / 


1 ^' - -V 2 - Ifi 

Ml’. V s - A*, 


- constant 


( 68 ) 


(69) 


Finis there is a fixed ratio between successive resistances, ami the slip 
s, at any transition point may be calculated from (68) starting with 
.S„ = 1. Now either the starting current can lie specified as / I11MV and the 
final current peak allowed to be what it may, or the final <111 rent peak 
can be specified and the starting current allowed to be wha* it will, but 
both specifications simultaneously are. in general, incompatible. 

Jn the case. Fig. d5, where the starting current is to be* limited to 
for s () 1, (66) gives the necessary resistance ri and (671 then gives the 

slip \*i at which the current becomes Successive values of r f , 1 

follow from (69), and corresponding slips from ( 08 • , until the rotor is 
finally short-circuited, and the current peak goes to a value determined 
bv (66). 

In the case where the final current peak is to be held to a limit 
the* slip at which this occurs if found from 166). and the resistance stej s 
arc* given by (69). The starling c urrent may be large! or smaller than 




Fig 35 Starting in clc with Ism Fig. 36 Stalling cvclc- with 

it* on initial current limit on current 


Current diagrams may also be constructed on the basis of a fixed 
number of steps, or on other assumptions, but the general procedure is 
along the lines outlined above. 

It is sometimes required to determine a starting cycle* in which the 
torque is not to fall below a minimum value 7 ',, and maximum torque 

r is to be available at start. Fig .* 7 . This t y< lr yields fastest ac celer 

ation. The rotor resistance to give maximum torque at standstill must be 

r, - \ Hr I \ ’ 
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and this is reduced in stq>s as the motor comes up to speed. By (60 
and (59) 

Tmn = _ J* *> 1 + *1 

2 (R\ + VRc + '*,) 


(70 1 


and solving for i|, one can determine the slip at which the resistance is 
to lie reduced from ri to a value r* which satisfies the condition 


T = r * 

* nun 




m.IV 


5. f/e. + ri '.v,) 4 + A' 2 


Ai (/^i 4 /'a / A 1 ) J + A 2 
which yields r> = nsf (71) 

With this new value of rotor resistance the motor accelerates to a slip 

(72) 



r« , 

.V*2 — - = Si 

ri 


when the rotor resistance is changed to 
r* = ro.sr. The process is continued until 
at the final step the rotor is short-cir- 
cuited. At the final short-circuiting of 
the rotor (.s 2 in Fig. 37) the torque ma\ 
jump abruptly, since the rotor resistant e 
is not necessarily the value required by 
(71) for smooth transition. To avoid this torque jump, the short-cir- 
tuiting can be made at a slip .s' which satisfies the condition 

r nt\ l r __ w i] \ r 

.s' (A?t + r s'V f A - ~ .s' [R x + R>' 7')* +~X* 


Fig. 37 Starting iscle with limit 
nil torque 


from which 


,=r ’*ll 

I Rr + A' 2 


(73) 


Example: A 3-phase, 1 '-connected, 60-cycle, 220-volt, 5-hp, 18(X>-rpm, 
wound rotor indue lion motor has the following constants: R x — 0.545, R« = 

0. 511, V, + Vj' — 1 AS. The” slip at full load is $ = 0.05. The line current 
during the starting cycle is not to exceed 3 times normal current. The load 
torque equation is /’(.s) = 10 4 0.1(1 -- s) ! lb-ft. Investigate the different 
starting methods, neglecting the exciting current. 

1 . Line start 

Normal current / - - = 11.07 

\ (0.545 4 0 541 0 05)’ 4 1 68* 

V i, .. 33000 X 3 0.54 1 

Normal torque l - - 11.0/- = la. 6 lb-ft 

JjtISOO X 746 0.05 
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P7 

Starting current 7 ( », = ~ -=. 5 

V (0.545 + 0.541 1 2 + 1.08 2 

Starting torque 7’,,,, = 0.01175 X 0.541 X 05 5- =• 25.0 Ib-ft 

The starting current is nearly twice the allowable line current, which pre- 
dudes this method of starting. 

2. Compensator starting 

The maximum permissible line starting current is /’, im = 5 X 11.07 « 55.2 
amperes. By ( 64 ). the initial transformer tap is 

( 127 V 1 1 

(0 = 1 — ) 1 w 

\55.2/ [(0.545 + 0.541 f 1 08- f 4 

giving an initial motor current of 1.58 X 55.2 45 S amperes and a starting 

torque of 

7 1 ,.!, = 0.01175 X 0.5 H X 45.8’ - 1 >.4 Ib-ft 


By ( 65 ). the slip at which the tap is (hanged satisfies the equation, 

10 + 6 . 1(1 - = 0.01175 ' V> 1 

>, 0.515 + 0.511 a, 1 OX- 

from which it is found that .s, - 0.108, and the minimum current, b\ ( 61 ), is 

127 1.58 


7 nun 


15.80 


V (0.545 + 0.541 O.lOtSi* f 1 OS’ 


Hence by ( 63 ) the new transformer ratio is 


a* 



1.5S 


15 80 
55.20 


0.81 


which, being less than unity, means that the motor would be thrown direc llv 
on the line at this instant. The line 1 urrent at the instant after change-over is 

/ - 1.58 X 21- HO 

and the torque jumps to 

TV = 0.01175 X *— 1 21 NO-' 28 lleft 
' 0.108 


5. Wyc-dclla starting 

Suppose that a motor draw-ing the same line < urrent and with the same torque 
characteristics as specified in the example can be designed for a delta running 
( (inflection, but may be started wyc-c onnei ted. The starting < urrent per phase* 
in delta with 220 volts across the winding is 04.5 1.7 4 50.0 ani|>eres. If 

connected in wye, the voltage across each phase is icduced b\ the \/5, ancl 
the new phase and line current is 40.0 1 75 ~ 21.2. This is below* the per- 
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missible maximum line current. The torque, however, being proportional t<» 
the square of the current is one-third of the delta starting torque, or 25.6 * 
= 8.5 Ib-ft. This is below that required by the load, and therefore wye-delta 
starting is not suitable for this case. 

4. Wound rotor ( current limitations) 

Maximum starting current is 55.2 amperes. This will require a total rotor 
resistance ( referred to the stator) such that 

55.2 = - - or r\ = 2.88 ohms 

V (0.54 5 + r,f + 1.68 2 

At this current and resistance the starting torque is 

T - 0.01175 X 2.88 X 35.2* * 57.3 lb-ft 

whic h is several times that required by the load. 

If it is desired to have the fewest possible steps in the external resistance, 
then minimum current may be determined by finding the slip at which the 
torque with /| = 2.88 ohms in the rotor is just equal to the load torque. How- 
ever, by taking a higher value for the minimum current more steps, but faster 
acceleration and smoother starting are possible. In the present case, try / mm 
-- 20 amperes. Then by (6q), 

rj _, , Vt 1 27 . 1 . 1.2 )•’ - 1 .68 s - 0.545 
n V( 127 20)- - 1.08- - 0.545 

And by (68 », starting with a„ =- 1, the slip at which the current reaches a mini- 
mum is 

a i - 0.52 X 1 = 0.52 

At this slip the torque is 

1 88 

'/’,!■ - 0.01175 X -X2(F= 26 lb-ft 
0.52 

Repeated use of (68) and (6q) and the torque equation yield in succession 



0 

1 

2 

5 

4 


ri 

2.88 

2.88 

1.50 

0.78 

0.541 

( rotor resistance) 


1.00 

0.52 

0.27 

0.14 

0.05 

(full load slip) 

r k 


26 

26 

26 

15.6 

(full load torque) 


57.5 

57.5 

57.5 

55.2 


(peak torque) 


At the third step, when the rotor is short-circuited, the current jumps to 

- 12 ' - = 26.0 
\ (0.545 + 0.541 0.14) ‘ + 1.68- 

an>) Oir lormic lo 7'.) - 0 01175 26. ‘i- = .4.4.2 

0.14 
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§23 The Double Squirrel-cage Induction Motor 
Wound-rotor (maximum torque at starO 
The rotor resistance for maximum torque at start is 

n = Vo 54 S- + 1 ( >8 - = 1 7(> ohms 
and starting current is 

127 

— 7 — t amperes 

V (0 545 + 1 7M'+ 1 08' 

I his exceeds the allow able starling c urreni ol *4 2 ampeies \e\ c rtheless, the 
calculations will l>e completed Maximum torque is, b\ (6o>, 

T nmx « 0 0117S- 127 41 II. f I 

2(0 S4S + \ 0 SIS + 1 ()S ) 

Let minimum toique he taken as / „ „ - 10 lb it Ihen 1 \ 1701 
41 _ (0 S4s + 1 7f» \,i f 1 os 

?( > 20 sis + \ 0s4s + 1 OS (1 70 

which is satistied 1»\ \i = 0 W I he new resistance lot ilu iotc>i at tins slip is, 
h\ (71), 

; 1 70 X 0 W -= 0 20S 

Since this is less than the rcitcn icsistancc <>l 0 sll ohms the icitcu would lie 
short-circuited at this step anc 1 the torc|uc lumps to 

7, ' — 00117s ^ l2 ' 10 2 Hi It 

0 W (0 Sis + 0 sll 0 4**1 4- 1 f>S 

I he abrupt jump m torque could haw been .ixoidcd according to (73) b\ 
^hoit circuiting the rotor at a slip 


1 It) X 0 ^41 
0 515 4-1 f>S 


0 552 


23. The Double Squirrel-cage Induction Motor 

(iood running characteristics high c Huh ne v, high power facto?, 
and close speed regulation call for low rotor resistance and sma 1 ! 
exciting admittance On the other hand, good starting characteristics 

high torque and moderate starting cur 
rent require a high rotor resistance and 
low reactances These apparent 1> incom 
patible requirements for good running and 
good starting characteristics in the same Fig. 38 
machine are reconciled in the double squir 

rel-cage motor. Fig 38. The outer cage consists of high-resistance bars 
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of small cross-section, sometimes made of brass. The inner cage consist* 
of low resistance bars of large cross-section. The rotor frequency is high 
at starting, and the consequent high reactance excludes current fron. 
the deep conductors and thus the inner cage contributes only moderate 
starting torque. The outer cage with its high resistance and relatively 
small reactance contributes a major share ot the starting torque. As 
the motor speeds up the reactance decreases and the rotor resistances 
Income the principal components of the impedance, and thus near syn- 
chronous speed the low-resistance inner cage carries the bulk of the 
current and furnishes the major portion of the torque. The resultant 
torque may be thought of as the combination of the torque-speed curves 
of the high- and low-resistance cages respectively, as shown in Fig. 39. 
'Phe relative 1 behaviors of the two cages may be summarized in the follow- 
ing table, in which primed quantities refer to the outer high-resistance 
cage and double primed quantities to the inner low-resistance cage: 



High 

Low 

Start 

a?-/, \y\ i»f\ v 

rs, w, //, ir, r 

Run 

R», /»*, l‘f\ 7", KIT.", Reg.' 

R ", AY. AY, /»', PP, r, EH.', Reg." 


A considerable range in resultant charac teristics is obtainable through a 
judicious selection of the design constants of motors of this type. The 
NTLMA Standards specify 0 classifications. 



Fig. 39 Torque speed char- 
acteristic of a dou- 
ble squirrel cage in- 
duction motor. 


■ — vw' / TOP- 

R, X, 


T 1 




Fig. 40 Equivalent circuit of the dou- 
ble squirrel cage induction 
motor. 


The equivalent circuit of the double squirrel-cage motor is shown in 
Fig. 40a. The mutual reactance between the two windings is A'*, = AY 
for a high- and a low-resistance bar in each slot, since any slot or tooth- 
tip tlux caused bv the upper bar current links the lower bar. However, 
when the two cages do not have the same number of slots, A' m < AY. 
The equi valent circuit may be reduced to Fig. 40b. 










§26 Changing the Applied Frequency x g x 

24. Speed Control 

The speed of an induction motor may lu* regulp ted in five practicable 
ways: (1) by changing the number of poles. 1 2> h\ changing the applied 
frequency, (3) by rheostatic control ir. the rotor. Ill by introducing 
applied voltages of proper frequency to the rotor, ami t5) by mounting 
the stator in bearings and driving it with an auxiliary motor. The 
induction motor is essentially a constant-speed motor and is not sensitive 
to speed control by variation of the stator vnltagi. 


25. Changing the Number of Poles 

The synchronous speed of an induction motor is 

n -- 12(/- 

P 

thus inversely as the number of poles. If the winding i regrouped to 
provide a different number of poles 'usually 2:1), or if the motor is 
constructed with two or more independent windings having different 
number of poles, several discrete speeds may Ik* obtained. However, as 
the number of poles is increased the !lu\ per pole (for the same flux 
density) is decreased proportionately. Moreover, a regrouping of the 
winding results in different pitch factors. Therefore, the applied voltage 
must be changed for the different speeds, it the motor is to operate 
efficiently, and this calls for a variable voltage source of power, such as 
is feasible in elec trie ship propulsion. Multiple pole motors usually have 
squirrel cage rotors, since the* number of rotor poles is then automatically 
the same as the number of stator poles. Otherwise a wound rotor would 
have to be wound for the same pole combinations as the stator, and 
changed coincidentally. 

26. Changing the Applied Frequency 

The speed of an induction motor varies directly as the frequency, but 
sj>eed regulation by this means is not feasible unless a separate prime 
mover is used to supply the power, as in electric* propulsion on ships. 
Multiple-pole induction motors are often used to drive ship propellers, 
and are supplied with power from turbogenerators having a sj>eed range 
sufficient to permit smooth speed control between the definite speeds 
corresponding to the different number of motor poles. 
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27. Rotor Rheostatic Control 

For a given torque the slip increases directly as the rotor resistanu 
(see Kq. 38). But the rotor loss also increases proportional to the rotor 
resistance, and for large values of slip this loss constitutes the bulk of the 
total motor losses. For this reason rotor rheostatic speed control is not 
economical. Nevertheless, for loads having intermittent duty cycles 
consisting largely of accelerating and decelerating jjeriods, as for steel 
mills and hoists, and where large peaks in the power drawn from the line 
will not be tolerated, the Ward-Ijconarrl system employing wound-rotor 
induction motors with rheostatic control, driving d-c generators which in 
turn supply the main d-c motor, are much used. In such cases, Fig. 41, 



Fig. 41 I 'hr Ward -Leonard system. 

the motor generator set is provided with a flywheel which yields it^ 
kinetic energy as the speed decreases, and absorbs energy as the speed 
increases, and in this way equalizes the power taken by the induction 
motor from the supply lines. The rheostat, called a slip regulator . is 
usually a water resistor which is adjusted automatically by relay control 
so as to regulate the motor input at a constant value. 

28. Concatenation 

Two wound rotor induction motors on the same shaft and connected 
so that the stator of the second motor receives its input from the rotor 
of the first motor constitute a concatenated or cascade arrangement, 
Fig. 42. If the first motor has p x and the second p> poles, synchronous 
speed for the two motors at frequency f x are 

Wi = 120— (74) 

Pi 

»; = 120 f- 

h 


( 75 ) 




Concatenation 

Calling the slips for the two motor* v, and s. respeetiuh 
-shott b|X‘ed ib 

n = 120 ^ (1 - \ { ) = l>(d n \ i ,)(/•'' ,] 

/> y> 

Irom which s t =■ — ^ * P 

Pt + P ~ ' />i />. 4 /> 

and therefore the bvnehronou-. speed o) the set is 


1*3 

the eomrnon 
e 1 (76' 

(77) 


120 /, 

p\ 4 /> 


(78' 


fi 



Fig 42 Induct 1 in n it >rs in < isc uU 


In terms of tlu s\mh?onous spied // of tin sit in cast id< tin slip is 


n 

s — 

II j _ » /> f />. 1 /> •'. 

« II P\ 

(79) 

uliile irom (76) and < 

omparison with (791 



~P ¥ [pi p is. 

/>. 

(80) 


-t- 

T 4 ' 

1 

(8d 


s (/> + /», )% i_ 

p f /»|\ (1 4 />e 

(82) 

Note that a + h — ^ - -f 1 

p 1- p\ p 4 pi 

(83) 


5 -ft I'-fl 

«i ih 

(84) 


It is thus possible to obtain thru basic speeds from a pair of induction 
motors, corresponding to No 1 motor e ounce tid to the line (74;, No 2 
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motor connected to the line ( 75 ), and the two motors in cascade {78 . 
Furthermore, if the rotor of the second motor is connected to an external 
resistor, the s|jc«1 can he adjusted over a considerable range. 

The rotor frequency of the first motor is /* = $ 1/1 and this is the stator 
frequency for the second motor. The rotor frequency of the second 
motor is s 2 f« = sis 2 /i. All reaclances are proportional to the frequencies. 


(a) 


•" 1 -vvv'' -nnnn- 

• Ri x, 

1 

V, 

I 
I 
I 

i. 

Fig. 43 Fig. 44 

The equivalent circuit of the first motor, Fig. 43, is the same as shown 
in Fig. 16, and recalls that the actual rotor terminal voltage is related 
to the equivalent circuit voltage by the relationship IV = ai\\ s u and 
also 

Wo/*. 

Wlfll 

The e<juivalent circuit of the second motor is shown in Fig. 44a. Since 
the reactances are in terms of line frequency /i it is necessary to multiply 
them by .s*i when referred to the stator frequency /* = S\f\. Now for this 
equivalent circuit 

r 2 = zh 

and before it can be joined to the equivalent circuit shown in Fig. 43, 
the voltage must be changed to IV and the current to //, thus 

IV - 5 r, = - 5 = (°f mi z)h> = =! u 

*\ .v, w 2 \s t wo / Si 

The new equivalent circuit is Fig. 44b, and this may now be connected to 
that of Fig. 43 to form the equivalent circuit. Fig. 45, for the two motors 
in cascade. Since S\S« may be replaced by 5 in accordance with (8o), and 
Si by a + bs according to (8i), the behavior of the set is seen to be a 
function of the single parameter s. To a first approximation the exciting 





28 Concatenation 


admittances may be moved to the line terminals, and the load current 
then is 


\\V J * 0 '' — y Wv vr C'C' 2 <> \\\^ c*c wV C?M 

i Rj X] s ^3 X* -- Xj" s Xj" 

! s R o~ ‘ *’ s 

v, ,3 3 


Fig. 45 l iimJmt c ii* ml i u com at* natul nnitois 
1 he |)ow(T input to the load tin nit hemme* 

.Jn AV I rx” , r/\ f . 


l\ - m i( 


</ | As 


and subtracting the topper lov 

w,( A*i i R ' | n" i r.")/* 
haves for the mechanical powe? output 


I he torque is 


2 irw«M — N 


f ( A* ' + /i"i /,t 1 ' 1 • 1 ']/- 

L (/ I An s J 

J4>5,. * , 

\* 2 ir Hu L * i i In 


t r, ) , I 

*i f A s 


I his equation does not, howevet, show the pmpir division of total torque 
between the two motors Retelling to 1 ig 45 the elh< live resistance in 
the rotor (ire uit of the tirst niotoi nnv bi wiitten 

* - (k: , h* i '-) 1 

and since the torque oi a motoi i^ propoitioind to the total resistance in 
its rotor ciuuit divided bv its slip 

/, - 44.25 - /’ - U 25 - / 

2mii sj 2tth u n M 


14 25 h ( Kl i r '- t r ”)n (go) 

2ttHu \ »/ t /m s / 


Likewise for the second motor. wbo-e «-\ m hioiious speed at frequency 

f\ is m 2 . 
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T, - 44.25 — — — P = 44.25 — — 7 J = 44.25 ^-a r ±-P 

2ir>h s n 2 s 2im 0 s 

Hence for small slips (s — ► 0) 

r l\ = b = pi 

Ti a pi 

and the torque is divided in the ratio of the number of poles. 


(pi 


(92 1 


29. Speed Control by Applied Rotor Voltage 

The general equations (14) to (40* for the induction motor, and the 
resulting equivalent circuit, Fig. 16, were set up on the assumption that a 
voltage \\ was applied to the rotor, as well as a voltage V] applied to the 
stator It is evident from (31) that the torque depends not only on the 
magnitude of \\ n but also on its phase angle 0O, so that the applied voltage 
V <2 may feed power to, or take power from, the rotor. Now if speed con- 
trol is to be secuiod bv means of a voltage applied to the rotor, that voltage 
must have the same frequency as the rotor induced voltage at all values 
of slip, that is A- sf\. Moreover, it must be possible to vary both the 
magnitude and phase angle of the rotor applied voltage, and the electrical 
power taken from the rotor should be returnable to the line as electrical 
power (the constant torque drives), or returnable to the shaft as me- 
chanical power (the constant horsepower drives). There are several 

systems in common use for accom- 
plishing these requirements, and 
they all make use of an auxiliary 
commutating machine which func- 
tions as a frequency converter and 
in some cases as an auxiliary motor 
or generator. 

30. The Leblanc Control System 

The Leblanc control system is 
shown in Fig. 4(>. The frequency 
converter (F.t\) is mounted on the 
same shaft as the wound rotor induction motor This frequency 

converter has an armature winding with slip rings at one end and a com- 
mutator at the other, just as in a rotary converter, and there are three 
brushes, 120 electrical degrees apart, bearing on the commutator. The 
stator of the frequency converter consists only of a magnetic core 
there are no stator windings. An autotransformer with tap adjustments 
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permits the voltage applied to the slip rings of the converter to be varied. 
When the set is running at slip r the frequency induced in the motor 
rotor is /* = s/i, and it will suflice to show that the frequency is 
the same at the brushes of the converter. When frequency j\ is applied 
to the slip rings of the converter, a rotating field of this frequency is set 
up with respect to the armature by the polyphase winding. But the arma- 
ture is rotating at frequency /,< 1 - .v), and therefore the field is rotating 
at frequency f\ — Ad ~ s) - s/i = {■> with rosjnrt to the stator or 
brushes, and this is the frequency picked olT by the brushes. Thus a 
voltage of proper frequency is available foi insertion in tin* rotor circuit of 
the induction motor, and the magnitude of this voltage can be adjusted 
by means of the autotransformer. Moreover, bv shifting the brushes, 
the phase of the voltage can be adjusted and the power factor of the 
motor improved. However, the frequency converter does not act as an 
auxiliary motor, it merely serves as an adjustable connec ting link between 
the motor rotor and the line. Thus speed control is possible without 
the high losses incurred by rheostatic control 


31. The Kramer Control System 

The Kramer control system and its modifications arc* shown in Fig. 47 
The simplest system. Fig. 47 a, has an a 1 commutating machine on the 



(a) (b) (c) 


Fig. 47 The Kramer systems. 

(a) constant horsepower drive 

(b) constant horsepower drive 
W ) constant torque drive. 

shaft of the main motor, the stator of which is excited by the rotor voltage 
of slip frequency / 5 = sf,. This is also the voltage from the commutator. 
By varying the autotransformer, the regulating machine can lie made to 
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deliver voltages of different magnitude to the rotor of the induction 
motor, thereby effecting speed control ; and by shifting the brushes the 
power fac tor may be corrected. The regulating machine acting as a motor 
converts the power, taken from the induction-motor rotor, to mechanical 
power on the shaft. If the maximum slip is to be s m then approximately 

size of regulating machine __ ^ 

size of induction motor RI 1 s„, 

and therefore wide-speed adjustment requires a large and expensive 
auxiliary machine. For low-speed drives the auxiliary machine is par- 
ticularly large, while for high-speed drives design difficulties are en- 
countered. These disadvantages may be circumscribed in the modified 
Kramer drive *hown in Fig. 47b. Here the a-c commutating machine is a 
separate machine in fact a rotary converter receiving power from the 
slip rings of the induction motor and converting it to direct current, which 
is used either to drive a d-c motor on the main shaft. Fig. 47b, or to return 
power to the line. Fig. 47c. The former is called a constant horsepower 
drive, and the latter a constant torque drive. The Kramer system permits 
speed above as well as below synchronism. 

It is clear that the commutator voltage is determined by the field 
excitation of the d c machine, and this in turn is converted to alternating 
current at a fixed ratio by the synchronous converter and fed into the 
rotor of the main motor. The converter will run at suc h a speed that the 
frequency at its slip rings will match that at the slip rings of the main 
induction motor. If the excitation of the d-c machine is increased, its 
commutator voltage increases and the electromotive force fed into the 
rotor of the main motor likewise increases, thereby causing the speed to 
decrease. The d c machine is then acting as a motor, and its output may 
be utilized on the main shaft (constant horsepower drive') or returned to 
the* power system (constant torque drive). Suppose that the excitation 
of the d-c machine is weakened. Its commutator voltage is reduced, and 
the voltage injected into tho rotor of the main motor likewise decreases, 
thereby causing the speed to increase. If the excitation of the d-c machine 
is reduced to zero, the only external voltage across the rotor of the main 
motor will be the drop through the armature impedance of the syn- 
chronous converter and the speed will be close to synchronous. If, now, 
the field of the d-c machine is reversed, the voltage injected into the main 
motor rotor can be made sufficient to cause the main motor to speed up 
above synchronism; or for that matter oj>erate at exactly synchronous 
speed (in which case the synchronous converter is not rotating and is 
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simply transferring direct voltage from the d-c machine to the induction 
motor rotor). Thus by field control of the auxiliary d-c machine the S|HH?d 
can be adjusted over a range below to above synchronism. 

Problems 

1. If the main motor is 12(X)-hp, OO-eytles, and a plus or minus 30 j>er cent 
>peed regulation is desired, what should be the standard frequency and jnnver 
rating of the synchronous converter and of the d-c machine? 

2 In the constant torque drive. Fig. 17(o, why is an induction generatoi used, 
rather than a synchronous generator? 

.1. The constant horsc|H>wer Kramer dri\e is usually more expensive than the 
« onstant torque drive, in spile of the fact that it has one less m»n hme. Kxplain 
why this is so. 

4. Consult other sources and prepare a report, accompanied by complete dia- 
grams, describing how a Kramer s\stem is started. 

32. The Scherbius System 

In the Scherbius system, an at 1 mimutating machine. Fig. 48, is 
directly connected to an induction machine, both the commutator and 
held of the special motor arc fed from the .dip rings of the main induc tion 



motor, and therefore supplied with slip frequency power. Such an ar- 
rangement will operate below’ or above synchronism but will not operate 
at, nor pass through, synchronism, because the* slip-ring voltage would 
then be zero. In order to circumvent this deficiency, a variable frequency 
converter, called an olnnit drop ext iter, driven by the main motor, is in 


xgo Ch. 4 The Polyphase Induction Motor 

series with the auxiliary machine field. This machine is essentially a 
synchronous converter armature whose commutator voltage bears a 
fixed ratio to its slip-ring voltage, regardless of speed. Its connections 
are such that the rotating field established by the alternating currents is 
in an opposite direction to the mechanical rotation; so that at synchro- 
nous speed the field is stationary in space and the commutator voltage is 
direct current. The ohmic-drop exciter will therefore furnish d-c excita- 
tion at the synchronous speed. The a-c commutating machine operates 
more or less at constant speed, and therefore its commutator voltage is 
directly proportional to its excitation. By changing taps on the auto 
transformer supplying its stator, this excitation may be changed, and thus 
bring about a change in commutator voltage and consequent change in 
speed of the main motor. 


Load 


33. Mechanical Speed Control 

The rotor of an induction motor rotates at (1 - s) synchronous speed 
with respet t to the stator, and in an efficient motor the slip s is very small. 

If the stator itself is rotated at a 
speed i Aw, the rotor speed must 
change by this amount, that is 

^ (1 - s ) n 1 l A// 

It is immaterial by what means 
the stator is driven. In the Ros'* 
man drive, Fig. 4 ( >, the stator of the 
main induction motor is mounted 
in bearings and can be driven in 
either direction by an auxiliary 
d-c motor which receives its power 
from a separate motor-generator 
set. The power supplied tor received) by the auxiliary motor is 
♦ 7 A;/|, and thus this motor mus be Awi Mi as large as the main 

motor. This is a constant torque drive. 

34. The Induction Generator 

I he power and torque equations of a polyphase induction machine, as 
given by (32) and (38), are respectively 

• 1 ~ * 1 - * u „ 

/ ■> O — / 2 

* (*.+ ;)■ + <-Y 1 + .\y>’ 
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l'hcn depending on the value of the slip, s, there are the three possible 
operating ranges for the induction machine: 


slip 

$ < 0 

0 < j < 1 

j > I 

power 

negative 

positive 

negative 

torque 

negative 

positive 

positive 

action 

generator 

motor 

brake 


Thus by driving the motor backward (slip greater than unity) the ma- 
chine acts as a brake, returning power to the supply lines. This possi- 
bility is sometimes made use of in elect rii locomotives, where it is called 
regenerative braking . It is also sometimes used with hoists and cranes. 

If the motor is driven above synchronous spe d (negative slip), both 
the torque and the power are seen to beconv* negative, that is, the 
machine is a generator. However, the induction machine is not self 
exciting, nor can it maintain a fixed frequency independent of load and 
speed. For these reasons it must be operated in parallel with sym hronous 
generators of sufficient capacity to provide its exciting current and to 
maintain constant voltage and frequency. (It is possible to provide 
magnetizing current from a capacitor bank once the machine is in oper- 
ation, but even in that case a synchronous generator must be* available 
for starting, and after the synchronous machine is disconnected the 
frequency will vary with the load.) 

The performance characteristics of the induction generator, operating 
on a bus of constant voltage* and Jrequencv, may be analyzed either by 
the equivalent circuit or the circle diagram, in the former case, the 
currents, torques, and power are calculated exactly as for an induction 
motor, but using negative values of slip. I’he vector diagram is easily 
constructed bv reversing the* currents in the motor diagram. In the* latter 
case the circle of Fig. 2.$ must be completed on the under side* of the 
diameter O' I) and the operating point taken on this lower semicircle. 
The operating range, as in the case of the motor, is restricted to a narrow 
range in values of negative slip usually to less than 5 per cent. Over 
this range, as is clear from the circle diagram, the quadrature component 
of current is practically constant, and therefore the induction generator 
requires a lagging component of exciting current (or delivers a leading 
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component of current) independent of the load. Thus a capacitor may 
be used to absorb this current, thereby furnishing excitation to thi 
induction machine. 

Induction generators find an application in small unattended hydro- 
plants operating in parallel with large systems. Such installations are 
extremely simple and foolproof no governors (except for over-speed », 
no exciters, no synchronizing, no hunting, and no loss of stability. In- 
duction generators are also used as auxiliary machines in connection with 
speed control systems for large motors. But in general, due to their 
low power-factor and poor efficiency, they cannot compete with syn- 
chronous generators in major power developments. 

Problems 

1. Show that the middle* expressions in Kqs. (2) and (3) actually reduce to the 
final expressions for the conditions indicated. 

2. If the phase angles lirk m in (u are reversed, what form does (4) take and 
what then is the phweal significant e of its terms? 

5. Write down in parallel columns the corresponding equations and definitions 
for the transformer and for the polyphase indiution motor, noting carefully the 
similarities and differences. Show also the equivalent circuits and vector 
diagrams for the two. 

4. A 3- phase, 60-cycle, 410-volt, 15 hp, 1800-rpm induction motor has the 
following data: 

Stator: wye-connected, 112-turns per phase, 2 coil sides per slot, 4 slots per 
phase per pole, coil pitch 12 slots, resistance per phase at 75 C 0.55 
ohm. 

Rotor: squirrel cage, 57 bars, skew one slot. 

(a) What are the skew, pitch, and distribution factors for the stator and 
rotor respectively? 

fb) What is the voltage transformation ratio between stator and rotor? 

(c) What is the current transformation ratio between stator and rotor? 

(d) What is the rotor induced voltage at standstill? 

(e) What is the rotor induced voltage and frequency at 0.015 slip? 

5. Derive (39^ and (40^ from 138K 

6. A 5-phase, wye-connected, 00-cyde, 220-volt, 10-hp, 1800-rpm induction 


motor has the following test data: 


Running ii*H 

Blocked rotor 

220 voltage 

64 

6.4 current 

62 

256 watts 

1622 

150 friction and windage 




Problems 


m 

Stator (1-c resistance at /5 C is R\ = 0.242 ohm per phase (increase 25 |>or cent 
for skin effect "i 

'a* Determine the six motor constants for 

(1) the approximate equivalent circuit 

(2) the exact equivalent circuit 

(b) What is the slip corresponding to rated power output? 

(c) What is the slip corresponding to maximum torque? 

(d) What is the maximum torque? 

7. Using the approximate equivalent circuit, calculate and plot against s|>ecd 
the following characteristics for the motor of Prob. 6: (1) stator current, 
(2) stator pf, (5) core loss, (4) stator copper loss, (5) rotor copjKT loss, (6) total 
loss, (7) power output, (8) power input, PM efficiency, (1(M torque. 

S. Construct the circle diagram for the motor of Prob. <> and trom it plot 
against output the following characteristics: (D stutor cumti., (2) stator pf, 
(5) losses, (4) input, (5) efficiency, (<>) torque, (7‘ speed. 

9. Compare the calculations of Probs. 7 and 8 with respect to (1) accuracy, 
(2) time, (5) information com eyed. 

10. Superimpose the exm/ c irrle diagram of Sec. 10 on the approximate circle 
diagram of Prob. 8. Locate the /.ero and unit slip points on the c\ac t circ le. 

11. The motor of Prob. 0 is used to drive a load having a torque requirement 
of T = 15 + ( rpm ) L> 5 X Hr*. Investigate the possibilities and draw curves 
of current and torque for: 

(a) Line starting 

(b) Compensator starting 
(c ) Wye-delta starting 

(d) Wound rotor, limit on starting current to 5 time's normal 

(e) Wound rotor, maximum torque at start 

12. Two 60-cvcle indue tion motors of 6 and 10 poles, respec lively, are arranged 
for operation in cascade. What combinations of speed are possible? Jf the 
total rating of the set is 120-hp, how should each of the two machines be rated? 



5 The Single Phase Induction Motor 


i* Introduction 

Single-phase induction motors are employed where polyphase power 
is not available. Their use is generally restricted to small sizes because 
of their poor speed regulation, low ellicicncy and power factor, the ab- 
sence of starting torque without auxiliary means, and the reduced output 
in a given frame size as compared with polyphase motors. Single-phase 
motors are invariably the squirrel cage type, and are usually standard 
three-phase, wye-connected designs in which one phase winding has 
either been left out or is idle. Thus only two-thirds of the slots are active 
and the output is reduced accordingly. The presence of dissymmetry 
and single-phase forces result in unbalanced conditions leading to vibra- 
tion and noise. Nevertheless, because of the great number of fractional 
horsepower applications in both the domestic and industrial fields, the 
value of sales of single-phase motors is very great. 

2 . Principles of Operation 

The single-phase stator winding causes a flux stationary in space and 
pulsating in time. When the rotor is at standstill, the pulsating stator 
flux by transformer action induces rotor currents. Fig. la, which oppose 
the stator flux, but produce no torque with it, and therefore the motor 
will not start. But if the motor is once started by any of the means here- 
194 
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inafter described, the moving conductors will cut through the stator 
flux and have generated in them by rotation a set of currents. Fig. lb, 
orthogonal in space to the stator flux, and which are then properly 
disposed in time and space to react on the stator flux and produce torque. 

• Furthermore, the cross-field set up by the rotational generated currents 
reacts with the transformer induced currents to produce torque. This 
conception is known as the cross-field theory of the single-phase induction 
motor, and will be enlarged upon in Sec. 8. 

There is, however, another point of view, called the double-rreoking 
field theory, from which the characteristics of the single-phase induction 
motor may be developed. This theory makes use of the fact that a pul- 
sating field is equivalent to two equal and oppositely rotating fields, 
each of which develops its own torque on the rotor. At standstill the 
two torques are ecjual and opposite; but for any rotor speed, one of the 
torques dominates, because the slips are different. 



Fig. i Rotor voltages of Fig. 2 


the single phase 
induction motor. 

a. due to trans- 
lormer action 

b. due to cutting 
action 

3. The Double-Revolving Field Theory 

Assume the single-phase stator flux to be sinusoidally distributed in 
space, and varying sinusoidally in time. Then if 2t is the wavelength 
of the space distribution, the flux may be represented by 

sin — cos wt (**) 

T 

= ? £sin + sin ^ ~ 

= (forward wave) + (backward wave ) (xc) 
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That any function f(Xx ± w/) is a traveling wave of fixed shape and mag- 
nitude is easily seen by putting 

\x ± wt = constant (2. 


which then defines a particular value of, or point on, the function, and for 
any instant of time t there is a corresponding x for which the function has 
this same value. Indeed, the velocity with which the point travels k 
found by differentiating (2), 


dx _ w _ 

7 i ~ " X ” 


±v 


(3) 


the f + ) sign representing a forward traveling wave and the ( — ) sign a 
backward traveling wave. Thus the pulsating flux is expressible as a 
pair of oppositely rotating fields of equal magnitude.* 

If the motor speed is and synchronous speed is w, then the slips with 
respect to the forward and backward fields are 


s 


W — W II J _ Wo 
W CO 



(41 


CO 

St, - 


( — COo) 
u) 


1 4 *• =. 1 + fa = 2 - s 
/ 


(5' 


It is convenient to consider the single phase motor as two superimposed 
2-phase motors, having forward and backward rotating fields respective!) , 



Phase-2 

Fig. 3 Single phase motor equivalent to two 2 phase 
motors. 


as indicated in Fig. 3 . The actual stator winding of X\ turns contributes 


The exposition sometimes found in textbook' of putting cos «/ - 



and con- 


cluding that the pulsating field has therein lieen expressed as a pair of oppnsiteh rotating 
fields is hardlv acceptable. The notion of .1 traveling \\a\e or rotating field connotes some- 
thing haptH'ning in space and in time There is nothing alwut spare in it refers only 
to a time diagram. 
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.V, 2 turns to each 2-phase motor, and the stator currents are the same 
in each, so that the phase-1 ampere-turns balance is 


A’,/, 

2 


+ ‘Y’ ~ A’,/, 


But the currents in the phase-2 coils must be opposed in order to develop 
rotating fields of opposite direction, and their superimposed ani|K'rc- 
turns therefore cancel. Thus the two fictitious polyphase machines 
superimpose to form the actual single-phase motor. 

Each 2-phase motor has a stator resistance of r\ ohms per phase and a 
reactance of ohms per phase, and since the stators are in series, there 
must be 2ri = R\ and 2.Vj = \\ to satisfy the single pha*>e stator im 
pedanco.* 

Rotor quantities are referred to the stator as « since m i - 2) 


A'i V, 2 
A,.V ; . 



(61 


WjA j \ :■ . nit . , 

fn — / •» 

WiA|.Vi 2 a 

j /Aw.y^ j/ 2 

* 2 ;;/.. 


(7) 

( 8 ) 


4. General Equations from the Revolving Field Theory 

Now using subscripts/ and h to distinguish the forward and backward 
field 2-phase motors of Fig. S, but otherwise adhering to the conventions 
used in the analysis of the polyphase motor in Chapter 4, we can write 
the general equations for the motor. The stator voltage equation is 

Vi = V] j + V\ h - Z\l\ t + E l)f 4 i\l\u + En 

= lz\J\ + Enj + Em 

— Z\I\ + E[)f + Et)i, (q) 

in which Eor and E W, are the voltages to overcome those induced in the 
stator by the forward and backward rotating fields, and Z\ = 2z\. 

* It will he noticed upon superstition of the two motors with their stator coils roincidint!, 
that the mutual reactance between them must lx* the same as their *»c*lf reactance's, and since 
reactance varies as the square of the number of turns the over all reactance is 

*. + *• ** - 4 ' + 'V + 2 V “ A ’, 

fn>m which x\ — Xi 2 as before. 
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The two rotor voltage equations, referred to the stator, are 

0 = Eq/ + (iO) 

() = £«,+ - + jxj^hb (n» 

In (io) and (ii) a distinction has been made between the rotor ( referred i 
resistance for the forward field rj , and that for the backward field r". 
In the former case the rotor frequency is very small and skin effect i.s 
negligible, while in the latter case the frequency is about twice the stator 
frequency and the skin effect very high. 

For each polyphase motor the sum of the stator and rotor currents 
(referred) is the exciting current responsible for the main flux and for the 
core loss, as accounted for by the exciting admittances (or impedances) 


/»/ = /, + r* = YoE n/ = 

(12) 

z n 


U = /. + /'» = VA, = — 

(131 

Z 0 



5. The Equivalent Circuit of the Revolving Field Theory 

Equations (9) to (13) inclusive are interpreted in terms of the equiva 
lent circuit of Fig. 4 . 



Fig. 4 Equivalent circuit (revolving field theory). 

On Hoiked rotor test , s = 1 , the impedance through the rotor circuits 
is small compared with the exciting imj>edances, and the circuit reduces, 
approximately, to Fig. 4 b, and 

Vi & [/?, +jXi + ( r, ' + r 2 ") + jlxfih 

= [*, + j\ 1 + R/ + ./.Vo']/, 


(14) 
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from which it is clear that the measured test values of the rotor imped- 
ance are double the equivalent circuit values, that is, R t ' -• (r*' + r»') 
and AV = thus confirming the previous analysis. 

On running light test , s = 0 , the impedance through the r s ' branch is 
infinite and that part of the circuit is open, but the imjtcdanec through 
the r/ branch is small compared to the exciting impedance, Fig. 4c, and 
so 

Fl = + j\ 1 + Ra + j . .\*o + 

= (Ifo +./Ao)/l (15) 

Hence Z» = R n + jXn may be determined from volt, current, and power 
measurements under running light conditions. 

Solution of the equivalent circuit. Fig. 4, for the curn.ni* h/ and hi! 
gives the ] tower input to the rotor 

= /a/ 1 ) (16) 

\ ,v 2 - .v ' 


and subtracting the copjxr losses fr 2 7»,' 2 + r*"i 
chanical power output 


The torque then is (in synchronous watts) 

T= ' r 

( 1 — s) \s 2 - .i 


/? » leaves for the me- 
A*' 2 ] (17) 

/»' a ) (i8) 


which shows that the torque due to the backward field opposes that due 
to the forward field. The two torque curves 
and their resultant are plotted in Fig. 5. 

It is clear that the torque passes through 
zero a little prior to s = 0. 

6 . Single-phase Constants from Three-phase 
Measurements 

Any 3-phase induction motor may be con- 
verted into a single-phase motor merely by owning one phase. In fact, 
many single-phase motors are built on 3-phase motor frames and stators 
simply by leaving one stator phase winding out or idle. It may be 
shown that there is a definite relationship between the single-) >haso and 
3-phase constants of such motors. While this is most readily done by 
means of symmetrical components, the same results will U* obtained here 
from the double revolving field idea and superposition. 


T 
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Referring to Fig. 6, there is shown a 3-phase stator winding with 
phase a left open and phases b and c connected in series to a single-phase 
source. The currents /n/> and / nf are in time opposition. But as shown 


a 



a 


a 


Currents 



FORWARD FIELD BACKWARD FIELD 
(Positive Sequence) (Negative Sequence) 



RESULTANT 

(Single-Phase) 


Eaui valent 
Circuits 


Impedance 

Fig. 6 


pTT 

71 

I 


4 

> XfX 2 ’ 


by the time vector diagrams of Fig. 6, superposition of the forward (+ ) 
and backward ( - ) phase sequence diagrams (</ — /; — <) and (a — r — ft), 
yield the resultant single phase current /,„ - /„* since the sequence 
currents / (l ^ and /„. > cancel. Xow the two 3 -phase sequences develop 
fields rotating in opposite directions, and their respective equivalent 
circuits are as shown, having tot al impedances Z * and Z_. Then the phase 
voltages are 

£/,„ - + Z h (191 


E, n -- ZJ, t + Z I, . (20) 

and from these equations, and referent e to Fig. 7, 

E h , - Ei„ - E tn 

- Z,(/ ht - /, J 


- %\ 1 “A 3/, ( . ) + Z ( —jx 3/«+) 



— j\*MZ t + Z )/„* 

(21) 

Hence 

* ~ E " 
j\ HZ. f -Z ) 

(22) 


5 ■ 2~ It 

(23 ] 


The equivalent circuits of Fig. ft may be considered to refer to phase (7. 
If their solutions show that the load tomponents of I n in the two circuits 
are / 2 * and l £ respectively, then the power output is 
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P = 3 [**'(— ~ -)/ n -+ *J ,a ^ 

which agrees with (17). 

It is clear from (23) that the single -phase impedances are the sums of 
the positive and negative sequence 3-phase impedances; and at stand- 
still, 5=1, the reactances and resistances single-phase are seen to be just 
double the 3-phase values per phase. In other words, the constants 
per leg are the same, whether single-phase or three phase. 


I 

1 



^ ^ 

” jV3 la 

.2 

X 

< 

sin -V* cos wt 

k 

\ 

1 1 

2 

3 

/ N -f>T — 1 V 

a 

! ”i V5" la d 

O 

u. 

“O 

s 

^ \ y 

— x o-*1 X / 


0 


Fig- 7 

Fig. 8 C ml mu\ mg through u pul 
filing llux. 


7. Transformer and Speed Voltages 

Voltage may be induced in a coil by two different means: M) by Inins 
former action , in which the coil is stationary and the llux linking it is 
varied, or ( 2 ) by cutting action , in whiih the moving coil cuts through the 
flux. These are the familiar d<t> di and BLv terms encountered in the 
transformer and generator respectively. The latter voltage i* variously 
referred to as a generator, or speed voltage. Moth actions may occur 
simultaneously. 

Referring to Fig. 8, consider a coil of pitch pr moving through a 
sinusoidal flux density distribution 

B sin — cos w l (25) 

T 

in which w - 2 vf 

2 t = wavelength of the flux density 
The flux linked by the coil of axial length /, when its center is at Xn , is 

IB cos cot sin — dx 

Jto—pr 2 T 

= IB 1 [cos z(x 0 - *) - cos 1 (x„ + *)] cos « 
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4 > = -tIB sin — sin — cos ul 
t 2 r 


= 4> sm — cos w/ 


(26. 


where <I> is the total flux |K*r half wavelength, and K Jt is the pitch factor. 
Then by Faraday’s law the induced voltage in the coil, due both to the 
variation of the flux and to movement of the coil through the flux, is 

__ A d<t> __ A / a<t> dx \ i , 

C ~ ~ 10" rf/’ ~ ~ 10 s W» dt + o7/ 


A'/.Vl* [Vrf.ro 

”()* Lr dt 


cos 


TT.Vo 


cos w/ 


. TTXu . ."1 

w sin — sm w/J 


(27) 


Hut the position of the coil, as function of time, may be expressed as 


An7r 


= wo/ hence 


7T dX 0 
t dt 


w„ 


so that (27) becomes 
A’ 


/ si 

icr* V 


. ■ T.Vo Wo , TX 

sin w/ sin - — — cos w / cos 


?)- 


(28) 


o + c, (29) 


The iirst term is independent of the velocity of the coil and is obviously 
a transformer voltage C/, while the second term depends directly on the 
velocity and is a velodty voltage r,. It will be noticed that the velocity 
voltage is proportional to the velocity and changes sign when the direction 
of motion is reversed. This is taken care of in the equation bv the sign 
of wo. Note also that 



wit ! 1 

r, 

- 1 v, I 


w ! 


Now it is of the utmost importance to recognize that the above equa- 
tions are functions of both time t and space .v», and they may appear 
quite different when plotted as functions of t with .r« constant than when 
plotted as functions of x n with / constant. If the ( - ) sign in front of the 
second term of (29) be associated with the time function ( — w,» w) cos w /, 
then the space and time diagrams of (26) and (291 are as shown in Fig. 9. 

It will be observed that there is a radical difference in point of view* in 
constructing space and time vector diagrams. In the time diagram the 
vectors are conceived of as rotating in the counterclockwise direction, 
and one vector is considered ahead of, or leading, another vector if it 
arrives at a reference line first. Thus in Fig. 9 the flux <t> is 90 degrees in 
time ahead of the voltage r ft localise it reaches the vertical position 
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first. But in constructing a space vector diagram, the vectors are con- 
ceived of as fixed - not rotating and one vector is considered ahead 
of another if it is further along the positive direction in space. Positive 
direction is arbitrary and may be taken either way. Thus in Fig. 9 direc 
tion is measured positive in going from the quadrature to the direct axis, 
and thus the d-axis is shown 90 degrees in space ahead of the (/-axis. The 
flux <t> is a maximum in the d-axis. and is therefore shown 'HI degrees in 
space ahead of the voltage c, which is a maximum in the (/-axis. 


q-Axis d-Axis d-Axi* 



Fig- 9 Space and t inu* diagrams of the flux and \olt.igi*s 
when both transformer and rutting actions ate 
presc nt 


Kquation (29) gives the* voltages as functions of / in any axis .in. and 
the frequency of these voltages, whether due to transformer or cutting 
action, is the same as the stator frequency /. However, this is not the 
frequency in the individual conductors. Substituting x»w r =- w «/ in 
(29) and performing an elementary transformation, it becomes 

€ = J fees fw — on,)/ — COS (w f Wo)/] 

2 X 10“ I 

— [cos (w - wo)/ F cos (w F «*»)/]/ (29a) 

w ' 

This equation shows that there are two frequencies if — f u t and (f + /«) 
in the moving conductors; that is, the slip frequencies of the double re- 
volving field theory. 

The speed voltage in the quadrature axis is opposite in time-phase to 
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the flux. Neglecting resistance, it will cause a current through the in- 
ductance L of the coil 



A p A r <f>w 0 ttXq 

— COS 

IAO* t 


J cos ut dt 


A pA i 5 wo 
— — cos 

IAV o) 


TXq . . 

— sin «/ 
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This current will produce a cross-flux in space and time phase with 
itself, that is in the positive quadrature axis and leading the main flux <t> 
by 90 degrees in time (assuming the — sign to belong to the time function ). 

A thorough understanding of Fig. 9 and the equations on which it Ls 
based is essential to what follows. 


8. Cross-field Theory of the Single-phase Induction Motor 

Figure 10 represents a single-phase induction motor with a squirrel- 
cage rotor. The stator winding is shown as a concentrated coil, although 
actually it would be a conventional lap or wave 
winding. The direct axis is centered on the stator 
coil, while the quadrature axis is drawn to the 
right. Positive direction of rotation is taken as 
1 ounterclockwise. It is also customary to refer to 
the main flux U/-axis) and the cross-flux ({/axis). 
In what follows it is necessary to distinguish: what 
fluxes (main or cross) are responsible for a voltage, 
liM the voltage is generated (transformer or cutting 
action), and where it appears (direct or quadrature 
axis). For this purpose a triple index notation will be adopted, in which 

w, c refer to main and cross flux, respectively 

/, v refer to transformer and cutting action, respectively 

</, q refer to direct and quadrature axis, respectively 

Thus the voltage E mtd is caused by the transformer action of the main 
flux and it exists in the direct axis, whereas the voltage E nd is caused by 
the cutting of the cross flux and it exists in the direct axis. 

In Fig. 11 the first two columns show the effects of the main flux and 
the last two columns the effects of the cross flux, due to both transformer 
and cutting action. The space diagrams show the space location of the 
vector, and the time diagrams the phase. It is immaterial whether a (— ) 
sign in the equations l>e considered as associated with the space or with 
the time diagrams. Thus the position in space of E ud may be reversed 


d-Axis 


?> 



q -Axis 


Fig. 10 
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if it also be reversed on the time diagram. Beginning with the first column 
of Fig. 11, there is shown the main flux 0* in the direct axis as reference 
vector. This flux results from the exciting current the in phase* com- 
ponent of which produces the flux, and the orthogonal comjxment of 
which accounts for the core loss in the direct axis. The main flux induces 
the direct axis voltage E mld by transformer action, and the quadrature 
axis voltage E mrq by cutting action. The latter voltage causes the 
quadrature axis lagging current 1„. One component of /, produces a 
cross flux 0,, while an orthogonal component accounts for the core loss 
due to the quadrature flux. The cross flux 0, induces the voltage E tU 
by transformer action, and the voltage E nlt bv cutting action. 



Cross Flux 




Fig. 11 Space and time diagrams of the mam and cross fluxes, and 
the transformer and speed voltages of the single phase in 
duction motor, according to the cross-field theory. 


Now the speed voltages are (wo «) times the corresponding transformer 
voltages, and the induced voltages may Ik* accounted for by their mag- 
netizing impedances. Also, the rotor may be assumed to cut the direct 
axis and quadrature axis leakage fluxes XJd and XJ q as well as the 
fluxes <f> m and 0,. Then 

E' mld = — Zq'Iq (referred to the stator) 


(3*) 
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E m „= — —X%h ( i2 \ 

0? W 

Ectq = (33/ 

Err* = -j - 2 Ay, = +jA’ 2 )/, ( 34 

M CO OJ 

The stator current is the difference between the stator exciting current 
Jo and the rotor direct axis current J/ (referred to the stator) 

/, = Jo - Id (35) 

The voltage equation for the stator, in terms of its leakage impedance 
Zi. then is (putting Ji» = — /£'*,,/), 

Kl = Z1J1 — E' m ,d = Z\I\ Eu (36) 

and the stator time vector diagram, as the interpretation of Fig. 11 and 
equations (35) and (36), is Fig. 12. This diagram is similar in all respects 
to that lor a transformer or polyphase induction motor. 

'rhi* voltage equation for the rotor direct avis includes the transformer 
voltage E m ,d and the speed voltage E, ui . Now Fig. 11 shows that the 
speed voltage is opposite in spate to the transformer voltage, that is their 
effects are opposed. Therefore, in the composite time diagram. Fig. IS. 
E,,d must In* reversed from its position on the time diagram of Fig. 11. 
The total voltage in the rotor is consumed b\ the rotor impedance Z 2 01 


E„ h i - E ,,i f ZJ I( - j (Z\ 1 4 / \ •* ) J / 4- ZjJrf ( 37 ) 

03 



The total voltage in the quadrature axis. Fig. 14, is made up of the 
components E mtq and E r t q , and this voltage is consumed by the rotor 
impedance Z 2 , or 


hence by (32! and (33) 


Emrq 4 ~ E,t q — Z«I q 


(38) 
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J ~ Em M = — Ao/j + (7(1 + 7? I /, (jp) 

Solving ( 37 ) and 139) simultaneously for the rotor currents, there results 

(40) 


= ll A")(7n -4- Z \ *) -f- S'R'i _ 

* (Z. + Z,)(Z. - iX&) + j\ i S ! R t 


I. = 


■jSR t 


(7, + 7.M7. - j A ,.V - 1 f j.XJPR. 

in which S = un'w is the per unit speed. 

The impedance in the d- axis is 

z = — ' = lZ " + Zd'Z. - i\.S-\ + /A W- A*. 

/,/ (! -.*)(* + £» i S'R, ' 

( Z n T 7j ) R » 

~~ .V- ' 1 - Sr 


= j A 2 + 


Z„ 1 7 


1 


A’-. 


(41 1 


(42) 


S’ 1 - S' 

If all imj>c(lances are referred to the stator, from (36) and (42 1 the 
equivalent circuit is as shown in Fig. 15. Sime slip .c <1 • u» u) is 


r*- -Stator — - *** — — - -Rotor- 



Fig. 15 K<|ui\alcnt < i r< u . t <orro|>oiiiline l*i tin ( i->-s 
tit-ld thenrj of tin single phdst indention motor 


related to the per unit speed S l>y .S' — 1 - t. it follows that S* - M — .\) s 
and (1 — S') = ,s(2 — .s). The essential tharai teristics of the motor may 
be obtained from the solution of this equivalent circuit. The calculations 
are exjiedited by the following tabular procedure: 
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| Stator 

| Kotor 


L-VuZt 

s^v.-z,/, 

/„»£<,/Z/ 

1 

1 

-Ij-RJZi 

E'-E< -jX/Iu 

j, - i s 1 : 

* (l-i’XZ^Z.VA.'.s 


(check) 

l a -{\-&)E'/R! 

tVi \U) 

Core loss 

ft//, 2 


ft, 7 6* 

Copper loss 

ft/. 2 

R//a 2 

RiW 

Input 

V\I\ cos 0i 

r,/,cos0, -ft,'/,,*-/;, /,* 
RJJ cos /v„ / ,/ 


Gross output (ele< ) 


(l \I\ cos0,-ft7«*-ft,i 

r i*-fl,7.*-K a 7**-ft,7,*) 

Net output (mech ) 


(Gross output) (windage and friction) 

Kfliricnc y 

Power fa< tor 
'torque 

AY /r 

(Net output) (stator input) 

(Gross output) S 


9. Starting of Single-phase Induction Motors 

It has already been pointed out, Fig. 5, that the starting torque of a 
pure single-phase induction motor is zero, but once started in either 
direction it will accelerate to whatever speed the load permits. Numerous 
methods have been developed for starting these motors, of which there 
are three general categories: 

1. Starting by external means 

a. rotating the rotor by hand (small and medium size motors) 

b. separate starting motors (motor-generator sets, phase ( on- 
vert ers) 

2. Starting as polyphase motors by means of auxiliary windings 

a. shaded pole motors 

b. split phase motors (resistor and capacitor start) 

c. capacitor motors 

3. Starting as an alternating current commutator motor (see Chap. 6) 
a. repulsion start motor 

Single-phase motors driving direct current or 
polyphase generators connected to power sources 
may l>e started from the generator end. 

10. Shaded-pole Motors 

Shaded pole motors are built in small sizes 
where the starting torque need not Ik? great, and 
where efficiency is not of much concern. They 
are of the salient split -pule type. Fig. 16. The 



Fig. 16 Shaded pole 
motor. 
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pole is in two sections, the stator winding surrounding both sections, 
and a low-resistance copper band surrounding the forward section in the 
direction of rotation. Let 

-Yi = self-inductive reactance of the stator winding 
-Y3 = self-inductive reactance of the shading hand 
X m = mutual-inductive reactance Ik 1 tween winding and band 
Ra = resistance of the shading band 
E = induced voltage in the stator winding 
Then ignoring the rotor currents 

E = j A l/l + j\ mh (43) 


0 = j\ ml\ + (R* + j\ .d/3 (44^ 

from which /, f'f -- . U5> 

j\\Z* + A w 

a - . V 7 ' Y ^-- (46) 

yA,/i t A„r 

The flux in the shaded pole section is 

* = A-/, f -Vs/* = £ «-/«■ - £ v f y.. .. (47) 

10 H ./A1Z3 -j- A „r ./•'& f Am 

The flux in the unshaded pole section is 

- V *! = A’,/, + A„/i - ^ 

10* * 10 s j 

_ _ A -yAV - _ r. I-Y, - A'.)#f, f /’i.Yi-Y* - AV» 


/A 1Z3 + A ,„ J 


/A',/, f AV 


Comparison of (47) and (48) show’s that the flux in the shaded pole 
section lags that in the unshaded pole section by an angle 

e = tan 1 - ” jV =: tan 1 A - • * W (49) 

(A i -- A m )Ra R* 


where the approximation results by taking A'„, - A :< and a 1 : 1 turn 
ratio; and if the reactance A'.* { is large compared to the resistance R:u the 
angle approaches 90 degrees. The two fields are of unequal strength, so 
that the pole may be looked on as produt ing a weak 2 phase field super- 
imposed on a single-phase field. But the 2-phase flux results in a rotating 
field (in the direction toward the shaded pole section; and thus pro- 
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vides the desired starting torque. The shading coil remains permanently 
in circuit, and consequently there is always some 2-phase effect in th( 
performance of a single-phase induction motor utilizing this method ot 
starting. The short-circuited shading coil adds to the losses in the 
machine. The simplicity and low cost of this type motor are its principal 
advantages. 

zi. Split-phase Motors 

The split-phase motor, Fig. 17, has a 2-phase stator winding consisting 
of a main winding M and an auxiliary winding A in space quadrature 
with M. If the currents supplied to those two windings am equal in 
magnitude and out of phase by exactly 90 degrees, the motor will behave 
as a 2-phase induction motor. If the currents are unequal and not 
exactly 90 degrees out of phase, the motor behaves as though a 2 -phase 
field were superimposed on a single- phase field, the former producing a 
rotating field which results in starting torque. Fig. 17(a) shows a resistor 
start motor in which resistance K in the auxiliary winding circuit is used 
to bring about the differences in phase between the currents. Some- 
times the resistor is placed in the main winding circuit and is cut out 
as the motor comes up to speed, and an external reac tor is placed in the 
circuit of the auxiliary winding, so that the two currents are as much out 
of phase* as possible by this method. Figure 17(b) shows a capacitor-start 
motor in which a capacitor (' in the auxiliary winding circuit is used to 
provide the desired phase displacement. When the motor attains full 
speed, the starting winding is usually disconnected by a centrifugal 
switch. 



a b 


Fig. 17 Split phase* motors. 

(a) Resistor start 
tin Capacitor start. 

12. The Capacitor Motor 

The capacitor motor is a split-phase* machine in which the auxiliary 
winding remains |iermanently in circuit, and the motor is intended to 
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have the running characteristics of a 2-phase motor. Because it can be 
designed to have high starting torque, as well as good running char- 
acteristics (including leading power-factor), and because its sjxvd can lx? 
controlled rather easily, this motor seems destined to supplant some of 
the other types of single-phase motors. Figure 18 shows two popular 
connections. Since the voltage across the auxiliary winding varies with 
the current (due to the drop in the capacitor), it is desirable to cut out 
some of the capacitance after the motor comes up to s|x k cd. In (a) this 
is done by owning switch St; in (b) the same result is accomplished by 
using an autotransformer. 



Example: A 3-phase, F-connec ted, 60-cvcle, 220-volt, 5-hp, 1800-rpm 
induction motor has the following |>cr-phase constants: (/„ = (MX >324, /*„ = 

0. 0351, Ri = 0.545, /?•/ = 0.5 W, A'i =- AY = 0.84. Windage and friction is 
65 watts. This motor is to be operated as a single-phase motor at 220 volts 
and 60 cycles by leaving one phase open. Calculate its characteristics at 
4.6 jxt cent slip by both the double- revolving-field and *he c mss- field methods, 
compare the results, and discuss the two methods of solution from the point of 
\ iew of work involved, accuracy, and design. Assume 60-c\clc skin effect to 
increase the resistance by 50 per cent, and 120 cycles to increase it by 70 per 
cent. 

1 . Double-rcvoki hr fi eld theor v 

According to Sec. 6, the blocked rotor impedance of the motor on single- 
phase is twice that per phase of the motor on three-phase. Hence the blocked- 
rotor, single-phase values are 

R } + jXi = 2(0.545 + >0.84) = l.OW+./l.ftH - 2.04, 57.1° 

r 2 ' + rY + 22.ro' = 2(0.538 + >0.84) = 1.076 +>1.68 * l.W, 57.3® 

It is pertinent to note that under blocked rotor conditions both forward and 
backward revolving fields induce 60-cvcle currents in the rotor. Hence 

r 2 '(60 ^ ) = rY(6<> - ; = 0.538 
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But under running conditions, r 2 ' is at only 3 cycles, or practically direct cut 
rent, while fj" is at 117 cycles, or practically double frequency. Hence 


_ t _ 

H — 


r 2 " = 


0.538 


0.359 


1.50 

1.70 X 0.359 = 0.610 


= 0.84 


Now under running light conditions the single-phase core loss and magnetis- 
ing current, according to Fig. 4(c) are accounted for by R a + jX a , and this 
impedance by Sec. 6 is twice the three-phase value per phase. Hence 


^ 2 0. 00324 

0.0032* + 0.0351* 


5.23 


Then we have 


A’n = 2 . 


0.0351 _ 

' 03KI32* + 0.0351* 


56.6 


7„ = 5.23 4 >56.6 = 56.8 84.7° 

7, -= 1.090 + /I 680 = 204 57.1° 

^ (5.23 + /56.6)l 7.33 + /0.84) 

’ 12.56 + ;57 44 

_ (5.23 + /5(>.6)(0.31 + /0.84> 

Zb — 

5.54 + >57 44 


= 6.93 + >1.67 = 7.1 3 '13.5° 

= 0.306 + >0.826 = 0.88 '69.7° 


Zi — 7| + 7, + 7i, 
220 0 ° 


9.31 2(> 6° 


- 8.326 f >4.170 = 9.31/26.6° 
21.13 - >10.60 ■= 23.62 -26.6° 


cos 0, =- cos 26.62° - 0.894 

E„j = (7.13 13.5° 1(23.62 -26 6°) = 163.6 ->38.1 = 168. 5/- 13 .1° 
168.5 '-13.1° 


168.5 166.9° 

V - - . 0 - -21.53 + >7.66 = 22.82 1 60.4° 


E,„ = (0.88 69.7°)(23.62_- 26.6°) = 15.18 +>13.28 = 20.8/43.1° 
20.8 43.1° 

20.8 22 . 1 . 1 * 

‘ iSw - ' :s '' 85 +;|0J5 * 
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Core loss « 5.23 X 2.97* + 5.23 X 0.37* 

Copper loss = 1.09 X 23.62*+ 0.359 X 22.82*+ 0.610 X 23.2 
Windage and friction 
Total losses 

Input to stator = 220 X 23.62 X 0.894 = 4650 

Gross output = - r.' / 2 / s — * — r" I a , - 

s 2 — A 

0.049 1.951 

Net output = 3469 — 65 — 3404 
(check) = 4650 - 1239 = 3411 
3405 


Efficiency = — = 0.732 
4650 


Torque = — 


3300(1 


’46( iirlSOOl 1 - (1.049 


<4 °-- = 14 (, | 1 , -ft 


a»3 
47 

i- = 1127 

= 65 

= 1239 


2. Cross-field theory 

Under running-light conditions, 5 ~ (I, the cross-field equivalent circuit of 
the single-phase induction motor, Fig 15, reduces to that shown in Fig. 10(a); 



Fig. 19 Equivalent circuit ol the* single phase induction motor 
under running light condition*, 


and to a first approximation this in turn reduces to Fig 19(b). That is, the 
exciting impedance under running-light conditions is 0.5( AV + / \ Hut 
according to Sec. 6, the single-phase* impedance is twice the three-phase* values 
per phase. Hence, 

Z { ; = Rt' + jW' = 4(2.615 + /28.5) = 10.46 + 7IH 2 - 115.7 81 7° 

Zi = 2(0.545 + 7*0.84 ) - 1.090 + j 1.68 - 2.0 56 0° 

Now according to (29a) there arc two frequent ies of * and 117 cycles in each 
conductor. But unlike the double-revolving field theorv , the c ross-tield theory 
docs not yield an equivalent circuit in which it is possible to state that skin 
effects corresponding to certain frequencies should be used in certain branches. 
Actually, the equivalent circuit was derived for the c/-axis, in which axis the 
frequency is 60 cycles. But resistance is in a conduc tor, not in an axis, and the 
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conductor has two frequencies. However, as seen from double-revolving-r. M 
theory, the slip frequency current is principally responsible for the tor j . t . 
Therefore, in the cross-field theory the slip frequency rotor resistance shci,,'l 
be used to secure closest agreement with the numerical values of the revolt mv 
field theoiy. Hence, 

Z t ' = 2(0.359 4- >0.84) = 0.718 + >1.68 = 1.825/66.5° 


/10.46 +>113.2 + 0.72 +>1.68 
Zd>= \ 0. 951 s 

19.89 +>127.2 


0.718 \ 

L 951X0W + > 168 

= 7.41 + >2.11 = 7.72 '15.9° 


(113.7 84.7°)(7.72 15.9°) 

Z T = (1.09 + >1.68) + -- — 

116.7 81.2° 

= 8.18 +>4.17 = 9.18 27° 

220 ' 0 ° 

/i - - = 21.35 - /10.88 = 23.95 - 27° 

9.18 27° 

E = 220 -(2.0 56 9° 1(23.95 -27°) = 178.5 - /23.8 = 180.2^-7.6“ 

. 180.2 - 7.6° 

= 1] W 84 - 0 = -0.(8+ - ,1.584 = 1.59 - 92.3° 

- It =- I t - /„ = 21.414 - >9.2% ^ 23.35 - 2 ) 45° 

E' =- (178.5 - >23 81 - >1.68 X 23 35 -23 45° = 1<>2 92 - jy 9.6 = 
173.4 -20.1° 

173 4 -20 1° 

la — (1 - 0.951') = 21.67 - / 7.93 = 23.07 -20.1° 

0.718 


/* = 


= -0 34 - >1.32 = 1.36 -104.3° 


0.951' X 173.4 - 20.1° 

(10.46 +>113.2) + (0.72 + >1 .68) 

Core loss 10.46 X 1.59 s + 10.46 X 1.36 s = 46 

Copper loss 1.09 X 23.95 s + 0.718 X 23 07-’ + 0.718 X 1.36 s = 1(8)8 

Windage and frit tion - = 65 

Total losses = jjp; 

Input to stator 220 X 23.95 X 0.891 = 47(8) 

Net output 47(8) — 1119 = 3581 

Efficiency - — * = 0.762 
47(8) 

_ 33(88) 3581 

Torque - -- =14.i21b-ft 

746(2irl8dO) 0.951 



problems 215 

5 . Comparison o f calculations 

From the point of view of length and time of computation, there is little to 
t boose between the two methods of calculation. There are a few more items in 
the revolving-field theory, but this is comjjensated by the greater complexity 
oi some of the items in the cross-field theory. 

The revolving-field theory is explicit about the frequencies and corresjKmd- 
ing skin-effect corrections to use in its various branches; whereas the 60-cvclc 
frequency required in all branches by the cross-field theory is obviously not 
appropriate for skin-effect calculations, and it is necessary to arbitrarily use 
slip frequency for the rotor resistance in order to secure accurate results. In 
fact, even better numerical agreement between the two theories can be oh 
tained (comparing the equivalent circuits) by putting 


Revolving-field 

Cross- field 

9 

r 2 , 


ft/ 

h 

=r 

— — - 

A* 

2 - A 

At; a) 

from which 



ft/ = (2 - sW + sr, 

r = 1.051 X 0.550 4 0 .< 1 " x 0.610 = 0.750 

From the point of view 

of the designer whe 

> must juggle design constants 

to obtain specified or desired c ha rat t eristics. 

the revolving-field equivalent 

< ircuit is perhaps superior. 

since it is more svmmetrical and the physical sig- 

nificance of its parts easier to see. Mso, its derivation is much less involved. 

The numerical results of the two methods agree reasonably well, particularly 

in view of the arbitrary inclusion of skin eflect in the cross-field theory. A 

comparison is 



Revolving-field 


Cross held 

47 

Core loss 

46 

1127 

Copper loss 

1008 

65 

Windage and friction 65 

1 259 

Total losses 

1110 

4650 

Input 

4700 

5405 

Net output 

5581 

0.752 

Kfiiciency 

0.762 

0.894 

Power factor 

0.801 

14.00 

Torque 

14.72 


Problems 

1. Plot the resultants and traveling wave components of a pulsating sinusoid, 
Kq. ( 1 ), at the following instants: «/ = 0, 45°, 90°, 180°, 225°, 270°, 515°, 560°. 

2. If a 6()-cycle motor has a pole pitch of r = 6 in< hes, what is the velocity in 
inches per second of its traveling wave comjMments:' 
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.1. If the mechanical speed of rotation of a 60-cycle motor is 95 per cent or 
synchronous speed, what is the frequency of mechanical rotation, and what an 
the slips of its forward and backward revolving fields? 

4. The winding factors for a single-phase squirrel-cage motor are Ki = 0.9f 
and A '2 = 0.92, the stator has 37 turns and the squirrel-cage has 25 bars 
What is the factor for referring the rotor resistance to the stator? 

5. A 3-phase, wye-connected, 60-cycle, 220-volt, 10-hp, 1800-rpm induction 


motor has the following test data: 


Running light 


Blocked motor 

220 

volts 

64 

6.4 

amperes 

62 

239 

watts 

1922 

130 

friction and windage loss 



Stator d-c resistance at 75 C is R\ = 0.24 1 ohms per phase. 

This motor is to be operated as a single-phase motor. Calculate its per- 
formaiu e at 5 per cent slip by 

(a) the double revolving field theory, and 

(b) by the cross-field theory. Neglect skin effect. 
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Alternating Current Commutator 
Machines 


i. Introduction 

There is a threat variety of alternating current commutating machines 
which may be classified under three principal groups as: 

(1 ) Single-phase motors 

a. series motors (simple, compensated, doubly ful) 

b. repulsion motors (brush shifting, double brush set) 

(2) Polyphase motors 

a. series motor (adjustable speed) 

b. shunt motor (adjustable speed) 

c. Sell rage brush-shit t motor 

d. Heyland motor 

(.<) Converters 

a. rotary (or synchronous) converter 

b. frequency converters 

The analysis for a-c commutating machines is in a much less de- 
veloped state than for synchronous machines, or for polyphase* and single- 
phase induction motors. First of all, the phenomenon of commutation 
adds greatly to the complexity of the problem in tact, a thoroughly 
satisfactory analysis does not exist. And secondly, the bulk of a-c 
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Ch. 6 Alternating Current Commutator Machine? 

commutating machines arc built in small sizes whose design can 1 H 
tested quickly and cheaply and modified accordingly, and whose chai 
acteristics are of no great concern to the user. The relatively smal 
number of larger machines, such as railway motors, has not been sufficient 
to attract the engineering interest and talent that power equipment ha** 
All this is economically unfortunate, as the potential savings that would 
ensue from increased efficiency and better characteristics for a-c com 
mutating machines are enormous. 


2 . General Principles 

Before passing to the detailed consideration of specific machines, it 
will be profitable to review a few general principles. In Chapter 3 it was 
shown that there are three ways in which a voltage may be induced in a 
winding: 

( 1 ) Transfonmr at lion , in which a distribution of flux fixed in space is 
varied in time (usually sinusoidally) and thereby induces a voltage 
in a stationary coil or winding (i.c. the transformer). 

( 2 ) Rotating field* in which a field of constant magnitude revolves in 
space, cutting the conductors of a stationary coil or winding and 
generating a voltage therein (i.c. the rotating field of a polyphase 
induction motor, or the revolving field poles of an alternator). 

(3) Moving t ondutlors , which sweep through a stationary unvarying 
field, and generate a voltage (i.c. the armature of a d-c machine, 
or a revolving armature synchronous generator). 

All three processes may occur simultaneously in any particular ma- 
chine, and at least two of them are identifiable in a-c commutating 
machines. The general equation, including the effects of time and 
space harmonics, is given as Kq. ( 18 ) of Chapter 3. Considering only 
the fundamental in the place distribution of the flux, and assuming it 
to be a simple harmonic time function </> - <t>cosw/, the voltage equa- 
tion reduces to 


K. 

10 s 


A\Y<t> f . / jr.v.i \ 

=■ - - u> sin u?/ sin I — -v I 

10 s L \r / 

-:>)—«■ (“- 0 ] 


(i) 
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in which 

K = Kdkpki = distribution, pitch, and skew factor 
X = total numlHT of turns in the coil l>eU 
$ = flux per pole 

/ = frecjuency of the flux pulsation 
w * 2vf 

jto = position of the center of the coil belt from the 0-axis 
r = pole pitch 

7 = displacement angle of the flux, measured from the 7- axis 


Consider, now, the case of an a-c com- 
mutating machine. Fig. 1, having a field 
which not only is pulsating in time at 
frequency/, but which field is also rotat- 
ing at an angular velocity d 7 dt - w,. 
Suppose* further, that the brushes of this 
machine have been shifted an angle « 
from the 0-axis, so that the belt of con- 
ductors between brushes have their coil 
group center at irjt« r a. The rotating 

conductors have a velocity ° = w». 

' T dt 


$ 



Fig. x ( H'lMTul a c commutating 
mat him- with rotating 
livid ami armature. 

Inserting these conditions in 


(1), there results 


c 


A\Y<I> 

10 s 

KX<P 
2 1() H 


-c 

o 


— w sin ml sin fwj / - «) (wj - wii) cosw/ cos (wj / — 

W + Wj — wo) cos { (w + o>i)/ — «} 

— (w — W| + Wo) COS j (w — W|)/ + 0 }] 


«)] 


(2) 


This equation shows that in the general case there will be two distinct 
frequencies at the brushes, corresponding to the sum and difference of 
the frequencies of pulsation and rotation of the field. Hut the frequency 
at the brushes is independent of the s|>eed of rotation of the armature. 
If the field is stationary (wj = 0), or is of constant magnitude (w = Oj, 
only one frequency will appear at the brushes. If the armature rotates 
synchronously with the field (wo = wij, and the field is constant (w = Oj, 
there will be no induced voltage. As special cases of this general case, 
there are: 
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Case I: field and conductors stationary («i = 0, o> 0 = 0). 

KN* . . . 

e = o) sin ut sin a (* 

1()H * 


The brush voltage is due entirely to transformer action, and is a maximum 
when the brush shift is a. = 90 degrees, that is with the brushes centered 
on the main flux axis. The voltage vanishes when the brushes are on 
the quadrature axis. The frequency at the brushes is the same as that 
of the main flux, and the voltage is proportional to that frequency. 

Case II: constant (a = 0) rotating field, stationary conductor- 

(oio = 0 ). 

AW* ( , n , , 

c = Wl COS [Oiit — a) (4) 


The brush voltage is of stator frequency, and is proportional to that 
frequency. 


Case III: field constant (a = 0) and stationary (wj = 0), conductors 
rotating. 


A\Y* 

C = — w„ COS a 

10 - 


(51 


The brush voltage is direct voltage, proportional to the speed, and a 
maximum when the brush shift is « = 0, that is with the brushes centered 
on the quadrature axis. 


3. The Series Motor 

The a c series motor is used in the larger sizes - up to several thou- 
sand horsepower for electric traction, in which field it enjoys the same 
advantages as the d-c series motor. Railway motors can be designed 
to operate satisfactorily at 25 cycles, but have not been successful at 00 
cycles Ix'cause of commutation difficulties. In the fractional horsepower 
class series motors find a wide field of application for industrial (portable 
tools) and domestic use at'00 cycles. The bulk of the motors found on 
household appliances are of this type. Commutation difficulties are of no 
great concern because the currents are small and the speeds very high 
(up to 8000 rpm normally, and even 10, 000 at no-load b 

Structurally, the simple a-c series motor. Fig. 2a resembles the d-c 
series motor; except that both the field and armature magnetic circuits 
of the a-c motor must be laminated to reduce the core loss. It may have 
either salient or non-salient poles. But a simple series motor of this 
type has high reactance and low power factor, and very poor commutation 
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if the speed is not high. It will run just as well, or better, on direct 
current as on alternating current, for which reason, in fractional horse- 
power sizes, it is called a universal motor. However, commutation 
difficulties and low power factor exclude it from applications beyond 
fractional horsepower. The high reactance is due to the sum of the 
field and armature reactances. Since the brushes are on the cpiadrature 
axis it is evident that the brush voltage is entirely a speed voltage in 
that axis, and the series current armature reaction is along that axis. 



(a) (b) (c) (d) 

Fig. a Types of a-c series motors. 


fa) simple series 

(b) conductivelv connected 

(c) inductively connec ted 

(d) doubly fed 

This armature magnetomotive force not only causes leakage fluxes in 
the slots, air gap, and end turns, hut also produces a heavy cross flux 
in the quadrature axis which induced a large electromotive forte in the 
brush axis by transformer action. 

The excessive reactance of the simple series motor is reduced by low 
frequency f 10-2 5 and 25 cycles are usually used fora t electric railways), 
by small air gaps and short magnetic circuits and by multiple poles. 

The torque of the series motor is always in the same direction, since 
field and armature current reverse simultaneously, and the torque is 
proportional to the product of the field and armature ampere turns. 
In order to secure the desired torque without excessive reactance, the 
field winding is usually designed with only a few turns, and the armature 
with many turns. The large armature magnetomotive force along the 
quadrature or brush axis is then neutralized by means of a distributed 
compensating winding. Such a winding cannot neutralize the cross flux 
completely, nor can it affect the slot and zigzag leakage reactance of 
the rotor. There are several ways by which the compensating winding 
may be excited. In Fig. 2b it is shown connected ((inductively in series 
with the armature. In Fig. 2c it is showrn as a short-circuited secondary 
winding, or inductively connected. In this case the neutralization is 
only partial, since the ampere-turns of the secondary winding are less 
than those of the armature by the amount of the magnetizing am{>cre- 
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turns. In Fig. 2c the compensating winding is shown connected in shunt 
across the line. In some cases it is connected to an autotransformer with 
a choice of taps, so that the compensation can be adjusted to the load 
Compensating windings are invariably distributed, so as to match the. 
distribution of the armature ampere-turns as nearly as possible. 

During commutation the short-circuited armature coil is centered on 
the direct axis, and the main flux by transformer action induces in it a 
voltage lagging by 90 degrees. Thus, not only must the current in the 
coil be reversed as in a d-c machine, but the voltage induced by trans- 
former action of the main flux must be overcome to secure good com- 
mutation. A simple interpole will assist in reversal of the current but 
does not neutralize the transformer voltage, because, as seen in the 
vector diagram of Fig. Aa, the speed voltage c, , due to rotation of the 
coil through the interpole flux, is at right angles to the transformer 
voltage c t ; and the resultant voltage c is greater than c t . However, 



Fig. 3 A i series motors \wth commutating and interpole 
v> indintfs. 


if the intcr|x»le winding is shunted by a resistor, as in Fig. 31), the current 
through the inteqmle winding can be made to lag the main current by 
any angle 9,, = tan 1 (A p K), and its ampere turns can l>e made sufficient 
so that lx)th the transformer voltage e, and the self-inductive voltage IX 
of the commutating coil are neutralized. The resistance shunt must be 
adjusted if the speed changes materially, since e, is proportional to the 
speed. 

In the doubly-fed motor of Fig. 2d, the flux in the compensating wind- 
ing lags the line voltage by approximately 90 degrees, and by speed 
action generates in the coil undergoing commutation a voltage partly 
in phase opposition to the transformer voltage c,. This scheme is used 
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on many railway motors. Other methods for adjusting the phase of the 
interpole current have been devised, but they will not he described here. 

Commutation also can lx> improved by using high -resist ame carlton 
brushes, or by using high-resistance leads as in Fig. 4. These resistance 
leads are in parallel to the load current and in series to the short-circuit 
current. At standstill the leads may burn out. 

The commutation problem in an a-c series motor necessitates o|x>rating 
at low volts per turn and only a few (usually one) turns jxt coil, and 
this restricts such motors to the low voltage field, rarely exceeding .100 
volts. Since only one coil may be commutated at a time, the brush 
width is one commutator segment, and therefore in the larger machines 
the commutator is longer than in d-c machines. 
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Fig. 4 High resistance* leads. 



The vector diagram for a series motor with compensating winding and 
intcqxde is shown in Fig. 5. The series current / has been taken as the 
reference vector. The main field flux <\> lags the ( urrent l>y the hystcretic 
angle. Each field winding and the armature has a resistance and a 
reactance accounting for both the leakage and transformer fluxes. The 
counter electromotive force of the motor is a speed voltage in the brush 
axis proportional to the speed. If the transformer \oltage induced in 
the armature (direct axis) by the main flux is and if this lx* accounted 
for in the usual fashion as E mt(t = — Z./, where Z, is the exciting imped 
ance, then the voltage to overcome the counter electromotive force of 
the motor is 

E . -j £ /„/ = (.Yi, - jR„)I - SI Xu - jK„)I (61 

0 ) 0 > 

in which S = on, u is the speed as fraction of synchronous s|>ccd, and 
this voltage, plus the sum of the imjjcdance drops, is the applied voltage 
of the motor. 


( 7 ) 


V = E + (Z m + Z, + Z P + Z„)l 

= [(/e + sx 9 ) + nx - sim]/ 
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The voltage E is in time-phase with the main flux, as shown in Fig. ? 
From ( 7 ) 

V 


I = 


and cos 6 = 


V(R-t SA’n) 2 + (-V -SR ,) 2 
R + S\ it | i?/2 as S ■ 


<8 


<9 


= 17 cos 6 = 


.S’ (A* 


(101 


(ID 


(12) 


V(A + S. \\? + (.v - SR a y- (Xo/Z ,, as S -* 0 
The power input is 

F 2 (/£ + 5-Yo) 

(/e + s.Vo) + (.v - sr ,) 2 

and the gross power output is 

rscv 

p = sXiP = - 

</f + SA'.)* + (-Y -SR U )* 

The torque then is 

p.V, Ij r*A’ 0 /f 2 as 5 — » 0 

i .S.Yii)" + t.Y - .VA’(i)- j r-A„ S*Z U 2 as 5 -» - 
The tonjue is a maximum at standstill usually 2 or 3 times normal 
running tonjue hut decreases inversely as the square of the speed at 
high speeds. 

The |>revious analysis ignored the effect of the short-circuited coil 
undergoing commutation. The effect can he taken into account by the 
cross field theory.* Saturation and space harmonics also play an im- 
portant j)art in the characteristics of a-c commutating motors, so that 

the foregoing simple analysis oftentimes fails 
to give reasonably accurate results. It is 
also very difficult to obtain reliable test 
results on small motors, because of meter 
inaccuracies, and liecause the loads they 
impose on the circuit are an appreciable part 
of the quantities being measured. 

Typical characteristics for an a-c series 
motor are shown in Fig. 6. The torque char- 
acteristic is similar to that of a d-c series 
motor, and is well adapted to loads requiring 
a heavy starting torque. The power fac- 
tor is considerably better than that of an induction motor. 

Table I lists some of the salient features of large and small a-c series 
motors. 

* West. II. R “The CnMit-ficld Theory of Alternating-Current Machines.” Trans. 
A IKE, February, 1^2h. 



Fig. 6 Performance iharac 
t eristics of the a c 
series motor. 
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TABLE r 


MS 


A C Series Commutxting Motors 


Large size 


Small si/e 

railway traction 

Type of service 

portable tools and do- 
mestic appliances 

up to 22(K) hp 

Horsepower rating 

up to 5 4-hp 

200 to -MX) 

Voltage rating 

115 to 2M) 

15 to 25 cycle 

Frequency 

up to t>0 cycle 


Speed 

.<500 to Ki.000 

lower than for d-c 

Power Wt. ratio 

high 


Efficiency, full load 

50 to (til' , 


Power factor, full load 

Mo <>()<; 

non-salient, distributed 

Type of field pole 

salient or non-salient 

many 

Number of poles 

2 to (1 

few 

Turns pole 

few 

shunted, or line excited 

Interpoles 

not generally 

in slots in pole face 

Compensat ing winding 

not generally necessary 

many 

Armature mils 

many 

few ’ 

Turns coil 

few 

small 

Volts turn 

small 

higher than for d-c 

Commutator speed 


longer than for d-c 

axial length 


larger than for d-c 

diameter 


many 

segments 


short and laminated 

Magnetic circuit 

short and laminated 

short 

Air Rap 


\ es 

High-resistance brushes 

yes 

sometimes 

High-resistance leads 

no 


4. The Repulsion Motor 

The modern repulsion motor. Fig. 7, consists of a single phase held 
winding, and an armature with a commutator having one or more pairs 
of short-circuited brushes. The brush axis is shifted « degrees from the 
field axis. The motor will develop torque in the direction of brush shift. 
Motors of this type in fractional horsepower and moderate sizes are in 
competition with the a-c series commutating motor and with the capacitor 
motor, but in recent years have lxren yielding to the latter because* of 
the absence of a commutator, resulting in radio interference. 

It is clear from Fig. 7 that the field turns .V, assumed to be distributed 
sinusoidally around the stator, may be resolved into components A cos a 





r<§1 


0 c *4>cosa 

■■ nnrw 

6 6 

Ncosa 


Fig. 7 The* repulsion motor. 
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in line with the brushes (the ?-axis) and A r sin a in quadrature with thi 
brushes (the d-axis).* Since the brushes are short-circuited, the armatun 
current and its magnetomotive force are constrained to the brush axis. 

and the torque results from the interaction 
between the armature current and the 
orthogonal (d-axis) component of the field 
flux. The armature current itself flows in 
response to two voltage components in the 
brush axis: ( 1 ) a speed voltage E mrti due 
to the armature conductors cutting the 
flux <J) m = $ sin a, and ( 2 ) a transformer 
voltage E ilv due to the transformer action 
of the flux cos a. In addition, the 

short-circuited armature coil undergoing 
commutation has a transformer voltage 
induced in it by the flux </>„,, a speed voltage generated by rotation 
through the cross flux and an electromotive force of self induction due 
to the reversal of its current. Its resulting current reacts on the cross 
flux <t>, to produce a torque in opposition to the principal torque. Since 
the armature voltages and currents, whether due to transformer or cutting 
action, are proportional to the field current, it is evident that the re- 
pulsion motor possesses series characteristics, the speed decreasing with 
the load. Indeed, the equations for the repulsion motor can be shown 
to be identical in form to those derived for the series motor. 

In the following equations it is assumed that the armature and field 
each have X turns, or that all armature quantities have been referred 
to the stator. All impedances are based on .Y-turns. 

If /o is the exciting admittance for A' -turns, then the voltage induced 
in the rotor rf-axis by the flux 4 > m (remembering that an impedance 
varies as the square of the turns ) is 

X 


~~ Emut — . — sin* nr) I\ — ( Ru + / An) I\ sin a 

A sm of 


(13) 


which is the same as though there were A T -turns in the stator cf-axis 
traversed by a current I\ sin a. The flux <t> m also generates in the 0-axis 
a si>ocd voltage 

E mr q — JSEmtd = Si An jEq)I\ sin 01 (14) 

• In tlu* Atkinson repulsion motor (1HM8), two separate field windings were actually 
provided. Sq oration into two separate windings docs not increase the reactance, since 
(.V cos «»)* 4- (.V sin «)* =* A**, but does increase the resistance and stator copper loss since 
(.V cos nr 4- .V sin nr) > .V. 
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The cross-flux <t> c may be accounted for by the ?-axis im[>edancc Z 0 
cos 2 a and an exciting current 

/« * /i + — — (15) 

COS a 

in which the rotor current h has been referred to the stator by the turn- 
ratio cos a. The flux 4>, induces in the rotor 9-axis a voltage 

- - (Zi cos 2 a) /,, = Z K \ ( /| H - 2 cos a (16) 

A cos a \ cos «/ 

The total voltage in the brush axis of the armature is consumed by the 
armature leakage impedance, 

Emrq + E r tq = Zfk (l7^ 

From (14), (16), and (17) 

-E, u = — ’ - rSf.Y# - iK„) sin « + Z t cos /, (18) 

Z'i + Z[) 

The stator applied voltage is the sum of the voltages induced by the 
fluxes <t>„, and 4 >, in the stator windings, and the slator leakage impedance 
drops, that is 

V = — E mtlt sin a — E tlll cos « + (Z\ sin 2 a)/i + (Z\ cos 2 a)I\ (19) 


Substituting (13) and (18) this becomes 

V = Z n sin- a /, + Z '-° S “ [.V( .Y,i - j/iu) sin <r + Z, c ( »s ..] /, j Z, /, 
Z* + Zw 

. 9 • mm j Z'lZu cos 2 a Z[tS ( A 0 — jKu) sin « cos«"l . 

- + - f - -j/, 

= sin 5* n,s a l /, 

L Zt + Zi J 


which is identical in form with (7) for the series motor. This analysis 
neglects the short-circuited commutating coil. 

If Z2 is ignored in comparison with Z>, then by (13) and (18) 

= = -j.s (21) 

E m id 

At synchronous speed the two fields are equal in magnitude as in a two- 
phase induction motor, and being in time and space quadrature arc 
equivalent to a uniform rotating field. When the sjxied is not synchronous 
the two orthogonal fields are unequal and the resultant field is elliptical. 
In the short-circuited coil there is a transformer voltage due to <l> m 
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and a speed voltage due to 0 C , and the total coil voltage is, making us* 
of fax), 

e = e t + e v = + «o <t>< — (l — j — — )ct = (1 — S 2 )** (22 

\ " 0m/ 

At synchronous speed, .V = 1 , this voltage is zero, and the commutation 
is good. At standstill, S = 0, the voltage is equal to the transformer 
voltage, e t . At S = V^2 the voltage is again — e t and thereafter becomes 
greater, impairing commutation. The commutation of the repulsion 
motor is better than that of the series motor at synchronism, about equal 
at standstill, and much worse at speeds greater than double synchronous 
sliced*. 

Kquation (20) defines the total imjiedance Zr of the motor for any speed 
5 , and thus the stator current is 

/, = \ (23) 

L’l 

The rotor current follows from (17) upon substituting (14), (18) and (23) 
/ - P LY ” ~ /K 11) sin nr ~ Z11 COS q~l V , . 

1 L z> + Zo" JZt 24 

The losses then may be computed as: 

Stator copper loss RJf 

Kotor copper loss RJr (25) 

('ore loss 


AV/, sin + #C 0 t/i cos « + ■= A«(/r + 2 /,/.» cos « + h 2 ) 

The stator input is 17 , cos 0 , = ' — - A’//, 2 

4 2 

The gross mechanical output is the input less the losses 

(A/ - A, - A,,)/, 2 - (A,. + A,,)/, 2 - 2 A„/,/,cosa 
and the torque is the gross output divided by the speed 

T _ (A, - A, - A,,)/, 2 - (A-. + A,,)/, 2 - 2 A„/,/ 2 cos a 


(26) 


(27) 

(28) 


It is also possible to find the torque as the product of the current and 
the in-phase 1 omponent of the speed term in the voltage Kquation (20) 
divided by the s|>eed, that is 


r 


^nbYn "■ W sin a cos a) 
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]i Zt be neglected in comparison with this becomes 

rs-Wt* (30) 

and with the additional assumption that R» may ix* neglected in (20) 

1 ~ — 1 — - < 3 ^ 

1 “7£, -j- jXi + jX 0 sin 2 a + (R«+ jX«) cos 2 a + S\» sin « cos n 

the equivalent circuit for which is a simple series circuit. 



The Synchronous Generator and Motor 


i. Introduction 

The synchronous generator is a rotating machine for converting 
mechanical power into alternating current electrical power. It may he 
single or polyphase, hut hy far the majority are 3-phase machines. 
If 3 phase, it may l>e either delta or (more usually) wve-connected. It 
consists essentially of an alternating current armature winding em- 
bedded in the slots of the armature magnetic core, and direct current 
windings on the field poles. Either armature or field may be the rotating 
element, although in most cases the field is the rotor. The field may be 
the round rotor type (as in large high speed turbo-generators), or the 
salient-pole type (as in hydraulic or engine-driven units). 

The synchronous generator is the most important of all electrical 
machines, not only liecause it is the principal source of electrical power, 
but also liecause it is built in far larger sizes (up to 165,(X)0 kw in a single 
unit). It is the principal element in the power system from the point of 
view of balanced operation, fault currents, and system stability. For 
these reasons its theory' has lx*en worked out more thoroughly, and with 
a greater degree of refinement, than that of any other machine. 

However the synchronous machine possesses much in common, both 
structurally and in theory, with other electrical machines. Its armature 
construction and armature windings resemble closely those of a polyphase 
induction motor or any other type of a-c motor. Such differences as exist 
are dictated by size or speed rather than by type of machine. The process 
230 
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of voltage induction in such windings -■ and its modification by skew, 
pitch, distribution and phase connection factors — presents nothing new. 
The development of armature reaction in such windings - and its modi- 
fication by the harmonic reduction factors presents nothing new. 
Kven the same kinds of leakage fluxes slot, end turn, and air gap 
are encountered in the alternator as in, say, the induction motor. These 
things already have been considered in Chapter and in greater detail 
in the Appendices, and need not lx* repeated again. 

But the synchronous generator, motor, and converter are unique 
among alternating current machines in two respects: (1) they run at 
constant synchronous speeds, and (2) their field flux is furnished by d-i 
excitation. These two factors are responsible for their distinguishing 
features of construction and special analytical treatment 

2. Principles of Operation 

An elementary single-phase, 2-pole alternator is shown in Fig. la. 
The held poles are stationary and the coil is a sumed to rotate in the 
clockwise direction. The reference axis is taken as the pole axis. 



Fig. i hlt*m<*ntiir\ alternator 

When the coil axis is along the pole axis, at / - 0, the flux. linked 
therewith is a maximum. Assuming the flux to be sinusoidally dis- 
tributed in space, the flux linked with the coil at any instant / is 

0 = <!>,„«* cos a )( ( l) 

which is plotted in Fig. lb. The voltage induced in the coil is, by Fara- 
day s law, 

^ _ A' r/</> 

10 " dt 

U>A •fr/itm • i 

=r 4* - Sin u)/ 

10 - 

= E tt >*x u >/ (2) 


c 
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This voltage is also plotted in Fig. lb, showing that it lags the flux |,\ 
90 degrees in time as well as in space, since in the synchronous machim 
time and space angles arc identical. 

The elective value of the induced voltage is 

n hnim _ V 2rfXQ m „ _ 4.44/.V<f> max . 

Vz w W~ (3 ’ 


Suppose, now, that the impedance of the coil and its external circuit is 


Then the current will lie 


Z = K ± jX 


'-S-te 




in which 0 will he taken as positive for a leading current. The current 
docs not reach its maximum until the coil has moved through an angle 
wt = (ir 2 — 0). as shown in Fig. 11). 

Consider next the magnetomotive force of armature reaction due to this 
current. It has a magnitude, per pole, 

A - = 0.2tt.\7 i11iv sin (c ol + 0) (5) 

and is directed perpendicular to the plane of the coil.* 



(a) (b) (c) 


Fig. 2 Diret t uu<l quadrature tomponrnts of armature reac- 
tion of a -.ingle uni 


As shown in Fig. 2 it may be resolved into direct (in line with the pole 
axis) and quadrature (perpendicular to the pole axis) components A d = 
A cos cot and .4, = .1 sin (at. Or expressed in (space) vector form 

A - A,i F /. 1 ,, 

* ITiK is. of uuir, a rectangular space w«i\e whose space fundamental has a magnitude 

of .1. The - is imorporated in the following equations. 

▼ r 



$2 Principles of Operation a M 

s 4 (cos w/ + j sin «/) 

sp 0.8.V/ mil x(cos wt + j sin w/) sin (a/ + 0) 

- ().4A T /„,av{C s * n 0 + sin (2u>/ + 0)] 4- /fcosf* - cos i 2u>/ + fl)]| (6) 

Thus the single-phase armature reaction consists of constant and 
double-frequency components of equal magnitude. Ignoring the latter 
tor the moment, it is clear that the constant term of the direct comi>onent 
of armature reaction, being proportional to sin 0, will oppose the main 
held when the power factor is lagging, and assist the main field when the 
power factor is leading. At unity power fac tor it vanishes. 

On the other hand, the constant term of the quadrature component of 
armature reaction, being proportional to cos 0 sets up a t mss field for 
lagging, leading or unity power factor which is always in the same direc- 
tion, and which opposes the motion. It is this component which is 
responsible for the torque of the machine. Only in the case of zero 
pow'er factor, when A is in line with the poles, does it vanish en’irelv. 

The following table indicates the efTec t of power lac tor on the constant 
terms of armature reaction. 


Power factor 

0 

■hi 

1 , 

/{•ro. lagging 

-<X)° 

0.4 .\7 II11V (opposes) 

0 

lagging 

- e 

-0.4 \/„ ,» x sin 0 (c^pposes) 

M> 1 A cos# 

unity 

0 

0 

1 o.l .\/ llllv 

leading 

+ e 

+0.4 \ iv sin 0 ( assists) 

1 0.1 \ os 0 

zero, leading 

+<X)° 

+0.4 A/im\ (assists » 

0 


The instantaneous electrical power generated is 

p =■ ei — £,„,\ sin oj / /„ I<IX sin (<*>/ f 0) 

= r cos H - cos (lull \ 0)1 

1 

= EI [cosfl - cos (Ad/ 1 0) ] ( 7 ) 

and thus consists of an average component EI 10 s 0 and a double fre- 
quency component EI cos (2a>/ + 0), in which 0 is the power factor angle. 
The torque, in synchronous watts, is 

_ p EI cos 9 EI cos (2u) j 0) ^ 

* W 0) w 

Thus the single-phase alternator has an undesirable double frequency 
component of torque. 
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.Vow consider a .1-phasc machine having three separate coils a - a' 
b - b\ c - r', displaced in space hy 120 degrees, as shown in Fig. ,l a . 
The voltage induced in the three separate coils (or phases)will reach their 



(a) 

Fig. 3 Mrmcntarv three phase alternator 


(b) 


maximum 120 degrees apart in time. as indicated in Fig. M). If the loads 
arc balanced, tlu* phase currents will be equal in magnitude, and (lifter 
by 120 degrees in time, 

/„ = /, IIIX sin (w/ + H) | 

it - sin (cj / - 120° f 0) ip) 

i, = / I11IIX sin iut - 240° f 0) J 

The current of phase a produces armature reaction in accordance with 
(6», and this same equation holds for phase's b and c if w/ therein is re 
placed by iu)t - 120) and (a >/ - 240) respectively. 1 hen the resultant 
armature reaction is (per pole) 

A A tl f A t f A. 

-- 0.1 V/ I1I11X I ( t sin ft t H cosfO 

\ [sin (2u? + ft) \ sin (2a'/ 240° + ft' + sin (2u>/ - 4cS0° + 0)] 

/[cos liu’/ f ft) f eos 1 2vo/ - 240° f 0) f cos (2a>/ — 480° + 0)]| 

- 1.2 \7 I11IX (sin 0 I j c os 0 ) _ .1,, f /t 4 , ( I0 ) 

sincT the double frequency terms cancel. This result shows that three- 
phase armature reaction consists only of constant terms, having three 
times the magnitude but the .\timc dim lion as for the single-phase ma- 
chine. Therefore, the above table is equally valid for the three-phase 
mac hine if its values are multiplied by 4. 

Writing the power Kquation 171 for each phase and adding for the 
total generated power of the machine there results, 

p - pA ■+■ Ph + p, 
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P = A7[cos 0 - cos (2w/ + 0)] 

+ £/[cos 0 - cos (2u)/ - 240° + 0)] 

+ Zs/[cos 0 - cos [lut — 48 ;j° -f #)] 

= 3A/ cos 0 (xx) 

Jnce the sum of the double-frequency quantity is zero. Hence the 
power of a 3-phase alternator, unlike that of the single-phase machine, is 
constant. Its torque is also constant, 



3A7 cos B 

a: 


( 12 ) 


So far only 2-pole machines have been considered, lint it is clear 
that if there are P-poles there will be P 1 cycles of voltage or current 
for each revolution of the armature, and the frequent y (alternations per 
second) will be 


P rpm 

7 0(7 



(13) 


Since there is one complete cycle per pair of poV. it is evident that 

p 

(electrical angle) = y (mechanical angle) (14) 


It remains to develop the vector diagrams for the two cases of non- 



Fig.4 Vector diagrams of synchronous machines. 

(a) round rotor 
(1>) salient pole 

In the case of the non-salient pole machine, the reluctance of the mag- 
netic paths is substantially the same in the direct or quadrature axis. 
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Referring to Fig. 4a, let the field flux, $, Eq. (1), be selected as refereno 
vector and drawn vertically. Then by (2) the induced voltage, E f , lag- 
the flux by 90 degrees. The current, /, Eq. (4), lags the induced voltage 
E f by the angle 0, and in a three-phase machine, Eq. (10), causes a con 
stant magnetomotive force of armature reaction in phase with itself 
This magnetomotive- force of armature reaction causes a flux <£„, sta 
tionary in space with respect to the field poles, which in turn induces a 
voltage E„ lagging it by 90 degrees. The two induced voltages E f (due 
to the field excitation) and E„ (due to armature reaction) combine vet 
torially to give the voltage E '. But the terminal voltage of the machine 
is less than this by the resistance and reactance drops in the winding. 
The latter b due to the leakage fluxes in the slots, around the end con- 
nections, and elsewhere. 

V ^E'-(R+jx t )I (15) 

Now the leakage reactance drop —jxil is at right angles to the current 

and proportional thereto, as is the voltage E„ due to armature reaction. 
It is accordingly c ustomar\ to introduce a fictitious reatlance of armature 
mutton, .v„, such that 

E„ - -jxj (161 

and it is perfectly obvious trom Fig. la that this reactance drop may be 
(ombined with the leakage reactance —jx f I to define a total or syn 
< It rations mu tame 

A , .v/ f .v„ (17) 

Now for the salient pole nun hint* the reluctance in the quadrature 
path is 1 onsiderablx higher than that of the direct path. Therefore, the 
direct component of armature reaction. A,i - A sin 0,in line with the poles, 
cause's more flux jk i amjx*re than does the quadrature component A u = .1 
ids 0. The* diagram of Fig. lb then applies. As before, the field flux <F 
induces a voltage E, lagging it by 90 degrees. The current, /, lagging E f 
bv an angle 0 , produces in phase with itself the armature reaction A. 
But A has direct and quadrature components A d and A, t in line and 
|>erpendicular to the field pole^, and these cause the fluxes fa and <t> u 
respectively. The corresponding induced voltages E ti and E q lag <Pd 
and by 90 degrees, and may !>e accounted for by fictitious reactances of 
armature mhtion , x d and .i*, respectively, as 

E q - —jxdli (a quadrature axis voltage) / 

( 18) 

Ed - —jxjq 4 a direct axis voltage) \ 
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The leakage reactance drop in the winding is 

—jx t I = —jxtd, + V = -/.i /7 d - /.vi/ fi Iiq) 

hence may be combined with the armature reaction drops to detine the 
direct and quadrature components of synchronous rcattamc 

= Xd +■ x i 

A ,J = X q + .V/ ^20) 

The foregoing analysis of this section Inis deliberately ignored many 
refinements in order to present an over-all pic ture of the principles in- 
volved, unencumbered by a mass ot details. In subsequent sections ol 
this chapter the analysis will go deeper, but Chapter * should be reviewed 
carefully before proceeding. Finally, in the Appendices, a general 
harmonic analysis is presented. 

Problems 

1 . Show that . 1 ,, is in sut h a direc tion as to oppose tk ant ion 

2. What trigonometric identities were employed in < .il.tining the final results 
in equations ( 6 ), (7), (10;, and (id? 

\ What would lx* the efTci t on the prime mo\ er of the double fmjiirnc v torc|uc* 
term in (8)? What hapjx-ned to this term in the case ot the three phase gen- 
erator, (12)? 

4 . Write equations for a 2 -phase machine Uwo armatim* coils 00 degrees 
apart) corresponding to (9), (10), fu), and fi2). 

5 . Write equations for a 6-phase machine (six armature c oils 60 degrees apart) 
corresponding to (9), (10), (11), and (12 1. 

6. Suppose the direction of rotation is reversed (counterc lcukwise). What, if 
any, modification would this entail in equations (1) to (121 inclusive, and in 
Figs. 1 and 2? 

7 . Suppose an alternator has some residual magnetism in its field, but on 
exciter. How could this machine lie made to provide normal terminal voltage 
at rated speed? Explain in terms of (a) diagrams, (hi equations. 

8. The equations of torque, (8) and (121, were given in terms of synchronous 
watts. Convert them to Ib-ft. 

9 . List the q>m of 60 -cyc le sync hronous mac hines up to 24 poles 

10 . Show by means of the equations developed in the text that the vector 
diagram for the salient pole machine, Fig. 4 b, reverts to that for the round 
rotor, Fig. 4 a, if the direct and quadrature components of synchronous reac- 
tance are equal. 
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11 Redraw the vector diagrams of Fig 4 for the case of a leading current 

12 A round rotor generator has a leakage reactance of n = 0 IS, an armature 
reaction reactance of = 0 75 and a resistance of R = 005 The termini 
voltage is V = 1 0, and the current is 7 = 0 80 at a terminal power factor < 1 
cos 4 =- 0 8O1 K , IIk All values are in per unit Construct its vector chagrin 
to scale 

H \ salient pole generator has a leakage reactance of w = 0 IS, armatun 
reaction reac tames of \i = 0 95 and x =■ 0 50 and a resistance of R = Oih 
I he induced voltage is / / = 1 K) and the angle between the indue td voltigc 
ind tnc lagging c urrent 7 = 0 80 is 0 — 60° All values are m ptr unit Cor 
struct the \cctor diagram (Note Had we started with the terminal voltage 
1 , instead of the induced voltage 7 f we would have reached an impasse sine 
the current needs to be resolved into direct and quadrature components with 
respert to 7 , whose direction is unknown I he w iv in which this dilemmi is 
casilv ic solved will be developed m 1 subsequent section ) 

3 Construction 

Svnchronous machines ma> be either the revolving armature (as m 
cl e machines) or the revolving held tvpc I he former construct on 
requires the use nt slip rings lor bringing out the high voltage high current 
leads and picsents a moie dilheult insulation and mechanical bracing 
problem I or these reasons it is raiclv used except m rotarv convciters 



Fig 51 Modem tiirhe ge Heritor showing compound turbine ^eneritnr anel e\ 
titer (If t stin^h »u\ / U in ( tptrihon \ 


Iherc are two t>pes oi revedving held svnchronous machines (1 the 
round rotor and (2) the salient pole 

Round rotor construction is used in turbo alternators anel in large 
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l*)wer high speed motor* where the diameter of the rotor must he kept 
>mall in order to avoid excessive centrifugal forces. Since the diameter 
is small, the length must be comparatively long to yield the larger out- 
puts A typical turbo-alternator, in various stages of completion, is 
shown by the series of illustrations of Fig. 5. Figure 5a shows a moder- 
ately large turbo-generator of modern construction with a compound 
turbine, generator, and exciter. In recent year* considerable attention 
has been devoted to streamlining the exterior of these large machines 
in an effort to improve their appearance. A c ross-section through such a 
generator is shown in Fig. 5b, which depicts the frame, laminations and 
the cooling ducts between them, the ends of the armature toils with 
their leads, rotor with the fan and the slip rings, the water tooling toils, 



Fig. 56 Cutaway view of the generator and extiter « II * stnixhoHM hlnirit 
Corporation ) 

and other structural details. It is interesting to note that the active 
material of such a machine is considerably le^s than would be surmised 
from its outside dimensions, the additional space being required for the 
frame and the cooling ducts. Figure 5c shows the frame and armature 
stacking of a hydrogen c ooled generator I he* fabricated construction 
fit the frame should be noted, as contrasted with the cast iron frames 
of a few y ears ago The illustration also shows the radial cooling ducts 
at intervals along the stacking, and the linger clamps pressing against 
the teeth at the end of the stacking \ 1 ros* sec tion through the arma 




Fig. 5< Sutor Iranu ami laminations of a h\ <lro Fig. 5r/ Cross section through 
K<n conlul turbo generator (Cum nil Mu the armature winduu 

tm ioinf>iin\) showing conductors 

slots, slot wedges and 
space rs for the radial 
cooling ducts. <U(\I 
in^housi 1'Uitru tot 
pin at toil) 


r 



Fig. 5- Insulated armature liars showing transposed conductors (white chalk line 
shows path e»i 1 small conductor! (Lnntral IJuhu C ompanw 
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ture winding, showing the insulated conductors, slots, tiher-slot wedges, 
and the radial cooling duct separators is shown in Fig. 5d. Figure 5e 
shows an insulated armature bar with transposed conductors. Large 
conductors are always made up of a numl>er of strands, insulated from 
each other, to reduce the eddy-current loss, as well as to i>ermit easy tend 
ing. Figure 5f shows a completed 2-pole rotor. The leads connecting the 
field coils to the slip rings pass through the hollow shaft and are brought 
out through insulated stubs as shown at the slip ring end of the shaft. 
The numerous round holes shown in the rotor casing are ventilating 
ducts. The end windings of the field coils are held in place by retaining 
rings. Figure 5g shows the retaining ring removed and the manner in 
which the end turns are arranged. This illustration shows a strap lead 
disconnected from the radial insulated stub which enters the hollow shaft. 
The rotor forging is shown in Fig. 5h. Sometimes rotors are built up of 
steel plates (about 2-inches thick) bolted together, and either bolted to 
the shaft flanges or keyed to a through shaft. The field windings consist 
of form-wound bar copper, or strap, insulated l>v mica tape. A cross- 
section through a field winding is shown in Fig Si. Vote the longi- 
tudinal ventilating slots and the radial ventilating holes. The windings 
arc held in place in the slots by nonmagnetic wedges. 

Salient pole construction is used in waterwheel and engine driven 
generators, in low speed motors, and in high sj>eed motors of moderate 
output. The various features of salient pole construction are shown in 
the series of illustrations of Fig. 6. A cutaway view of a large vertical 
hydro-electric generator is shewn in Fig. 6a. The weight of the rotor 
is supported by a thrust -bearing mounted on the bracket over the 
generator, and the shaft is kept centered by the guide* bearing just beneath 
the rotor spider. This machine has both a main and a pilot exciter 
mounted on the shaft extension above the thrust -tearing. A somewhat 
different type of construction is used where head space is at a premium. 
This is the so-called umbrella type construction, shown in Fig. 6b. Here 
the thrust-bearing is mounted below the spider and the guide (taring is at 
the top. The arms of the rotor spider slant downward from the hub, 
hence the name “umbrella type.” A typical synchronous motor with 
salient poles is shown in Fig. 6c. Note the use of structural steel and 
welding. Only the bearing jjedestals are cast. Figure 6d shows the 
armature of such a machine. Note the clamping {dates and the radial 
cooling ducts along the stacking. Figure 6e shows the armature stacking 
assembled in the frame. Figure 6f shows the armature coils in the slots, 
and the manner in wtfiich they are assembled. The slot-wedges, which 
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Fig 6/ \rniatim stacking asst mbltd in tilt iranu (Jlts/zHi, 
house / Uiliu ( or poratxon \ 



Fig 6 f S\nihronous motor stator windings {Gunral tit elm Companx) 

246 




Fig. 6? Sups in winding armature coils ttumm 1 l Inti t Lorn 
panv) 



Fig. 6// Completed armature coil (H 'rshnghou* Uuttu 
( or pom/ ton » 
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Analysis of Synchronous Machines ^ 

hold the cods in place, are clearly shown. Various steps in the winding 
of armature coils are depicted in Fig. Gg. This is done, of umise, on 
-uitable forms. A completed armature coil is shown in Fig (>h, \vhi< h 
brings out the manner in which the strands are tam'd and prolcited 1>\ 
the slot wrappings. Figure Gi shows the revolving held o! a synchronous 



Fig. 6. I Kill poll with starting winding yin m ml lUittu ( omp<m\) 

motor The field poles are bolted to a ring spidi r, which in turn is kejed 
to tin shaft In this machine a squirrel cam starting winding is embedded 
in the pole faces I* or ease of construction the end rings of Ihe starting 
winding are made up of segments bolted togethu 1 u»un 6| illustrates 
the manner in which the field poles are some time s ke\c d t <» t lie rotor core, 
which in turn is keved to the arms ol the rotor s|>idi*i I he dc tails of a 
lit Id pole are shown in big Ok, along with the starting winding 

4* Analysis of Synchronous Machines 

Under Sec 2, Print i pic s of Opt ration equations of flux, voltage, 
current, armature reaction, power, and toiquc were developed for a 
simple alternator having lull pitch c one nitrate d <oiN and sinusoidally 
distributed field flux and components ol armature r< a< lion r I Ik se equa 
tions culminated in the vector diagrams. I ig 4 loi the non salient and 
salient pole machines Hut in actual alternators having fractional pitch 
distributed windings, and nonsinusoidal distributions ol flux, certain 
modifications) must be made in the equations Ide ntn al v c « tor diagrams 
will result, although some ol the constants involved have somewhat 
different values. Ihe more detaileel analvMs is 1 mm el on the general 
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equations of induced voltage, armature reaction, and reactances gi\ u 
in Chapter 3 and in the Appendices. The analysis will follow the out 
line: 

fa) Flux distribution due to the field pole excitation 

(b) Armature reaction 
(( ) Air gap ilux 

(d) Indue ed voltage 

(c) Reactances 

ff) Vet tor diagrams 

(g) Kxdtation and regulation 

(h) Rower and torque 

(i) Stability limits 

(j) Mechanical oscillations 
fk) Starting and synchronizing 

(l) Parallel operation 

(m) (Ik 1* diagram 

(n) Losses and clticiency 

5. Flux Distribution Due to Field Pole Excitation 

Hgurt* 7 shows the de\ eloped \iow of a pair of held poles and a slotted 
armature. 1 he pole s are excited b\ c urrents in the field coils, /♦, resulting 



in a tlu\ distribution Mich as indi'«iU*d b\ the dotted lines and arrow 
heads 

Some ol the tlux. o / * tilled the Utld luikay goes from pole to 
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pole without entering the armature. Obviously, such field leakage flux is 
not useful in generating an electromotive force in the armature con- 
ductors, but does contribute to the saturation in the pole body, and is 
therefore undesirable. This flux is also of importance under transient 
conditions. 

The useful flux, crosses the air gap and enters the armature. If the 
armature surface were smooth, the llux density distiibution along that 
surface would also be a smooth curve, determined by the amount of pole 
tip chamfer and the ratio of pole arc to air gap. It would be symmetrical 
about the pole axes, and could 1 >e represented by the Fourier series 

XX cos (2k — 1 ) — (21) 


This distribution is generally flat-top and contains appreciable harmonics 
besides the fundamental, it is theoretically possible to obtain a pure 
Miiusoid of flux density by the shape and dimensions of the pole face, 
but it is not practicable to do so. 

Hut the presence of the teeth and slots causes \ tooth ripple to appear 
in the flux density wave. If the field were a o'ld continuous surface, 
the ripple would simply move along with the armature and not induce 
any voltage, since it would move with the same spree 1 as the conductors 
and would not cut them. Hut the field poles do not present a continuous 
surface, and as each tooth passes a pole tip its llux is transferred to the 
next pole, so that the total llux per pole i* pulsating at the tooth frequency 
■2/7 a), where r is the pole pitch and a is the tooth pitch. 'The amount 
of this pulsation may be determined by making a series of flux plots for 
different positions of the armature and finding the total llux for eac h posi 
tion. The tooth pulsation may be represented by 


A0 cos 



A# t'os w7 


( 22 ) 


6. Armature Reaction 


Equation (32), Sec. 4, Chap. 3, gives the kih space harmonic of arma- 
ture reaction for a 3-phase (120-degree phase Ih’IIs) fractional pitch, dis- 
tributed winding supplied with balanced 3 phase currents and running 
at any speed <«*,. For a synchronous machine, c*. - 

If the armature currents are given by (9*. the A'th harmonic* of arma- 
ture reaction is (per pole) 


A k (x) - 1.2^qXI m „ |sin £(1 - A'M + 6 + ^ 


+ 


sinjjl + i'W + 0 - (23) 


r 
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k' is any harmonic for which (k* — 1 ) is a multiple of 
k" F any harmonic for which ik" f 1 ) is a multiple of S 


Space harmoni<*s are imj>ortant in determining the air-gap reactant i 
(sec Appendix IV); but otherwise are relatively unimportant and do no: 
influence the characteristics of the* machine appreciably. Thus the k\[\ 
harmonic is only 1 £th the magnitude of the fundamental, for a full 
pitch concentrated winding, and is further reduced by the winding har 
monit reduction factor A'/. For our present purposes only the fumla 
mental of (23) need be considered. Putting k = 1 


A jf.v) = 1.2AV/.\7 lniv sin 



(24 


in which x is measured from an arbitrary stationary reference axis (with 
respect to the field). Let this reference axis be taken as the center line 
of the S pole. 

Kxpanding this expression and putting 

la - / ..mx sin -- dimi component of current / 

- ( 2 5 1 

I., /....x cos 0 -- quadrature component of current \ 

there results 

.l,(.n - 1 .2(/A |A ( l,i c os TX f /„sin wx ) - J„ros- r + .l,sin— 126 
\ t r / r t 


Kxcept for the winding factor Ai this equation is the same as the pri 

viously derived doi. It shows that 
the armature reaction due to the 
dim t component of current, /,/, is si 
nusoidally distributed in space, cen- 
tered on the polar or direct axis, and 
opposes the field magnetomotive force 
[for - 0 ), Fig. S. On the other hand, 
the armature reaction due to the quad- 
rature component of current. /,. is 
sinusoidally distributed in space and 
is centered on the intcrpolar or quad- 
rature axis. This quadrature component of armature reaction thus 
will build up llux in the quadrature axis. 

The resolution of the armature reaction into two components in line 
and quadrature with the field poles, and an analysis of the consequences, 



Fig. 8 
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was first proposed by the French engineer Blondel. Subsequently the 
;,lea was extended by Doherty and Xickle to include the effects of space 
harmonics. Their rigorous analysis leads to precise definitions of direct 
and quadrature synchronous reactances and to sjH»citic directions for 
resolving these synchronous reactances into armature reaction and leakage 
reactance components. A somewhat more compact analysis, based on 
the Doherty and Xickle analysis, but relying entirely on mathematical 
procedure rather than physical concepts, and including both space and 
time harmonics, is given in the Appendices. 

At unity power factor, 6 = 0, there is by (25) only a quadrature com 
ponent, of armature current, and by (26) the armature reaction is 
entirely in the quadrature axis. At zero power factor lagging, ff ~ - { K) 
degrees, there is by (25) only a direct component, /./, of armature current, 
and by (26) the armature reaction is entirely in the direit axis and 
opposing the field flux. At zero power factor leading, u - j ( >0 degiecs, 
there is by (25) only a direct component, /,/, of armature current, and by 
26) the armature reaction is entirely in the din t axis and assisting the 
field flux. 

These three cases and spare vet tor diagrams arc illustrated in 
fig. 9. 



1.0-pf 0.0 -pf (Lag) 0.0-pf (Load) 

(0=0) (0=-7r/2) (0=+r//) 


Fig. 9 Kflfect of power factor on armatuie reaction 

Problems 

1. List all the space harmonics up to the 21sl which contribute to .f- phase 
armature reat tion, and give their magnitudes, veloc ities, and dim tinn of rota- 
tion with respet t to both the armature and the held. 

2. Write the equation for the fundamental of armature reaction for an alter- 
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nator on short circuit (neglecting its resistance). Draw the vector diagr.tr 
showing relationship, in both phase and magnitude, of the armature rea< 1 1 #, 
with respect to the field magnetomotive force. 

3. A 3-phase alternator, with 1 20-degree phase belts, has 3 slots per phase be! • 

8 turns per c oil, 0.889 coil pitch, and is carrying a current of 120 amperes p« r 
coil at a lagging angle 6 = —60 degrees. What are its direct and quadratui- 
components of armature reat tion? Show a vector diagram. 

4. In the above machine, what arc the 3rd, 5th, and 7th space harmonics m 
armature reaction? 

7. Flux Distribution Due to Armature Reaction 

The llux distribution due to the field pole excitation is given in Sec. 5. 
Armature reaction by itself will also produce llux in the air gap, and in 
general this flux distribution will be different, depending on whether a 

direct or quadrature component of arma- 
ture reaction is responsible for it. Figure 
10 shows a direct axis, fundamental com- 
ponent of armature reaction producing 
flux in the air gap. It is possible to make 
a field flux plot '* and determine the flux 
densitv at each point along the armature 
surfac e. The density at any point divided 
bv the armature magnetomotive force at 
that point is the permeance there. Thu* 
a permeance curve. Fig. 10, can be plotted 
Such curves consist of a constant term 
and even harmonies, of which the second 
dominates. Fuithermore. the permeance curve is essentially the same 
for either a direct or quadrature component of armature reaction. To a 
good approximation it may be represented by only the first two term^ 
of its Fourier series, 

/’it > = /’.. + /V cos — (27) 

T 

Then if the armature reaction is 

-l.uri -U cos KmX -}- A „ sin — (28) 

r r 

• Hew ley, 1 . V , /..<» JimniwHdl Fit Id \ in FJutrical Engineering, The Macmillan Co , 



Fig. 10 
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^7 Flux Distribution Due to Armature Reaction 
the flux density is 

fin = + P« cos ^ cos — + .■!„ sin ra ^ 

= (P{\ + mis — -f ^P u - sin — 

+ ~ ^-trf cos — + A „ sin ***? ^ ( 29 ^ 

Thus the second harmonic in the permeance causes a thin! harmonic in 
the flux density. The fundamental permeance of the direct path is 
j\ 1 greater than the average permeance I\ while that in the quadra 
ture path is P> 1 less than the average. For a uniform air gap P> - 0. 
i See the Appendices for a more general analysis.) 

In an unsaturated machine, the field flux density, «2H, and the arma- 
ture reaction flux density, (29), may be added. But this is not possible 
in a saturated machine. In that ease it is first necessary 10 combine the 
held and direct (fundamental) component of armature reaction to find 
the resultant magnetomotive force and from this result ael determine the 
flux from the saturation curve. However, except in the teeth, there is 
little saturation in the quadrature axis, 
and it is customary to assume no satura- 
tion in that axis. 

The space vector diagram for lagging 
power factor is shown in Fig. 11. The 
current / is at an angle — 0 from the 
quadrature axis, and has direct and 
quadrature components - /,/ and / (/ 
respect ivel) . These currents produce 
fundamentals of armature* reaction -A.i 
and A, n respectively. The former op- -a 
poses the field magnetomotive force. Fig. 11 
/\ and the resultant (P — .1,/) is re- 
sponsible for the direct axis pole flux </>,/. The quadrature component 
-l f/ , acting on the interpolar path, produces the quadrature axis flux 

Problems 

1. For F = 1 and .1 = 0.50 draw to scale the vc*c tor diagrams for the following 
cases: 

(a) 0 = 0, (b) 0 = <X)°, (c) 0 =- —00°, Ob 0 - 45°, (e) 0 - -45° 

In each case note whether armature reaction opposes or assists the field. 
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2 . Draw a curve showing the ratio of the quadrature to the direct permean. . 
as the second harmonic varies from zero to 50 per cent of the constant term 

8. Induced Voltage 

The total fundamental flux density in an unsaturated machine is tin 
sum of that due to the field, (21), and that due to armature reaction 
(29). With respect to the center line through the 5 -pole, this is 

fi(x) = Pi cos — + + -^1,/ cos — + v sin ~ 

- A sin (” + :) + (/', + sin (” + ?) 

+ (/>,.- f 2 )‘ 1,s!n 7 <3 ° 

Now each of the three terms of (30) is in the same form as (Chap. 3 , Kq. 2». 
and since neither their amplitudes nor their phase angles are functions 
of time, it follows that (Chap. 3 , Kq. 18) will contain induced voltage 
terms due only to the synchronous speed of the conductors, 

7 T rf.V || 

— - - oj 

t dl 

For a (oil group of q coils whose center is at 

it t 

- .Vii ~ w / 


and taking skew, (Chap. 5 , Sec. 10), and distribution, (('hap. 3 , Kq. 17 1 , 
into account, the fundamental induced voltage of the coil group becomes 
(Chap. 5 , Fq. 18) 


A ,|A ,,\ A,/|W f</> 1 


in which 


</ 

.V 

A. 1 
A ,,i 

A,n 

0\ 

0a 


- co' .s per group 

- turns per * o'l 

- skew factor for the fundamental 

- pitch facto* for the fundamental 

- distribution factor for the fundamental 
2 

-- ~ rl p 1 - field flux per pole 

IT 



direct axis armature reaction flux 



$8 Induced Voltage 

2 . ( D Pi 

+' ~ * rl \ Po t 

a) = 2t/ = synchronous speed 
This equation, together with '30), clearly shows: 

(1) The induced voltage due to the field tlux reaches .1 maximum at 
w/ = 7r 2, that is 90 degrees later in time than when the coil group 
W'as centered on the pole. 

(21 The direct component of armature reaction develops a flux in 
space phase with the field flux (assisting or opposing it, depending 
on whether the power factor angle is leading or lagging), and its 
induced voltage is 90 degrees later in time than when the coil is 
centered on this flux. 

M) The quadrature component of armature reaction develops a flux 
ahead of the field flux by 90 degrees in space, and its induced 
voltage does not reach a maximum until t. 

Sow is proportional to I, t and </>,, is proportional to and the 
voltage due to them may be accounted for In proportionality factors 
.v,, and .v f/ , so that (31) ma\ be contracted to 

Ci = E f sin o>/ T xj,t sin u>/ - x fl l„< os a?/ (32) 

This equation gives the fundamental induced voltage due to the space 
fundamentals of flux. It shows that the field voltage and direct com- 
ponent of armature reaction voltage are in phase, and that the quad- 
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^ - quadrature axis armature reaction flux 



Fig. 12 

rature component of armature reaction voltage is lagging by 90 degrees. 
These voltages may therefore be superimposed on the vector diagram of 
Fig. 11 as shown in Fig. 12 for +B and — 
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Taking the quadrature axis as reference vector, and using rms values, 
the vector equations are 

I = Iq+jld {33 ' 

El = Ef + Xdh - jxjq ( 34 ' 


9. Reactances 

The reactances of rotating machines in general have been discussed 
in Chapter 3. The slot leakage and end turn reactance of a synch ronous 
machine presents nothing new. But the air gap reactances of synchro- 
nous machines, particularly those with salient poles, needs further dis- 
cussion. A complete harmonic analysis of the air gap fluxes and the 
voltages which they induce is very involved (see Apj>endix IV). From 
such an analysis it is possible to segregate out all those space harmonics 
of flux which induce time fundamentals of voltage, and the total voltage 
thus induced may Ik* attributed to armature reaction. However, de 
signers prefer to make a further subdivision which will segregate the 
slot harmonics from the others, so that the effects of design changes can 
Ik* detected more easily. From a harmonic analysis point of view, this 
amounts to: 

(1) Designating the fundamental induced voltage due to the space 
fundamentals of armature reaction as armature million mu tame 
voltages. 

(2) Designating the fundamental induced voltage due to all other 
spate harmonics of armature reaction as differential leakage re 
at tame voltage. 



Fig. 13 Flux distribution due to direct, quadrature, and 5th harmonic of armature 
reaction. 


A physical idea of the significance of the above segregation may be 
obtained from Fig. 13. 



$9 Reactances 

In Fig. 13(a) there is shown a space fundamental of direct armature 
reaction producing a flux fa which links the lield coils, and which is 
therefore pure armature reaction: and the voltage which it induces is 
appropriately armature reaction voltage. 

In Fig. 13(h) is shown a space fundamental of quadrature armature 
reaction producing a flux 0 V , which in effect establishes a set of quadra- 
ture field poles; and therefore the voltage which it induces is appropri- 
ately armature reaction voltage. 

In Fig. 13(c) is shown a 5th space harmonic of armature reaction. Hut 
as shown in Appendix II, this 5th space harmonic does not remain 
stationary, hut revolves at 1 5 synchronous sj>eed (with respect to the 
armature) and induces a fundamcnal voltage. It is clear from Fig. 13(c) 
that its flux does not link with the field coils; and the voltages due to 
it are therefore appropriately leakage reactance voltages. The same 
argument applies to any other space harmonic which induces a funda- 
mental voltage. 

There are still other space harmonics of armature reaction which 
induce time harmonics of voltage, hut the.*, are not fundamental fre- 
quency effects and contribute nothing to nonnal frequency reactances. 

The flux <t> n must he less per ampere-turn of armature reaction than fa, 
since the reluctance of the quadrature axis path is more than that of the 
direct axis path. The refore x u < x*. In an unsaturated salient pole 
machine the range is approximately (0.30 < .v f/ x* < 1.00). Hut these 
synchronous reactances include both armature miction and leakage 
reactances. 

The leakage* reactances in the two paths are not much different, and 
are usually taken as equal. The leakage reactance is 

X( = .Ihlui ~f“ turn* “f" »l «i iff»*n lit i'll ^35) 

and what little difference exists is due to difference in the last term. The 
voltage due to it is 

— jx 1 1 = -./>/(/,, + jh) =■ X/1 ,1 - jx t f v (36) 

The unsaturated synchronous reactance A .* could Ik* obtained by 
operating the machine at low voltage and 0 — pf (hence / = /,/), and 
measuring phase voltages and currents. The saturated values require a 
more involved procedure which is discussed in Sec. 11 of this chapter. 

A method of obtaining the unsaturated synchronous reactances is to 
drive the machine at slightly less than synchronous sj>ced, with the 
field circuit ojien, and reduced balanced i>oly phase voltage applied to the 
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armature, and measure the armature voltage and current and the field 
voltage, Fig. 14. As the armature revolves at slip frequency with respect 
to the poles, the phase being measured is centered alternately on the 

direct and quadrature axis, and the reac- 
tance is therefore varying between the two 
extremes 

V - max * mu m v oltage 
minimum current 

Y _ minimum voltage 
9 maximum current 

The field voltage serves as an additional 
check, since it is zero for the A\* measure- 
ment. If the applied voltage is not con- 
stant (being influenced by the current), it 
is better to take oscillograms, as shown in 
Fig. 14. 

io. Vector Diagrams of Synchronous Machines 

The previously derived equations from which the complete vector 
diagram of the salient pole synchronous machine may be constructed 


(with the quadrature axis as reference vector) are: 

/ /„ 4 //,/ armature current (371 

A - .1,, 4 /.l,/ armature reaction (38) 

F 0 { jF field mmf (39) 

0 - 0 4 /</> flux in direct axis '(40) 

£1- E, f xJd - j. w,/,, induced voltage (41) 

;.v/7 - jxAE, f ./7,d leakage reactance drops (42) 


I he terminal voltage, F, is the induced voltage less the leakage reactance 
and the armature resist ance/lrops 

V - Ex - jx,I - Rl 

— Ej + U\/ + — j{.\\ + xi)I q — RI 

— h, 4 A*//,/ j A q f l{ R([ q -p jl ( i ) (43 1 

in which the exactly similar roles of the armature reaction coefficients 
and the leakage reactances allow us to define 

A./ - x* f .V/ - direct axis svnehronous reactance / 

' . ;■ ( 44 ) 
A , - .v,, 4- Xi = quadrature axis synchronous reactance \ 
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For a round rotor machine X, = X„ « X. and 143) reduces U* 

V - E, - jXM„ +■ jlj\ - Rl (R + / V.t/ <45! 

The vector diagram^ for the salient jxde and round rotor machines 
are then constructed as shown in Fig. 15ta > and (1.) respectively for a lag- 
ging current (0 = -45° and therefore h is iug.it i:c\. 




Fig. 15 Vector diagrams for 
a. •salient poles 
/». round rotor 


In the salient pole machine diagram the direct axis is symbolized by 
a field pole with magnetomotive force F. The direct axis component of 
current, / rf , opposes the field magnetomotive force, so that the resultant 
direct axis magnetomotive force is iF — Ad) producing the main flux 0. 
This flux induces a voltage K f which reaches its maximum when the 
phase is centered on the quadrature axis, that is 90 degrees later in time. 
This voltage, therefore, appears on the vector diagram lagging the flux 
by 90 degrees. The armature current, /, is shown lagging E f by the angle 
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6 = 45 degrees, and having components T d and /„ in the direct and 
quadrature axis. Each of these currents produces a corresponding com- 
ponent of armature reaction, A d and A q respectively. The terminal 
voltage, V, is less than the induced voltage by the resistance drop RI 
and the synchronous reactance drops jX q I q and X d I d , in accordant c 
with (43). If desired, the resistance drop may be resolved into com- 
ponents RI q and jRI d% and the synchronous reactance drops split into 
their armature reaction and leakage reactance portions, as indicated on 
the diagram. 

But usually it is required to construct the diagram given the terminal 
voltage l r , armature current /, and power factor angle <p. The procedure 
then is: 

(1 ) Use V = V + jO as reference vector (horizontal) 

(2) Construct / - / V at an angle ^ from V 
(5) Add the RI drop in phase with I 

(4) Add the drop jX q I leading I by 90 degrees, thus locating the volt- 
age on the quadrature axis. That this construction locates 
the quadrature axis is easily seen by noting that the component of 
jX.,I orthogonal to the quadrature axis is jX q / q , since the former 
is |>erpendicular to I and the latter to I , r 

(5) With the quadrature axis located, find the current projections 
I., and I H . 

((>) Complete the diagram with the X d I d and jX q I q voltage drops. 
The voltage Ei - V + [R + jxi)I (461 

is called the voltage behind the leakage impedance. 

The voltage E Q = V + (R + jX „)/ 

= V + RI + jx t I + jx q I 
= Ei + jx u I (47) 

is called the voltage behind the quadrature impedance . It is of importance 
in calculating the transfer of power, as well as in the construction of the 
vector diagram. 

From (43) and (47) 

Ej - E q - ( V - AVrf + jX q I q + RI) - (V + RI + jX q I) 

= — X'J ,i + jX q I q — jX q (I q + jl d ) 

= —(A’rf — A q )I d (48) 

The reader should verify this geometrically from the vector diagram. 
For a round rotor machine X d = X q and this term vanishes. 
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The angle 5 between the terminal voltage and the quadrature axis is 
called the torque angle. It is of great imjxirtancc in connection with the 
power transfer, stability, hunting, and other characteristics of machines. 
From the vector diagram of Fig. 15 


6 = 0-0 (49) 

/,/ = / sin (5 -f 0) (50^ 

/„■=■/ cos (6 + 0) (51 \ 

rsin 6 = XJ„ - A 7 ,/ (52) 

Substituting 150) and 151) in 152) 

F sin 6 = X,,l cos (6 + 0) — Rf sin (6 + 0) 

= ( A\,7 cos 0 - R1 sin 0) cos 6 - [XJ sin 0 » *7 1 os 0* sin 6 
from which, upon dividing through by co> 6 and rearranging 

(.Y, cos 0 - R sin 0)/ 


tan 5 - - 

l F ( \ sin 0 F V ros 0)/ 


(53) 


This equation gives the torque angle for any load current, /, and power 
factor angle, 0. The angle is independent of the direct axis synchronous 
impedance. 

Also from the vector diagram 

h t — 1 cos 5 F Rh, I \f //,/ 

- Ft os « 4- A7cos<6 + 0) + \ (1 /sin (6 * 0) 154) 

Thus with 6 known from (53) the induced voltage for an unsaturated 
machine may be found from (54). 

rile vector diagram for the round rotor machine, Fig. 151>, F con 
siderablv simpler. It can be constructed directly from (45), or reduced 
from the salient pole diagram by making A\, Y rf - Y.. 'Hie con 
strut tion procedure is completed by the first four items of those listed 
lor a salient pole mac hine. 

A synchronous machine may operate as: 

1. A generator, if the torque angle is positive 

2. A motor, if the torque angle is negative 

d. A sync hronous condenser, if the torque angle 1 is zero. 

Thus the same identical machine may be generator, motor, or < ondenser, 
depending upon whether it is delivering power to the line, taking |>ower 
from the line, or merely floating on the line and providing only reactive 
1 lagging or leading) kva. Moreover, by changing the excitation of 
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a motor or condenser it can be made to take* a leading or lagging cur- 
rent 1 best* possibilities are shown in big lb for a round rotor mat hint 
and in lig 17 lor a salient pole machine, where power factor angles 
are shown at 15 degree intmals. In these diagrams the current is 


Pf Lagging 



Pf Unity 


Pf Leading 
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output current from the machine to the l>u$. Input current is the nega- 
tive of output current, as indicated in the motor diagram.**. < The stu- 
dent will do well to construct the diagrams of Fig. \h and Fig. 17 without 
recourse to the text; tor when he can do this he is approaching u real 
understanding of synchronous machine*. ■ It i* important to note that 
there need not he separate theories for generator, motor, and condenser. 
Positive torque angle means generator action ; negative torque angle means 
motor action; and zero torque angle mean* synchronous condenser ac- 
tion. An over excited machine operating on a fixed voltage hus will sup 
ply a lagging current as a generator or draw a leading current as a mot 01 . 

Synchronous condensers are simply sync hronous mac hincs not intended 
for power purposes, hut specially desigm d so as to he able to deliver large 
amounts of lagging or leading reactive kva for the regululio: of transmis 
sion lines. During periods of light load* on the tn.ihini-sinn line the re 
cciver voltage tends to rise above normal due *0 tin leading current taken 
by the shunt capacitance ol the line. At smh periods the sj nc hronous 
condenser is operated under excited and draws lagging kva sufficient to 
reduce the line voltage to normal, (onxersely. durinr periods of heavy 
load the synchronous condenser is operated over excited and draws lead- 
ing kva sufficient to maintain the line* voltage. S\n« hronous condensers 
must, therefore, be designed to have a much wider e, pending range of 
reactive kva than generators or motors, and this calls lor a more liberal 
lield design. The dirce t component of synchronous reactance, A,#, of a 
sync hronous condenser is usually from 50 to 100 | c*r cent higher than for 
motors or generators. Sometimes a turbo generator, when not required 
to deliver power, is kept floating on the line and opciatc d a* a svm hronous 
condenser for the purpose* of supplying rcuc live* kva lot line* regulation or 
power factor correction. 

In many industrial applications synchronous motor* arc* selected in 
preference to induction motors because they can suj ply corrective (lead- 
ing) kva to compensate for the poor power factor oi other apparatus in 
the plant. 

Problems 

1. The current and voltage equations for Fig. 15 may be written: 

/ = /„ + l, 

E, - V + KI + / Yd/,/ + / W,/,, 

Rearrange the voltage equation in the two forms 

Ej ^V+kl + ./' A',/ - A' ,, . I, 4 - j\' 

= V+ K1+ jXJ -jl.Xt - A 
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and interpret each of these on the vector diagram. Verify the equations from 
the geometry of the diagram. 

2. Since the voltage equation for a generator is applicable to a motor bv re- 
versing the current, show that the motor equation may be written as 

V =£/ + /?/ + jX d I d + jX 

which is identical with the generator equation if the roles of V and Ef are inter- 
changed. From this j>oint of view, what changes should be made in the motor 
diagrams of Fig. 17? 

3. A synchronous machine has the following constants (on a per-unit basis): 
V = 1, / - 0.8 at 0.80 |)f (lagging), x d = 0.70, x Q = 0.40, xi = 0.15, R = 0.05. 
fa) What is the torque angle, 5? (b) Construct the vector diagram with E f 
as reference vector (horizontal), without making use of the procedure described 
in the text, (c) Construct the vector diagram with V as reference vector 
(horizontal), making use of the procedure described in the text, (d) Repeat 
the above for 0.8 pf (leading). 

4. The <onstants of a round rotor and of a salient pole machine are identical 
except that for ihe latter X u < X d . W'hich will have the greater torque angle 
forgiven terminal conditions? 

5. Prove that the equations and ve< tor diagrams for the salient pole machine 
reduce to those for the round rotor machine when .V, — X d . 


ii. Regulation and Excitation of an Alternator 


Regulation is defined as the per cent increase in voltage when the load 
is removed, speed and field excitation remaining constant, that is 

Percent Regulation = 100^-' (551 


in which V is the rated terminal voltage and K, the no-load voltage at 
the same speed and excitation. The difference in voltage is due to the 
internal impedances of the machine, and these comprise: (a) armature 
resistance as modified by skin effect and stray loss, (b) the true leakage 
reactances due to llux in the slots, around the end turns and harmonic 
fluxes in the air gap, and (c) armature reaction. The calculation of the 
excitation voltage from the terminal conditions is greatly complicated by 
saturation effects. The problem is further aggravated by the fact that 
the degree of saturation in some parts of the magnetic circuit (/>., the 
field pole) is not the same as in other parts (/>., the armature), because 
the fluxes in the two parts differ by the amount of certain leakage fluxes. 
Moreover, in salient pole construction, the degree of saturation in the 
direct and quadrature paths is quite different. 

There are three basic methods (with numerous minor variations) for 
computing the excitation voltage from the terminal conditions: 
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1. The electromotive force method, in which armature reaction is ac- 
counted for in the fictitious synchronous imj>edance voltage drops. This 
method gives results which are invariably too high, hence is often called 
the pessimistic method. It has the advantage of simplicity and of re- 
quiring a minimum of test data. The old iprior to 1<M61 A IKK standard 
was a modification of this method. 

2. The magnetomotive force method in which the leakage reactance 
effects are lumped with the armature reaction. 'This method gives results 
which are invariably too low, hence is often called the optimistic method. 
It is more complicated than the electromotive force method. The present 
ASA standard is a modification of this method. 

The general method in which leakage reactance drops are treated 
as voltages, and armature reactions as magnetomotive forces. It is the 
most rational and reliable of the three methods, but requires additional 
test or design data. Kxtensions of this method take into account the 
different degrees of saturation found in different parts of tin machine. 
It is the only feasible method for use with salient pole machines. 

Load ( 'haracteristii s 

As a preliminary to the detailed discussion of the above methods it is 
advisable to define the several kinds of characteristics which enter into 
the computations. These are shown on Fig. IS. The curve (K is the 
open (in nit saturation <urv(\ and 
shows how the* voltage varies 
with the field current. Its lower 
portion is practically straight, so 
that at low saturation the vol- 
tage is a linear function of the 
field current. The continuation 
of this straight portion is the air 
gap line , (XL At zero power fac- 
tor and a fixed armature current 
the characteristic* becomes the 
zero paurr factor curve, A B. Un- 
der this condition a field current 
OA is required to circulate the ^ 
prescribed armature current when 

the voltage reduces to zero (short-circuit). At any other power factor and 
armature current the characteristic takes up some position A B\ A B " , etc. 
intermediate between the oi>en-circuit and zero power characteristic, but 
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all such characteristics originate at a field current OA when the voltage k 
zero, since then the machine is short-circuited. The line OS is the short- 
circuit characteristic, and shows how the short-circuited armature current 
varies with the field excitation. Under short-circuit the whole of the 
induced voltage is consumed by the armature resistance and leakage- 
reactance, and since this impedance is small, its voltage drop is only a 
fraction of the rated voltage; so that the net flux in the machine k 
below normal even at several times rated armature current. This means 
that there is little or no saturation, and consequently the characteristic 
is a straight line. Of course, if tests were made at many times normal 
armature current, saturation would set in and the curve would droop, 
as for any saturation curve. 

12. The Potier Diagram 

By an ingenious process due to Potier it is possible to determine both 
the leakage reactance and the armature reaction (in terms of field cui 
rent) from the open circuit and the zero pf characteristics. Referring to 
Fig. l ( ba), at zero pf the c urrent lags the terminal voltage by ( >0 degrees. 



The leakage reactance drop, /.v ; /, is in phase with the terminal voltage, 
K, while the (to lie assumed negligible' resistance drop, RI, is at right 
angle's to V. The voltage behind the leakage impedance is then E\ and 
to induce this voltage requires that a corresponding tlu\, <p\ cross the air 
gap. The flux in the field poles will exceed <*/ by the field pole leakage 
flux which passes lietween adjacent poles without crossing the air gap 
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to the armature. Ignoring this tie Id pole leakage, the saturation in the 
poles must correspond to <p\ or to its induced voltage Now the arma- 
ture reaction, A . due to the zero pf current is in phase therewith The 
field ampere turns must then he sufluient to neutrali/e A and provide 
a net excitation £', that is 

F, ■ F 9 - A 

It is evident from Fig. IMui^ that if the relatively small resistant e drop KI 
be neglected , then £'. A. ai.d F, will he in phase ami can Ik* combined 
arithmetically, and likewise E f . V and a/I will Ik* in phase and can he 
combined arithmetically. These relationships are defined in Fig. FMo 
by the triangle a'b\' . V - E' W, and /\ /•' + I. 'Therefore, 

given the open-circuit and the zero pt characteristics, tin problem is to 
determine the triangle a'bW for once this is auonmlMud the leakage 
reactance is v»/ - a\ ' and the armature reaction is .1 </7f. It is dear 

that the two curves miM be parallel in the* sense that if */7»V is moved 
parallel to itself with (' on the open-cin nil characteristic, then />' must 
follow the zero pf characteristic, for since tb< armatmc current / is 
constant, both the leakage rea» tame drop and 1* • armature rra« lion must 
be constant for any field 1 \i ii .itioii. but at zero terminal voltage, I' 0, 
the triangle is at abt , and here it ^ seen to be a part ol the* larger ( INitier) 
triangle* obi. Therefore*, to construe t the triangle v'a'b't ' at any level: 

1. draw o'b' parallel and equal to ob 

2. draw o'( ' parallel to <>< intersecting the o|>en circuit c harac teristie 
at r' 

d. complete the triangle by adding t 'b' 

As a matter of fact, it is not necessary to have a complete zero pt char 
acteristic. If the short circuit point h and any other point b' are given, 
the Potier triangle can be* constructed, and by moving it parallel to itself 
the whole zero pf < harac teristic* may Ik* construe tc*d. Conversely, given 
the zero pf characteristic and one point on the open circuit curve, the 
latter may Ik* completed. 

13. The Electromotive Force (Emf> Method (round rotor) 

The only test data required lor this method are the* ojien circuit 
and short-circuit characteristics. Fig. 20<a). The armature reaction 
and leakage reactances together are included in the synchronous reac- 
tance, A',, and the vector diagram of Fig. 20' l>) is assumed to apply. On 
short-circuit. Fig. 20(c), the terminal voltage V reduces to zero and the 
whole of the voltage £, is consumed by \R ■+ j A >/ ,. Since the resistance 
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drop is small compared with the reactance drop, as well as orthogonal to 
it, no great error is committed by taking E s = ZJ.c=jXJ te . Then 
the A\ curve can be plotted on Fig. 20(a) as the ratio E f /I 9L . Since the 




short circuit characteristic is taken under conditions of low flux, and 
therefore no saturation, it is evident that the value of A\ at any field 
current, as given above, will be too large. For this reason, it is cus- 
tomary to use the A', corresponding to the largest armature current 
tested (usually limited by heating to about twice normal rated current ». 
From Fig. 20(b) the induced voltage is (taking / as reference vector), 

E, » V+ [R+j\\)I 

— I (cos \p -f- j sin ^0 -f- RI -f“ / A „/ 

" (Tens <p + RI) f /(Fsin ip + XJ) ( 56 » 

Therefore, the induced voltage has a magnitude 

Ej = \'(V cos ^ + RI)- + [V sin ^ + XJ) 2 ( 57 ) 

Problem: Show that the short-circuit current of an alternator is independent 
of speed, except at very low speeds. 

14. The Old AIEE Method (round rotor) 

Referring to Fig. 21(a) it is evident that at zero pf the difference 
between the excitation voltage, E u and the terminal voltage, F. is sub- 
stantially the synchronous imi>edance drop jXJ. Hence if both an 
open-circuit and a zero pf characteristic are available, Fig. 21(b), the 
difference l>etween them is the synchronous impedance drop. This 
method has the advantage over the electromotive force method of 
taking into account the saturation which exists for armature current / 
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at terminal voltage V. However, additional test data in the way of 
a zero pf characteristic are required. Moreover, as will Im> shown later, 
;t yields an erroneous angle between V and Et and cannot lx* used in 




(b) 

Fig. 21 The old A IKK method. 

stability studies. In applying this method, corresponding values of 
E, and XJ are read from the characteristic curves and the value of V 
lound from the following e(|uation, 

V = \ Er — (A 7 sin <p - XJ cos - (RJ cos ^ f XJ sin (58) 

Problem: Devise a graphical method for iinding V for an> load and power 
fat tor when values of E, and \\ c orresponding to a given field 1 urrent are taken 
from the c. ha rat t eristics. 

15. The Magnetomotive Force (Mmf) Method (round rotor) 

This method, like the electromotive force method, requires only the 
open-circuit and short-circuit characteristics. The effects of leakage re 
actancc and of armature reaction are both included in the armature 
magnetomotive force. Referring to Fig. 22 (a), the- resistance drop is 
added to the terminal voltage, !\ to give the voltage 1 ' induced in the 
conductor by main and leakage fluxes. This voltage F' requires a field 
excitation E\ as given by the open cire uit characteristic, hig. 22 fb). 
fhi short-circuit, the excitation, .1 in l*ig. 22' b), is consumed in over 
< nniing the armature reaction and the leakage impedanc e. Hut the latter 
is sensibly equal to the Foticr react anc c* 1 he total field exc it at ion is then 
the vector sum 


F, = F' - A 
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and the corresponding voltage on open-circuit, Fig. 22 (b), is Since 
the armature magnetomotive force is taken from the short-circuit char- 
acteristic' under conditions of no saturation, it will be smaller than 



(a) 

Fig. 22 I hi MM I nut hod 


actually requiicd under saturated updating conditions, and F, as thus 
computed will be too small, The method is acc ordinglv sometimes called 
the optimislit method 

16. The ASA Method i round rotor i 

'I his is essentially a magnetomotive lone method in which an adjusted 
value of magnetomotive iorci is used tocorrec t for saturation. It requires 



F A F,' F f 

(a) (b) 


Fig. 23 lli< \s\ nn thud 

three churac teristics- the open < inuit; the air gap line : and the short 
circuit lor the lull load zero pi ». Relerring to Fig. 2S«ab the field ampere- 
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turns, F % corresponding to the terminal voltage V arc found from the 
air gap line of Fig. 23(b). The armature arijH're-turns. . 1 , required to 
circulate full load current are taken from the short-circuit characteristic 
(or from the zero pf characteristic ), and combined, Fig 23(a), to yield 
the resultant magnetomotive force 

F/ - F — A (5g) 

Xow the voltage l>ehind the leakage invx*dance E' the l>est measure of 
the flux in the held poles, where most ol the saturation occurs. At this 
voltage Fig. 23(b) shows that the different e 1 k* tween the unsaturated 
(air-gap line) and saturated (open circuit characteristic) field ampere- 
turns is A F f . Therefore, this amount should lx* added to the unsaturated 
ampere turns to determine the total required, that is 

E, - /V + A h‘ (60) 

17. The General Method (round rotor) 

In all of the previously described methods there are involved either 
obvious approximations, or semi empirical corrections. The so called 
general method i*- more rational, Ix-causc* it treats electromotive forces 
as voltages and magnetomotive force's as ampere turns, and results based 
on it are in much closer agreement with te st data It requires the open 
circuit and zero pf charac terisiics 

Referring to Fig. 24(a), tlu* voltage E' behind the leakage impedance, 



corresponding to the main flux, is determined from the equation 

E' - Y t iR + /.Y<)/ (cos ^ - ;sin?> ( 61 / 

and the corrcsjx>hding ampere turns, taken from the open-circuit 
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characteristic, Fig. 24(b). The armature reaction, A, is determined from 
the Potier triangle and combined with F\ 

F, = F' — A (62 

The induced voltage Ii s corresponding to F, is then read from the open 
circuit characteristic and placed 90 degrees behind Fj in the vecto? 
diagram. 

If the zero pf characteristic is available, this is the most reliable method 
to use. 

18. Salient Pole Machines 

The two-reaction theory of salient pole machines is based on the resolu- 
tion of the armature magnetomotive force into direct and quadrature 
components in line with the field pole and interpolar axes respectively 
T'lie direct axis component adds directly to the field pole magnetomotive 
forte to produce a resultant main flux which crosses the air gap and 
induces the quadrature component of voltage. This component of flux 
is subject to saturation in the field poles and in the armature core. The 
o}H*n circuit characteristic is a fair measure of thi> saturation. Hut the 
quadrature component of armature reaction, acting on the relativeK 
smaller permeance of the quadrature path, produces a flux of low density 
and negligible saturation. Therefore, its induced voltage may be ac 
counted for by a constant quadrature synchronous reactance \ „. 



Fig. 25 K xcitation of a salient ]m>U* machine. 


The vector diagram for the salient pole machine is shown in Fig. 25(a), 
the dotted jwrtions applying to an unsaturated machine. The quad- 
rature comjjonent of voltage behind the leakage reactance is 
Eqi — V + Ri + jxil + ji. V, — .vj )/„ 


(63) 
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Neglecting the resistance /?, this has a magnitude 

1' cos 6 + xj* (64) 

If the machine is unsaturated, the quadrature comjxment of induced 
voltage has a magnitude 

E, £= V cos 6 + A ah (65) 

But the induced voltage E, it requires a flux <j><t which crosses the air 
gap and saturates the poles. Referring to the o|K*n-circuit characteristic 
of Fig. 25(b), it is seen that a net field excitation Fj is necessary to supply 
the flux fa. From the Potier diagram it is also evident that the direct 
component of armature reaction (in field current terms) is Ah, and this 
combines directly with the field current to give the resultant magneto- 
motive force 

F,i — Fj + Ai (66) 

From the open-circuit characteristic, it is seen that the corresponding 
open -circuit voltage E„ is less than the E, found from the conventional 
diagram with constant A',/. 

Additional refinements are possible, such as allowing for saturation 
in the quadrature path, or distinguishing lietween the saturation in the 
field poles (based on E„i) and that in the armature core and teeth (based 
on Ei). In view of the difficulty of obtaining sufficient data to sustain 
such refinements, and the minor corrections which they represent, it is 
not believed worthwhile to pursue them further. 

19. Comparison of the Different Methods 

Six different methods of calculating 
the excitation voltage, and therefore the 
regulation, of an alternator have been 
given on the previous pages (There are 
many more!) Comparing the electromo- 
tive force, magnetomotive force, and gen- 
eral methods for a round rotor machine, 
in the light of the derived zero-power 
factor characteristic. Fig. 26, it is clear 
that the vertical subtraction of a constant 
XJ ( the electromotive force method ) leads ^ 

to a much lower curve than does the l ~ m 

horizontal addition (magnetomotive force method) of a constant armature 
reaction; ivhile the Potier triangle of the general method describes an in- 
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termediate curve. But to bring out more dearly the differences, a nu- 
merical example will be worked out by all six methods for the same 
machine under identical terminal conditions. 
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Example : The open-iiriuit and full load zero j>ower factor characteristics of 
a salient |H)le alternator are given in Fig 27 in per unit values. The armature 
resistance is R = 0.01 and the quadrature synchronous reactance is X q = 0.40. 
Calculate the open-circuit voltage for OS pf (lag) by all methods. (In all 
except the last method disregard the salient poles.) 

As preliminaries: (1 ) construct the short-( ircuit characteristic by drawing a 
straight line from the origin through l « 1, /, = 1 (the intercept of zero pf 
characteristic); (2) construct the Poticr triangle as previously described, not- 
ing that xtf = 0.15 and Ad = 0.82; (3) draw the air gap line tangent to the 
open-circuit characteristic at the origin. 
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Electromotive Force Method 


Corresponding values of V and /, taken from the open-circuit and short- 
circuit characteristics res])ectively, are 


h 

0.20 

l>.4<) 

0.60 

0.80 

1.00 

1.10 

1.50 

1 

0.25 

0.55 

0.80 

1.12 

1.50 

1.74 

2.04 

X. =- R I 

0.80 

0.75 

0.75 

0.72 

0.67 

0.65 

0 51 


Taking the smallest value of A*. = 0.51, Kq. (57 » gives 

E. =- \(0.80 + 0.01 l* -f (0.00 + 0.51 -• 1.57 


Old A I Eli Method 

Assume several values of A\, find the corresponding A*, from the o-c and 
0-pf curves, and calculate V 1>> 158). 


E, 

1 20 

1 55 

1.40 

\ 

0.55 

0 r 

0.41 

V 

0.74 

0.08 

1.05 


A plot of these data indicates E, 1.57 lor V 1.00 
Magnetomotive hone Method 

The voltage behind the resistance is 

V' - y+Rl- 1.1X1 + 0.01(0.8 y'0.6) 1 (X)8 - yO.(X)6 

ha\ ing a magnitude of V - 1.01. Ihe corresponding field excitation is 
h f =. 1.50. The field excitation to circulate unit short-circuit current is 
A =- 1.00. Adding this graphical!) to F* gives Fj -2 24. The corresponding 
open-circuit voltage is A/ - 1.50, 

The ASA Method 

The leakage reactance as measured from the Put if r diagram is A / — 0.15. 
The xoltage behind leakage impedance is 

E' = K+///= l.(XI+ (0.01 + y‘0.15j«).8 - /O.61 - 1.008 + /0. 114 

This has a magnitude of FJ - 1.105. At this voltage the difference in field 
current between the open-c ircuit and air gap lines is A/*' - 0.28. 

The field current on the air gap line corresponding to V = 1 is F = 1.52. 
Combining this (graphically; with the field current .1 = 1.00 to circulate unit 
short-circuit current gives /•/ - 2.08, and adding the saturation effect 
A/’' = 0.28 gives Fj = 2.56. The rorresj Minding open-circuit voltage is 
£/ = 1.54. 
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*7* 

The General Method 

From the previous case, the voltage behind the leakage impedance is FJ = 
1.10 and the corresponding field current is F = 1.73. The armature reaction 
(in field current terms) from the Potier triangle is A = 0.82. Combining 
graphically with F gives Fj = 2.36. The corresponding open-circuit voltage 
is E f = 1.34. 

Salient Pole Method 

This methcnl is l>est applied graphically in accordance with the diagram of 
Fig. 25. The student should carry out the construction, and verify that 
F,,i = 1.06, for which P 4 = 1.63 on the open -circuit characteristic. The 
armature current 1 = 1.0 has components fa = 0.85 and I q = 0.53. The 
Potier triangle shows an armature reaction (in field current terms) of 0.82 for 
/ rf = 1.0, hence in the present case .Id = 0.85 X 0.82 = 0.70. Therefore the 
field current must be F f = 1.63 + 0.70 = 2.33, and the corresponding open- 
circuit voltage is K q = 1.33. 

Recapitulation 

The several methods give the following comparative results 

Emf 1.37 obviously too high 

AIKK 1.37 takes too long to calculate 

Mmf 1.30 obviously too low 

ASA 1.34 methcxl is long and cumbersome 

( leneral 1 .34 ( .... 

.... 4 n , , , most reliable results 

Salient Pole 1.33 I 

In other cases the relative values may be quite different. Hut the general and 
salient pole methods are the best to use. 

Problems 

1. The /ero-pf characteristic for unit current is given in Fig. 27. Construct, 
by means of Potier triangles, the /.ero-pf characteristics for 0.75, 0.50, and 0.25 
per-unit currents. 

2. Is the leakage reactance as found by the Potier diagram equal to, less than, 
or greater than the true arnfature leakage reactance? Why? 

3. (liven the open-circuit and /.ero-pf characteristics, how- would you deter- 
mine the synchronous im]>cdancc for field currents smaller than that at which 
the /ero-pf curve is /.ero? 

4. The vector diagrams used in the text to illustrate the six different methods 
of calculating the excitation, were all drawn for lagging power factors. Prepare 
a chart with four columns lal>elled Lagging Pf % Unity Pf , Leading Pj , and 
Short-Circuit \ and then for each method drawn the appropriate vector dia- 
gram in its column (a total of 24 vector diagrams). 
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5. For the data of Fig. 27 plot the synchronous reat tame as obtained from the 
short-circuit and from the /ero-pf characteristics. Why do the> differ? 

6. Perform tests on one of the laboratory machines to obtain its ojH'n-circuit 
and /ero-pf characteristics, and determine its regulation at some load and power 
factor. Check by each of the six methods given in the text. 

7. For the machine having the characteristics of Fig. 27 construct the 0.80 
lagging, 1.00, and 0.80 leading power factor, 0.50 load characteristics by: 
fa) the emf method, (b) the MEK method, (c) the mmf method, UP the ASA 
method, (e) the general method, and (0 the general method for salient pole 
machines. 

8 For the machine having the characteristics of Fig. 27. calculate and plot 
curves of terminal volts, l\ versus armature current, f, foi 0.80 lagging, 1.00, 
and 0.80 leading power factors bv each of the methods mentioned in problem 7 
above. 

20. Power Transfer Between Two Voltage Sources 

The problem of power transfer tat ween two synchronous machines is 
of great importance in the parallel operation ot alternators and in system 
stability studies. Indeed, a considerable portion of the subject of system 
stability is concerned with just this problem. Three cases will be con- 
sidered in this text: (1) round rotor machines without saturation, 
(2) salient pole machines without saturation, and (d) salient |w>le ma- 
chines with saturation. As a preliminary, Indore taking up these* sjiecific 
cases, a general equation for power transfer tat ween two voltage sources 
will be derived. 

Figure 28(a) shows an impedance Z, 0 connecting two voltage sources 
having phase angles 5i and fa with respect to an arbitrary reference* axis. 



Fig. 28 Power transfer between two sources. 


This imj)edance constitutes the system into which flow the currents 
/, and h from the two voltage sources. The corresponding vector dia- 
gram is shown in F'ig. 28(b). In this simple series circuit 
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(4j , 

£t Z A 

The two parts of this current make angles of fa — 5i + 0) ami 
(ii - 02 4- 0) with respect to the voltage E\, and angles (& — 5 , + 0i ami 
fa — 02 + 0 ) with res|KTl to the voltage E«. Therefore, projecting the 
current onto the voltages by the cosines of these angles, the power sup 
plied by each machine is seen to be the scalar (dot) product 


Pi = £,./, = bl cos 0 - ^ COS (0,2 + 0) 

(681 

fi 2 // fi 

1 \ = E« h = J- cos 0 - cos (02, + 0) 

z z 

(69) 

in which 5 )2 = — fcu = (5| — 62) is the displacement angle between the 
two voltages. These powers are a maximum, for power transferred 
from E\ to E>, for 5p> + 0 = ir and 5 >> 1 + 0 = 0 respectively, w r hich give 

„ a,* a , a,a. a, 2 , a,a 2 

Ah„,„v. = - COS 0 + -- = y j + — 

(70) 

„ /V . A, A. A, 2 A, A« 

y. ~ r-'- — 

(71 » 

The negative sign show's the second machine to be a motor. These two 
maxima do not occur at the same displacement angle, unless there is no 
resistance in the circuit. In that case r -- 0 and 

/> _ _ _ p 

1 luuiix* “ 1 L’liniixf 

x 

(721 

It is not dilVuult to prove by (67), (68), and (6 q) that 


P\ + l\ = r/ 1“ 

(73 > 


Problems 

1. Prove (73 b 

2. If E\ - /£* show that 7\v„ m o is a grand maximum for x = V^r. 

X In per-unit values E\ = 1.2, /i = 1.0, and Z =■ r + jx = 0.10 + /O.SO. 
Plot curves of P x% P« and the resistance loss against up to 180 degrees. 
Check the plotted maxima against those calculated by (70) and (71). Note 
where the maxima fall. 

4. Repeat the above problem when r = 0. 
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21. Power Transfer Between Round Rotor Machines lunsaturatedi 

This problem is not only important with respect to round rotor ma- 
chines, but also is usually a sufficiently good approximation for salient 
pole machines under saturated conditions (when .v,/ .vj, or for sta- 
bility studies. 

The equivalent circuit of the round rotor machine is simply an induced 
voltage £, a series ( synchronous 1 impedance z % and a terminal voltage V. 
Suppose we have two round rotor machines connected by a series im|>ed- 
ance z. Then the 1 equivalent circuit and vector diagram are as shown in 
Fig. 29. The usual requirement is first to determine the excitations of 



Fig. 29 l*n\\ 1 v tr.owti r between niund rotor mac limes 


the two machines corresponding to specified terminal voltages Fi and 
r 2 and load; and then with these excitations held constant to plot the 
power transfer as function of the amde b. and in part ic ular to livid maxi 
mum power. An example will darik tlu* procedure. 


Example. A round rotor genera 1 01 ha\ ing a |»<*r unit sun hronous leac tame 
of .v, = 0.80 supplies a found ml or motor ha\ ing a synchronous reac tame of 
.v 2 =. 0.00 over a transmission line of impec lame Z 0 10 } ;0 50 0.51 78.7°. 

The system is operating with terminal voltages Fi 1 1 and F« 1.0 at a 
receiver power load oi - -0.7>. (a* Determine the excitation on the 

generator and motor, (b Find the power transfer for constant excitation as 
function of the torque angle between machines. I he total impedance is 
( j Xl + / + /v ,i - 0.10 + /! 9 -- 1 W 87 0 ° 

Kquation ( 69 ) may be used to find the angle* o r between the terminal volf 
ages V\ and Fj. thus 


1 CK 1.0 X 1.1 , - 0 - 0 . 

- - cos /8 ./ - _ cos lo mi r /o./ ) 


from which 5',. = 20.5°. Then using I’, as referem e \e< lor 



1.1 20.5° - 1.0 0° 
0.51 78.7° 


0.757 +(>.(>° 
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Ex = V\ +>n/» 1.1 20.5 + 7O.8 O X 0.757 = U81 45.8° 

E 2 = V 2 - jx' ? I = 1.0 0° - 7O.6O X 0.757 6.6° = 1.145, -25. 2° 

These values can be verified graphically. 

Now keeping the e\< i tat ions I\ x and E> constant, the machine powers follow 
from f68) and (69), 


1\ = - — 
1 «X) 


I..WI- u -. 0 

(os8/ 




1 00 


cos (012 + 8/ 


- 0.055 - 0.8*5 cos (o,.. + 87°) 


P, - 


1.145- 
1 00 


c os 87° 


1.581 X 1.145 
1.00 


c os (8/° — 612) 


- 0.056 - 0.855 cos (87° - fi,,) 

I'mler the* initial operating conditions fi L . - 45.8° + 25.2° = 60° and 
P\ ■ 0.81 and P 2 -0.75 and the sum of these powers, 0.06, is the resistance 
loss in the ( in u ; t 


22. Power Transfer Between Salient Pole Machines (unsaturated) 

\ salient pole synchronous generator supplying a salient pole sjn 
clironous motor over a transmission line of impedanu* : = /*-+■ j.\ i^ 
show'll in l*ig. 50(a). The machines are assumed to be unsaturated 



Fig. 30 I ’owet t tan-lit In twit 11 ^alunt pole nudiims 


I’Ih* generator terminal voltage iseletted as reference vet tori is I', and 
the current / is taken as lagging this \ ullage l»y an angle 0, as shown in 
Fig. ,?()(!>) The generator vet tor diagram is then constructed in th‘ 
usual way. The motor terminal voltage is 

Fj - V\ i r (- jx)I (74) 

The motor may la 1 regarded as a generator having an output current 
and its vector diagram umstriutcd on V, in the usual way. There is. 
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however, a simpler way. We have - / = /*. + /,, and therefore 
Ei - Vs — Til + Y„s/tf! 

= F| — r/ — jxl - r»7 4 /'A .«/,« 4- /A' 

~ ~ (r + r»)/ + jx( I,n + 7 ,j) + jX,nIjs +■ /A' u2 /, s 

= Ki — (r -(- r«)/ + yU 4 - .Y«)/« + /(.r + .Y ,3)7,5 (75) 

This equation shows that the motor vector diagram may lx* constructed 
directly on l*i by adding r to r» and .v to both .Y, B and A,». 

The power output of the generator is 

/’, = VI ro,d 


= / v! l*i cos (.j + /fll’i sin 4, (76) 

From the vector diagram 

/*-/«* + // 177) 

7 *i — 1 1 cos <5 1 4- r\l CoS (3| 4 V) 4 A ,n/.« (78) 

0 = T, sin - r r,/ sin (5, 4 0 ) - A' ,i/,i (79) 


Equations (77), (78), and (79) may lx* solved simultaneously for I,n and 
7,i and these* values substituted in (761 to determine the power output. 
Analytically this leads to long and awkward expressions. It is generally 
sufficient to neglect the generator resistance r u in which case* (78) and 
(79) give 


/,/! 


K\ - l’i cos ^ 

Arfi 


(80) 




I'i sin 4, 

-A, 1 ' 


which substituted in 176) yields 

I'i* sin 61 cos 61 (Ei - I’i cos 4i)I'i sin 4i 


Pi = + 

A ,1 


A , 


- ,Vl sin 4, + IV iXd ' A,l) sin 24, 
A,n 2 A, /i A ,, 


(81) 


(8a) 


This equation shows that the power output of a salient pole machine con- 
sists of a principal term varying as the sine of the torque angle 4i and a 
secondary term vaiying as the second harmonic of the torque angle. 
For a round rotor machine A', « AV and the second harmonic term 
vanishes. 

The equation is plotted in Fig. 31 for the case E\ = IV = 1.0, AVi “1.0 
and A',, = 0.60, for both a salient pole and round rotor machine. It is 
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clear that maximum power (for Ei and Vi held constant) occurs at 
90 degrees for the round rotor machine, but at less than this for the 
salient pole machine. 

Returning to the vector diagram, Fig. .10(b), 



Fig. 31 

in which 7 y> 0,s= (r, + r + r 2 ) + j{ \ , ( , + x + A’ , L . ) is the transfer 
imjiedanee between mat hine voltages Ay, and Ay 2 . 


The com])onenls of (83) make angles (5 t - 5, + 6 lt ) and (5i — 6» + 0 ,.,) 
with Ay 1 and therefore 


A/i — sin 0(2 — ~' 1 sin ( 5 |o + By>) 

Ayi A 12 

Then 


(841 

A, = Ayi T ( A ,« - A ,, ) A/, 



- t 1 -t A,,) sin 0 ,s] Ay, - 

q sin (612 + 012)1 

_ /|2 _J 

>■ 

a 

00 

Likewise 



/£* » \ ^ ,j) sin 0,..J E q > - 

\ ,/ • — A „<> . 

y (^21 4 “ 0 ia) 

— Ay* __ 

Ay, (86) 


I'°r given excitations Ei and E< and displacement angle 3,s, these two 
equations may be solved simultaneously for Ay, and Ays. The power 
transferred may then be calculated by (68) and (69) with an appropriate 
change of nomenclature, that is 


Ay, 8 , . 

cos 0,5 - 

A 12 

A<r* 

- - COS (0,2 + 0,o) 

^12 

(87) 

Ays* „ 

y - COS 0,s - 

hu\hu> x 

- - COS ( — 5,2 + 0is) 

^12 

(88) 


The usual requirement is first to determine the excitations for given 
initial conditions of terminal voltage, load current and power factor; 
and then holding the excitations constant to find the power outputs by 
(87) and (88) after having found Ay, and Ays from (85) and (86). A 
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numerical example, including the effect of saturation, is worked out in 
the next section. 


Problems 

1. If resistance is included, show from equations 176^, (77'. (78), ami (7 q) that 
the power output of a salient pole sym hronous genera tor is 

p __ EY{X tl sin 6 + r cos 61 + l w: \ ( A',/ - \\) sin 26 - 2r] 

r- + A\ X., 2 (r' + A'jAV 

2 The j>er unit values for a .salient polo nuuhine are H - 1 . 4 , V - 1.0, 
Xd = 1 - 0 , A’ v = ().(> and r - 0.1. Plot on a common graph shirt the P vets 6 
cuives for the following conditions: 

fa) All 1 unstunts ini luded 

(b) Resistanie neglected 

(c) X,, taken equal to A / 1.0 

23. Power Transfer Between Salient Pole Machines (saturated) 4 

The equations of the previous section applx ilso to saturated machines 
if the excitation voltages are calculated by the method of Sec. 18 and if 
appropriate saturated values are used for the direct a\is synchronous 
impedances. The procedure will Ik* carried out in detail lor a numerical 
case. 

Example: Two identical laboratory syin hronous mac liinrs mounted on the 
same shaft and driven bv a d 1 mot 01 are arranged so that the 1 radio mounted 
stator of one of the machines max In* turned to am displacement angle 6 
between the two stators The open circuit and /.ere » pi */,/ 10) character- 

istics, as found by test, are given in 1 * ig. 52 , and the Potiet triangle constructed 
in the usual manner. The leakage reac tame drop .w/ (/ and the armature reac- 
tion fin field current terms) are then known for /,/ - 10 . For any other cur- 
rent a new Poticr triangle is < onstrui ted bx proport ion (for example, at /j - 7.5 
amperes, it is 75 per cent as large as for /,/ - 10 ). Then other zero pf char- 
acteristics f/,i= 7.5, 5.0, and 2 . 5 ) max be constructed. Then for any held 
current 7/ and armature current /,/ the difference in voltage between the open- 
circuit and appropriate /.ero-pf curve is the V J,t drop, or 

x. AT /0 

A,i - - (Sgi 

Id 

Obviously, X d is a function of both /, and /,/. Values of X,i plotted against 
armature current, with field current as parameter, are shown in Fig. .M. 

• The author is indebted to his colleague. Professor A R. Miller, for the method given 
in this section of taking saturation into account 
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The quadrature reactance, X qy is shown as a dotted line. It is assumed to be 
constant and unaffected by saturation. The greater the degree of saturation 
the smaller X d , and at high saturation X d approaches X q . Thus a highly 
saturated salient ]>ole machine has the characteristics of a round rotor ma- 
chine. The values of X d are asymptotic to the unsaturated values. 

The circuit constants ]>er phase are: 

r a = 0.3 ohms (measured) \ 

xt =■ 1.8 ohms (Potier diagram) I 

X tJ = 4.5 ohms (measured) ( each 

X d from Fig. 33 ( machine 

Z = r +jx = 0.45 +7*10.5 ohms | 

A d = 0.08 I d (in terms of field amperes; / 

The initial conditions are: 



tics 



1 23456789 10 
Id 

Fig. 33 


f> = 60° (displacement between stators) 

I, — 2 5 amperes (field excitation) 

V =■ 250 volts (line-to-line) at motor terminals 
/ = 8 2 amperes 

IT — 33(X) watts input at motor terminals 

cos 6 = — ; ' = 0.932 (leading) 

V 3 250 X 8.2 

The vector diagram for the initial conditions is laid out to scale in Fig. 34, 
starting with the motor terminal xoltage V = 250 y/$ = 144.5 and the cur- 
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rent 7 = 8.2 leading the xoltage by 6 - 21 0 °. The external impedance has 
been combined with the machine im;>eilaiue in laving out the generator part 
of the diagram. The diagram is const ructed 
in the usual manner and shows voltages 
Kqi = 156 and Eq« = 161 for the generator 
and motor resj actively, The angle on the 
vet tor diagram is fa = 61.5 degrees as 
compared with the test angle of 60 degrees. 

The current components are I d \ - 2.6, 

I,, j — 7.4, J<n = 4.7, 7 q * = 6.8 

The excitations are calculated as fol- 
lows: 



Euii =~ r + tr fl + 9 )/ + Ji Xu 1 + t '/./i + /U 1 + a il,t 1 


F„i x a- 101 + ( 1.8 + 10.5)26 
la (from open-tiriuit tune) 

A ,, 1 = 0.08 X 1.6 
Total generator ext nation 
Generator open-tiriu.t \oltage 
Eji o = V — r„l + / \ u J, t : + /»//,#• 
/V>= 126 A 18X+7 
7 /2 (from open-(i r (iiit turve') 

J,* = 0.08 X 4 7 
Total motor ext i tat ion 
Motor open-< irtuit xoltage 


- 145 (250 - 2 phase) volts 

- 2.12 amps 

- 0.26 

- 2 ,2 i test 2 50) 

.71 ( ty) test 275) 

- 148 (256 1 phase) 

- 2 20 
- 0 28 

- 2.58 (test 2 50) 

280 M 0 ) (test 275) 


There is a 4 2 per tent error in the < alt ulation of the ext itations, and aliout 
the same error in the tabulated torque angle between machines. 

The second part of the problem is to tabulate the maximum power, using 
equations ( 87 ) and ( 88 ). The im pedant es between the voltages 7i vl and lit# is 

Z l2 = (r + 2r„) + j\ 1 + A\, + A> - 1 05 f y!6 5 -- 16.5 86.6° 

The machines will be saturated, and as a lirst approximation take X d = X qt 
neglect resistance, and put fa = 60 degrees. Then by (851 and (86) 


Em = Ei 


27 1 
V2 


= 157 


—7 = 162 
V 2 

/ - t' h - = /l 57 - = 8.05 + JKM) = 11.91 /45.9® 

jXa j 1W 
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/* = 11.91 sin (90-45.9) = 8.05 
U =11.91 sin 45.9 = 8.30 

1 sin £» = sin 90° = 1305 Test (1220' 

.Yu 19.5 

The values of Ln and I& corresj)ond on Fig. 33 to values of = 5.1 and 
Xtn = 5.1. Then as a second approximation, ( 85 ) and ( 86 ) become 


157 = 

1 + (* A - s in 86.9° 

Kqi — 


I sin (i 12 + 86.9°) J 


L V 19.5 / J 

L\ 19.5 y 

= 1.03 /iy, - 0.03 sin (S u + 86.9°) Ry, 



162 - 

1 + (~ sin 86.9° 

Kq 2 ~ 


) sin (86.9° - « IS ) J 


V 19.5 / J 


LV 19.5 y 


= 1.03 7v 2 - 0.03 sin ( 86 . 0 ° - b V i)E Q \ 

These equations may be solved simultaneously and a curve plotted of Kq\ and 
K(fi as function?* of Bn. In the neighborhood of fi ] 2 — 90 degrees the values do 
not vary appreciably from Eq\ = 152 and li (ri = 158. Hence by ( 87 ) and (881 

/', = J cos 86.9° - i-os («I!+ 86.9°) = 61 - 12.10 cos (86.9° + 


P, = --cos 86.9° - 


152 X 158 


19.5 19.5 

The maximum powers are 

r Ulllllll 


cos (86.9° - 6, ..I = 61) - 1230 cos (86.9° - 8 V ,> 


+ 1294 at 6 k = 93.1° 


= - 1161 at <5,« = 86.9° 

24. Power Equation (round rotor) 

The voltage equation for the round rotor generator is 
E = V 4- +j\’ t )I 

and the motor equation is given hy substituting — / for 7 . 

Taking V as reference vector, and putting E = E/ 6, the current is 

j _ E — V _ (/; c os 8 — D + JE sin 8 
K + j. X. R 4 - jX, 

The terminal output of a generator is the product of the conjugate of its 
terminal voltage hy its current, hence by ( 90 ) 

P+jQ = VI = t£ - (R - jX.)f]I 

= £ 1 - Kr- +jx.r- ( 92 ) 


(90) 


(91) 
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1 he term (£l) is the input to the generator, the term (/?/*) i t > copper loss, 
and the term (A/*t its reactive volt-amperes. An equation iiule|x*ndcnt 
of 7 is obtained from I91', 

K i \ . 


P + j{) - VI - 1 ‘t/i cos ■> - 1 ' \ )I\ sin At 

_ A*( \’K cos S - Y-) {- X .YE sin <5 
/ a 




f i 


RYE sin A - Y,( I 7 C u>s A - PI 




( 93 ' 


R 


and putting o = tan 1 — this becomes 

For negative 5 the power output becomes negative (meaning that 
the machine is taking power from the line, that is a motor). 

The generator input is greater than (93' V the ( R — /.V„V 2 terms 
of (92). By (91) 

(E cos 8 - l‘* f E' sin* H E* f r - IVE cos h 

/ ’ /a* 

Hence the generator input is. b\ (94) and 195'. 

I'o + KK - P f /{> 4 El* j\J' 

“1 * i.’ \' i-n 

(96) 

For negative 5 the machine is a motoi, and its power input becomes 
negative. 'I he motor 'gross 1 power output therefore is 


/•-■ = v 


(95) 


YE . 

. A7-: J 1 

. .rru 

xjf 

sill lo - «*) 

L/. 

* y.A 

4 7 c os ( o n ) 

l/.. 

/. ? . 


„ 17*J . . , RE' \ 17- . . 

Pm - “in (A i «) j = “in * 


(97) 


Xet mechanical power output is le.s than this bv the fri* tion and windage. 
The stiffness ioeJfi<ient of the motor is 

I ’ /A 

(98) 


^- riS «.r.cM wia- riS ««.a 
di 


'Phis is zero for 6 = 90 ° — «, at which value the motor output rcai hes 
a maximum of 

YE RE I 7 i 

/> = 1 — _ 2s. ! _ (00) 

■* WHITMXJ y y , mm 'W' 

A* A»‘ <* II 

A low impedance machine is stijjcr. and has a higher pull-out power, than 
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a high impedance machine. Increasing the excitation, £, increases thi 
stiffness and pull-out power, not only because E itself is increased, but 
also because A', decreases on account of saturation. 

Solving (99) for E, we find 

E = 2 R^ V± (too- 

as the two limiting excitations for a power output P m . 

Maximum power with respect to E or A\ may be found from the power 
equation (gg), but the results are of little practical importance. The 
value of E so found is far into the region of saturation, and the value 
of A, so found is much too small for a practical machine. In both cases 
the currents are excessive. The foregoing equations assume an unsatu- 
rated machine, and they do not apply under conditions of marked satu 
ration. 

25. Power Equations (salient pole) 

The terminal power for a salient pole synchronous generator has been 
shown to be (neglecting resistance) 

P = VI cos O = A 4 l sin 6 + V s -i-7 !- sin 2b (1011 
A tl 2 All A r/ 

This equation applies equally well to a motor if —/is substituted for /. 
The round rotor machine equation is given bv the special case 
X, - \\ = A\. 

The power or torque of a salient pole machine contains a term 

P ^LtAj sin 25 (102) 

2.Yrf.\ , 

independent of the excilation E This is the so-called reluctance torque , 
and is due to the variation of reluctance in the air gap. The rotating 
field of armature reaction has maximum llux linkages when the magneto- 
motive force is centered pn a pole, and consequently the field pole will 
follow the magnetomotive force so as to insure these maximum flux link- 
ages. This reluctance torque will allow the machine to operate syn- 
chronously and carry some load sometimes as high as half the total 
load. Reluctance torque is of assistance in pulling a machine into step 
during synchronizing. Reluctance torque also occurs in the induction 
motor, because of the jwrmeance variation between the stator and rotor 
teeth, and is responsible for sub-synchronous locking. 

The rate at which the power varies with the torque angle has been 
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* 9 * 


variously called synchronizing power, stiffness of coupling, rigidity factor, 
and stability factor. It is, from (,101), 


dP 

dS 



cos 4 + I’ 2 



cos 24 


U03) 


Thus the increment of power for an increment of displacement is, to a 
first approximation. 


A/> « 


dP 

dh 


A 4 


( 104 ^ 


This is greater for a salient pole than for a round rotor machine, by the 
contribution of the reluctance torque. Thus salient |H>le machines are 
stijfer than round rotor machines. 

At light loads, when 4 is small, sin 4 -^ 4 , and 




di~ 


t”-}. 4 4 p Vc _ A VJ 
«\ 1/ -V |f.\ y 

(*05) 

hr\ , |».Aj - A „ 

A'rf .Y,|A . 

(106) 


The machine has maximum stiffness at small loads. 

Equating (103) to zero yields as the condition for maximum power (with 
rcsjiect to torque angle at constant terminal and excitation voltages) 


— E, cos 4 = — { A',/ - A,) cos 24 

v 


A\. 


( X,i — Xu) (2 co* 2 6 — 1 ) 


from which 


cos* 0 


4 ! 


,11 r A' Jit 1* 
YY„ - A',) » 2 UHAj - ,Y,)J 


(107) 


1108) 


(The negative sign belore the radical does not jield reasonable results.) 
For a round rotor machine, X,i - A’„ = A’,. (108) gives cos 4 — 0 or 
4 = 90 °. Maximum power for the salient pole machine occurs at a 
smaller angle. 4 < 90 °. 

The insertion of the angle determined from (108) in (101) gives the 
maximum power. For greater values of 4 the stability factor, dP di, 
of (103) liecomcs negative; that is in (104) ±P is negative for (tositive 
A 4 and the machine will pull out of step. Maximum jxiwer is sometimes 
called pull-out power or the limit of stability, liecause if the motor is 
ojierating at maximum power and a small increment. A P, of load is added, 
the torque angle 4 will increase, but at this new value of torque angle 
the motor can no longer carry the load and will drop out of synchronism. 
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26. Excitation Characteristics (round rotor) 

The so-called V -curves. Fig. 35, of a synchronous motor are curves of 
armature current plotted against field current (or induced voltage) with 
constant power output as parameter. These characteristics take their 



v v 

Fig. 35 Excitation characteristic **. 


name from the shape of the operating portions of the curves. If con- 
tinued theoretically (into regions of instability) they become oval- 
shaped closed curves, and arc* sometimes referred to as O-curves . Since 
these characteristics depend on the degree of saturation in the machine, 
the exact field current should be calculated by one of the appropriate 
methods given in previous sections. Beiore carrying out such a calcula- 
tion in an example, it will be instructive to study the general nature of 
Pcurves by ignoring saturation. 

By (91), the current squared is 


E~ f P — IV R cos h 


from which 


cos S =■ 


Hr + P - Z?n 
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= ^r s V4i"/? - a? +' p - z;-p\- 

R 


\ v \(/v f p- Z*n\ 


m 


RE* 

/? 


Transposing and squaring to eliminate the radical, and rearranging 
there results the quadratic equation in / 

Z. 4 1 1 + [2Z*\P - l' 2 ) - 4 \*E + AR/*P m y* 

+ [ip - p»* + 4/e/v/c- - p> + 4/, 2 /v] - o (i 12 ^ 

Plots of / versus E with P m as parameter are the (unsaturated, round 
rotor) O-curves. 

The apexes of the T-curvcs are for unit\ power faetoi, l>cc a use the 
current for a given power is then a minimum. The left-hand branches 
of the T-curves are for lagging power-factor. , since a synchronous motor 
draws a lagging current for low excitations. The right hai d branches 
are for leading power factor, as an over excis'd motor draws a leading 
current. 

The zero-output characteristic may be found from ( 112 ) by putting 
P„, = 0. It reduces to 


\Z*P + 2\\EI + E ! - PH/, 8 7- - 2\,Ef I E' - P) - 0 


U>3) 


This pair of ellipses specifics the outside boundary of the !*-i urvex. 

The stability limit is defined by substituting ( 99 ) in ( 112 ). After some 
rearrangement there results 


C: 1 ) 


<114) 


This hvperl>ola, plotted in Fig. 35, shows the maximum power, or stability 
limit, for a nix’cn excitation. Portions of the O-turves al«>ve this limit 
must therefore depiit operation beyond the limit of stability, and arc 
consequently not realizable. They are shown dotted. The excitation 
limits for a fixed power output are where the O curve intersects the 
stability limit curve. These points may be (heikcd by fioo). 

The condition for maximum power with rcspc«t to excitation is, from 

(99), 


or 


<1E 

E = 


y. - 2 

X. 

vx. 

2R 


R 
X 7 


E - 0 


(115) 


On the stability limit curve this point is the center of the O-curves. 
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It is convenient to superimpose on the O-curves, the motor compound- 
ing curves. These are curves of armature current vers excitation (E or I, i 
with pf as parameter. For a motor, putting I = — 1 [P and V = l’/0 
in (90), 

E = V — (R + jX.)I( cos <t> + j sin <t>) 

= (V - KI cos <t> 4 - XJ sin <t>) — j(RI sin 4> + XJ cos <t>) 

Taking the sum of the squares of the real and imaginaiy components, 
there results, after some simplification, 

E l =V t + + 2VKX, sin p-R cos *) (u6) 

This hypcrlxda defines a set of constant power-factor curves. The 
unity-pf curve is given by <t> = 0 . Positive values of <t> are for leading 
pf and negative values of <t> for lagging pf. Every pf curve originates 
in Fig. 35 at / = 0 and E = V. 


27. Excitation Characteristics (salient pole motor) 

If resistance is neglected, the torque angle of a salient pole motor may 
be found from (53) upon putting R = 0 , and reversing the current by 
adding x to <t>, 

. . XJ cos <t> , . 

tan« = -r- («7) 

l — A „/ sin 0 

From this expression there are readily found 

X J cos 0 


sin 8 = — ■ 


v'P - 2 .Y.I 7 sin 4. + X,-P 
j _ _ 1 — XJ sin <t> 

\'P - 2 .Y .17 sin * -f A , 2 / 2 
The jwwer equation, (101), of the motor may be written 


(118) 

(119) 


P = VI cos <(> = sin 8 + P ^ " sin 8 cos 8 (120) 

■' d A ,/A ,, 


Substituting (118) and .(119) in (120), transposing and squaring to 
eliminate the radical, and simplifying, there results 


P - l.Yj + .Y,) 17 sin <t> + XjXJ- . . 

A — -- (121) 

\ P - 2 .Y .17 sin * + X,V- 

This is the equation for the compounding curves of the (unsaturated) 
salient pole motor. The open-circuit voltage E may lie plotted against 
the armature current /, for any constant pf angle <t>. If X, = A 7 , as in a 
round-rotor machine, (rax) reverts to (1x6) for no resistance. 
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The equation for the I'-curves is easily found. From (i2o> 

17 sin * = \ F 7 5 - = \ 1 - 7 - - /»- ( I2a ) 

ami substituting this in (12x1 there results 


K - P_- ( Y '+ - v «'\ 1**/* - /** +■ AW,/' 
\ r- - 2 v \ p/s />• f v v* 


1x23) 


This equation permits the oj)en circuit voltage K to he plotted against 
the armature current /, with the power. /\ as parameter 'Hie Primes 
of the salient pole machine are ot the same general shape as those foi the 
round -rotor motor. If Y„ \\, (122) reverts to (112 » for zero resist .tine. 


Problems 

1 Carry out in detail the steps leading to 1 112 b 1 1 13 » , ( 114 b and tub' showing 
e\a< tly how these equations are de\ eloped. 

2. Show that when armature resistance is neglec < 1 that 11121 1 educes to 

Y. 7 ’ - E + 1 2 \ 1: r X.w 

and that this is in good agreement with ( 112* helow the st.iliilit \ limit. 

5. If annature resistance i" neglected, what arc* the shapes o! the boundary 
* lines of the (>-e lines.-' 

1. A round rotor synchronous motor has a synchronous impedance* /, 0 1 

4- / 1 .0 1 per unit' and terminal voltage I 1 0 

fa' Plot its f) curves lor P„ - 0 0.5 10 1 s 20 

(h) Plot the limit ot stability curve* 

(c • Plot the leading and lagging pf < harac teristic s lor pi 10 - OS 0.0. 
idi Locate the following points: maximum excitation, maximum armature 
current, maximum power, armature current at zero e*x< itat ion. 

5. Prove that the theoretic al O* nrv es have a maximum voltageanda maximum 
c urrent respec t iv ely, ot 

■ and / mix ~r 

A A 

(These are not possible operating points, however, since saturation would 
vitiate the results « 

0. I’sing the data given in the example* following Sec. 10, plot the P-curves 
lor P = 0, and P - 1.0 by one of the methods lor calculating the excitation. 
These are true P-curves, as contrasted with the theoretical (no saturation) 
P-curves described in Sec. 26. 



296 Ch. 7 The Synchronous Generator and Motor 

28. Mechanical Oscillations in Synchronous Machines 

In the foregoing analysis of synchronous machines the speed, fixed by 
the frequency, has been assumed to be absolutely constant. There are a 
number of practical cases, however, for which variations of speed, such as 
oscillations, are superimposed on the mean synchronous speed of the 
machine. These variations may be occasioned by sudden changes in 
the load, or in the output of the prime mover, or they may be inherent 
in the nature of the load, as in the case of reciprocating compressors 
whose torque requirements contain decided harmonics. Under certain 
conditions, the mechanical oscillations of the rotor may cumulatively 
increase in magnitude and cause the motor to pull out of synchronism 
and stall. In the case of a generator, a sustained mechanical oscillation 
may cause perceptible flickering of lights. If the natural period of me 
chanical oscillations of a machine happens to be approximately (say 
within 20 per cent) equal to that of a pulsating load, there is danger of it 
pulling out ot step. Transient stability studies resolve themselves into 
the problem of determining whether the sudden removal or application 
of a load will result in mechanical ost illations of such magnitude as to 
carry the rotor beyond the point at which the required power can be 
transferred. It is therefore of great importance to inquire, at least 
superficially, into the electromechanical transients of synchronous 
machines. However, a really comprehensive treatment of the subject is 
outside the scope of this text. 

In general, when the torque angle, 5, is c hanging there are four separate 
torques acting on the machine rotor: 

1. The normal synchronous motor torque 

2. The induction motor torque due to the squirrel cage windings in the 
field poles (the amort isseur winding), as well as the field coils and 
field collars. 

3. The accelerating torque required by the inertia of the rotor 

4. The load torque 

Kach of these torques will be determined, then a general differential 
equation of motion will be set up, and solutions obtained under certain 
simplifying assumptions. 

Tile developed power, in watts jut phase, of a salient pole synchronous 
machine, ignoring resistance, is given by ( 101 ) as 
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where 4 is in electrical radians, the corresponding mechanical angle being 
o m = 24 P with P = Xo. of poles. If u\ is the synchronous rpm of the 
machine, the corresponding torque in Ib-fl for an m phase machine is 

• Y, ( - A, 


33000 m 
y > = - 


746 2 ir«i L A’, 


r/-:i sin rs„, + 


2 Yj.Y , 


'sin Pi., 


Ph 

— A'o sin ” — h A i sin Pb m 


( 124 ) 


The slope (stability factor) of the torque curve at 5 W = S {) is 
- 7 '"I = K n -- cos Pb " + A ,/ J cos Pfc = A' 

so that for a small oscillation about an angle 5n 

1 i(b„,) ~ 7jl5o) +■ A<5,. -- 6<i) ( 12 5 ) 

Suppose, now, that the revolving field of armature reaction is a 
maximum at a spare angle w/, reckoned from a stationary reference axis 
on the armature. Fig. M). At the 
same time, suppose the field pole to 
have an instantaneous speed w (l and 
to lag the armature by the torque 
angle 5. Then 


OJ -- OJ|) - 


do 

dl 


A CO “ U> — Cd() - 



or the slip speed is _ . % 

11 dt 1 di 

For small slips the induction motor torque is proportional to the slip, 
hence by (Chap. 4, Eq. 38 ) and ( 126 ) 


r ^ A«XX> mP P dh m _ n dh„ 


( 127 ) 


746 4 7t//i Aj'w dt dt 

If synchronous and (instantaneous) rotor rpm are n x and tin respec- 
tively, then ( 126 ) may be written 

» .it 

( 128 ) 


7 T P , , P di m 

- - tit 1 - Mol = , - 

60 2 dl 


The inertia torque of the rotor CopjKising acceleration) then is 

„ _ .d 2 ir « 0 _ j d_ / 2w»/i _ dim\ j <Pim 

3 ~ J dt 60 ~ ‘ dl \ 60 dt) ' dP 


(l*9) 
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in which ./ is the polar moment of inertia of the rotor and that of the 
connected load ('referred to the rotor shaft) in lb-ft 2 . For a ring it is 


IF 

J = 77 + * 2 > 

o4.4 


where f2 = outer radius (70 

fi = inner radius (ft) 

H' = weight of ring 

Finally, there is the load torque. This may consist of a constant 
term and a number of harmonics 

77 - T + Y?” sin M = T » + T + YJ" sin x ' (i30) 

where for future convenience the constant term has been expressed as 
the sum of a term 77 existing prior to the change in load, and a part T' 
representing the increment of load placed on the machine by the change. 
The condition of torque equilibrium is 

| syruhronousj j induction | | torque to| ( torque j 

( torque J f torque ) I inertia l ( the load I 


that is T\ f 77 = 77 + T\ C131 » 

Substituting (125), (127), (129), and (130) in (131), and rearranging, 
yields the difterential equation of motion 

J ,r J: f // + A „ sin p *"+ K, sin Ph m = 7'„ + V + YJ" sin X/ 

ut~ <;/ 2 

(1321 

This equation eannot be solved by analytical methods and recourse 
must be had to solutions by means of mathematical machines, or in- 
volved step by-step solutions. However, in terms of the approximation 
of 1125) we have 

J <?: + // -j" + A- (7 - 60) + 7*,(fc) = To + V + YT" sin X/ 
dr at 

(133) 

'I'his equation is to be solved subject to the initial conditions: 

S* = $„ at / = 0 
T = 0 at / = 0- 
T” = 0 at / * 0- 


d34> 
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It will be convenient to put 

*« = *o + «' (135) 

in which So is the steady state torque angle just prior to the disturb- 
ance. Since under steady state conditions both the inertia torque and 
the induction motor torque are zero, it follows from (133) and (134) 
that T,( 5 o) = T 0 . Hence, substituting (135) in (133^ reduces the latter to 

A 2 */ As' 

3 iz + H -j: + Ks ' = r + 1 l T * *» w (136) 

dr dt 


subject to the initial condition 6 ' = 0 at / » (). 

The solution of an ordinary differential equation with constant ro 
efficients is in two parts: (1) the complementary solution, and (2) the 
particular integral. The former is the solution of the auxiliary equation 



+ II d -- + KS’ - 0 

dt 


C*37> 


Try At 1 as a solution by substituting it in (137), giving 

Jy-At" + UyAt" + KAS* = 0 (138) 

( ancelling the Ae y \ and solving the quadratic for 7, we find the two 
permissible values to be 


7i, 7 s 



<I39) 


There are three possible cases involved in (139): 


Case 

Roots 71 and y> 2 

Type of transient 

(-T>- 

\vJ J 

real and distinct 

noil-oscillatory 

Y-M 

\ 2 J ) J 

real and equal 

aperiodic 

("Y < A 

\u) J 

complex (-a i y'0) 

damped oscillatory 


If there are no amortisseur windings, II = 0, and only an oscillatory 
solution is possible. 

In the damped oscillatory case, the natural frequency of oscillation 
of the rotor is 

fo = 1- (140) 

2r 

Since both K and II depend upon the applied voltage, and K also on the 
excitation, it is evident that 0, and therefore /«, are not absolutely con- 









300 .Ch. 7 The Synchronous Generator and Motor 

stant for a given machine. The natural frequency is further affected 
by the degree of saturation in the machine. 

Corresponding to each root of (139) there is an integration constant, 
and adding the particular integral (see any standard text on Differential 
Equations ), the complete solution for the non-oscillatory case is found 
to be 

S' = A t t»' + + T p+'Z- 9) - ( 14I 

A V(K - XV) 2 + X 2 // 2 


e = tan 1 


A - XV 


For the oscillatory case, substitute in ( 141) 

A 1 1* 1 4 tjf A I A ( ~ a 

Ait + A->t = A\t + A?t 


- U, +■ /!«)< ■'cos HI 4- y’l.l, - / 1 2 )€ _ °' sin at 
= Af cos ( 3 / + /it'"' sin fit (143 

Then for this case 

6 At coSj£J/f/*e sin (it -(- f V - - (1441 

A \ (A - XV) 2 + X 2 // 2 

It remains to determine the integration constants when the torques 
T’ and T" are suddenly applied to the machine at / = 0. At this instant 
6' — 0, and since speed cannot change instantaneously, d&' dt = 0. 
Hence by ( 144) 

,, I ,, | . V v- /"X// . , 

6 - 0 - .1 -t 2- - (145) 

i <• A (A - XV l- + \ P 


-- 0 - 

Jf 0 


1 ftf/i-t-E 


T" X( A - XV) 


Therefore, .1 - 


(A - XV) 2 + X 2 // 2 
T"\U 


I 1 V' I All 

A 7 + ^ [(A - XV) 2 + X 2 // 7 ] 


u « 7 V , v 7"X[«// - (A - XV)] . Bl 

_ A :fS iL.*--xv. + V^ ‘ ,48 ’ 

In the case of a machine without damper windings, 11 = 0, and by 
(130) it is seen that 


tx - 0 and d 


Then by ( 147) 


.1 = 
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which in (144) gives 

V 

6' * — U - cos 
A 


B=-T- T ^-~ 
hCk - xv) 

I v» 

M - L . . lX sill (M — fi sin \l) 

PIP" ~ A“)./ 


(ISO) 

(xsi) 


This equation shows two extremely interesting phenomena. First, 
due to the sudden application of the constant load increment T\ there 
ensues an oscillation at the natural frequency of the machine, causing 
the torque angle to pulsate by an amount (27 v Ah This in itself may 
be sufficient to throw' the machine out of step. At least for large enough 
values of T the oscillation can become critical. Second, if the frequency 
of the load torque is nearly equal to the natural frequency ol the machine, 
X = tf, mechanical resonance will occur. The last term ot (151) is inde- 
terminate for X = 0, since 


X sin 01 -- 0 sin X/ 0 

0- - X- Jx * ” (") 


(152) 


But evaluating this indeterminate by differentiating numerator and 
denominator w'ith respect to 0 % we have 


X/ cos 01 - sin X/l t 
. — - - = - cos 01 

20 Jx .0 1 


- sin X/ 
20 


(153) 


and this is seen to increase without limit as/ » 00. Kven if the ratio 
X 0 is considerably less than unity, the latter term of (151) may reach 
high values. It is instructive to plot (152) for a range of values of X '0 
between zero and unity. Of course, then* is always some damping 
present, and the exponential decrements of (144) cause the oscillations 
to die out. I" 

The vector diagram of an oscillating 
motor is indicated in Fig. 37. Steady 
state conditions show the excitation 
voltage E at a torque angle 6<, and a 
motor output current 7. If, now, the 
rotor oscillates through an angle A6 
about its mean position, the excitation 
voltage remaining constant in magni- 
tude, the impedance voltage ( E — V) may experience considerable var- 
iation, and w'ith it the current 



E - V 



3oa Ch. 7 The Synchronous Generator and Motor 

When 6 = 6 o - A6, the current, /', is small, and so is the power taken 
by the motor. The rotor therefore slows down, increasing the angle 
to 6 « 6o + A6. At this angle the current, I”, becomes large, and with 
it the power, causing the rotor to speed up. The cycle repeats at a 
natural frequency fixed by the inertia of the rotating parts and by the 
machine constants, until damped out by the pole face windings, or until 
the machine falls out of synchronism. This phenomenon is usually 
called hunting . There are three ways in which it can be guarded against: 
(1) by using a heavy flywheel to reduce the natural frequency to a value 
safely below the frequency of any incipient harmonic load torques 
which may be present, (2) by designing the machine with a suitable 
stiffness factor , and (3) by the employment of damper windings of low 
resistance which will absorb the energy in the oscillation. But the 
squirrel-cage windings of a synchronous motor are also used for starting, 
and too low a resistance may militate against desirable starting and 
pull-in characteristics. Sometimes double squirrel cages are used to 
gain the advantage of high starting torque and heavy damping effect. 

Jt is not generally feasible to change the stiffness factor of a standard 
machine materially, owing to the necessity of designing for a specified 
maximum torque. 


Example: A synchronous motor driving a reciprocating compressor has the 
following data: 


200-hp 
( XX)-rpm 
60-cyc les 
M-Y 

440- volts (line) 


ll’/? 2 = 1400 lb-ft 2 (including load) 
R '2 = 0.16 ohms per phase 
.V rf = 0.78 
A’ f = 0.58 

E = 615 excitation volts (line) 
pf = 0.80 lagging 


The motor is o|>erating at half load (l(X)-hp) when an additional l(X)-hp load 
is suddenly thrown on. This causes the compressor to develop a 50-hp super- 
imposed oscillatory component of torque at a frequency equal to 80 per cent the 
natural frequency of oscillation of the set. Plot a curve showing the variation 
with time of the torque angle. 


The motor has 8 poles, and therefore the electrical angle is 4 times the 
mechanical angle. The motor (synchronous) torque is, by (124), 


r, 


7.04 


3 p54 X 254 
m) L 0.78 


sin 6 + 254 2 


0.78 - 0.58 
2 X 0.78 X 0.58 


sin 26 


} 


= 2710 sin ~ + XU sin U m lb-ft 
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The torque requirement at half load il()0-hpl is 

Equating the synchronous motor torque to the load torque and solving 
for the initial torque angle, we find £„ = 2.5 degrees (mechanical). 

The stability factor, ( 1251 . is 

K = 2710 X cos + 554 X 8 cos <8 X 2.5) - 1 5200 
The induction motor torque faitor, ( 1271 , is 

// . 'a*' '_x ». _ "' J . _ , „„ 

74(> 4*900 2tt(> 0 X O.lo 

The polar moment of inertia of the motor and compressor is 

, H7f J 1 100 
./ - - - = 14 .■> 

< * 2.2 

By < 139 ), the decrement factor and angular velocity are 

4 -81 " 1 (M) I ( 100 V U2(K) 11C 1 'I" I 

1 X 43.5 I \2 X US/ U.5 J 

and by ( 140 ) the natural frequency is 

/„ - 2. 7f> c y< les per second 


The angular velocity of the compressor pulsation is X - 0.80 x 17.4 
- 13.9 radians per second and the torque magnitude of this pulsation is 

7" 0.25 X 1161 - 291 11, ft 

The constant component of the load increment i^ 

T - 0.50 X 1U>4 - 582 11) ft 

The integration constants, by ( 147 ) and < 1481 , are 

A * - X * 1(10 - -0.02K 

152(H) [(152(H) - 15.'/' X 45.5 I s 4 15.'/- X KH) S ] 

_ 1.15 582 201 X 15.', [1.15 X 100 - (152(H) - 15.0 s X 45.5)] 

17.4 152(H) + 17.4[( 152(H) - 15.0 s X 45.5)- 4- 15.0* X 100 s ] 


= —0.(447 
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Finally, by (144), the angular velocity oscillation is 
V « —0.028c 1 151 cos 17.4/ - 0.047c 115 ' sin 17.4/ 

582 291 sin (15.9/ - 16.2°) 

+ i 52(H) + 4990 

= 0.054c” 1 ■ |; " cos 07.4/ - 59.2°) + 0.044 + 0.058 sin 03.9/ - 16.2°; 

The torque -angle curve for this motor is shown in Fig. 38. The 
variation of the angular displacement, 6, (in electrical degrees) is shown 
in Fi g. 39. It is clear that the 25 per cent oscillatory component of the 




load torque is responsible for a (>5 per cent oscillation in the angle. But 
the machine stays in step. 

Problems 

1. In the example of Sec. 28, what value of // would be necessary to prevent 
oscillations due to a change in load? What effect would this have on the 
“forced” oscillation due to 7 "? Plot the oscillation. 

2. In the example of See . 28, suppose 11 - 0. Plot the oscillation. 

3. In the example of Sec. 28, suppose T" to be negative. Determine and plot 
the oscillation. 

2Q. Starting of Synchronous Motors 

Synchronous motor torque, per se % is zero at start, and is alternately 
positive and negative at speeds below synchronous. It is therefore 
necessary to provide auxiliary means for starting. Karlv designs actually 
ustul separate starting motors, sometimes employing the exciter in this 
role, or using the d-e generator in the case of motor-generator sets. 
Very small synchronous! motors will start, without load, due to the eddy 
currents induced in their pole faces, hut this torque is inadequate in the 
larger sizes. Modern synchronous motors are started and brought up to 
speed as induction motors. For this purpose squirrel-cage windings 
lalso called a nwrlisscur or damper windings) are embedded in the pole 
faces. They perform the dual job of starting the motor and of damping 
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out transient oscillations in the speed. For the starting function they 
should have high resistance (in order to provide high starting torque at 
reasonable starting current), but a high-resistance winding will have a 
large slip at full load and may [wove ineffective in bringing the speed 
up to a point when the motor will pull into step as a sync hronous machine 
(usually at about 05 per cent speed). Moreover, a high resistance is not 
suitable for damping out oscillations. Thus the design of the amortisseur 
winding is a compromise. Double squirrel cage, deep bars, and wound 
rotor construction have all been employed. In cases where the starting 
current must be limited, starting compensators, series reactors, or e\ 
ternal resistors, may be used, just as in the starting of polyphase* in - 
duction motors. 

The so-called suprrsym hronous motor has been developed for heavy 
starting duty. Its armature is mounted in cradle bearings and is free 
to rotate, unless clamped and held stationary by a large brake band. 
In starting, the brake is released and the armature, revolving back 
ward, is brought up to speed and into step. '1 la brake is then gradually 
applied, and since the relative speed between rotor and armature remains 
constant at synchronous speed, the rotor must pick up speed to exactly 
the same extent that the armature slows down. This is an expensive 
•(instruction, and used only where necessary. 

At standstill, the field winding acts as the secondary of a transformer, 
of which the armature winding is the primary, and because there are a 
great number of turns in the field winding, its induced voltage may be 
dangerous to both life and the insulation. To alleviate this situation, 
the field winding is sometimes opened at several places during starting, 
and then automatically reconnected bv centrifugal devices as the motor 
comes up to speed. Or the field may be short circuited through a re- 
sistor, but this may result in a torque opposing the* acceleration. 

A complete analysis of starting phenomena is beyond the scope of 
this text, since it involves the whole theory of electromechanical tran 
sients in synchronous machines. However, if induced field currents 
and transient reactances be ignored, a crude approximation to the ruling 
differential equation would be (132) with the i/Idb n , dt) term replaced 
by the complete expression for induction motor torque. At small values 
of slip, however, (132) can be taken as it is. and solutions sought for 
specified initial conditions of h m and dh w di. Hut a solution in standard 
form is not known, and therefore dependence must be placed on mathe- 
matical machines or step-by-step solutions. In this wav criteria have 
been arrived at as conditions for the pulling-into step of synchronous 
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motors* Evidently, the possibility of pull-in depends upon the fol 
lowing factors: 

1. Induction motor characteristic of the damper windings 

2. Synchronous motor torque 

.$. Inertia of the rotating parts and the natural period of the motor 

4. The torque-speed characteristic of the load 

5. The torque angle and speed of the motor at the instant the field 
is energized 

A simplified physical idea of pull-in is supplied by Fig. 40. The 
motor starts as an induction motor, point 1, and has an induction motor 



torque speed characteristic to point 2 where it intersects the load char 
ucteristic. and equilibrium conditions occur at some slip Suppose 
the field is then excited and at this instant the field poles happen to be 
at an angle ahead of the terminal voltage 1\ Fig. 40a. The machine 
is then also a synchronous generator having a negative torque, which 
torque subtracted from the induction motor torque gives a net torque, 
point considerably less than that required by the load, thus causing 
the slip to increase. The motor is running at less than synchronous 
speed, and therefore the torque angle 5 is decreasing. There comes an 
instant, point 4. when 6 is passing through zero and the synchronous 
motor torque is zero, so that the net torque is entirely induction motor 
torque, and being in excess of the load torque, causes the machine to 
accelerate. But the angle 6 is now negative and continues to decrease 
because the speed is still below synchronous. This gives synchronous 
motor (positive) torque, which adds to the induction motor torque to 

* KilgiTton and I'ourmariiT “The Pulling into step of a Salient pole Sxnchronous Motor,' 
I ra*:\ MICE, V«l 50. p 7W, 1«M1 



$ 3 o Synchronizing 307 

yield a net torque which causes the machine to accelerate. When it 
reaches synchronous speed, point 5, the angle 5 is at its greatest negative 
value. As the speed continues to increase, 6 decreases in magnitude, and 
with it the synchronous torque. Moreover, for speeds in excess of 
synchronism, the induction motor torque is negative. Thus the net 
torque rapidly decreases, and at some point 6 is just equal to the load 
torque. But as & is continuing to close, the synchronous motor torqiu 
decreases still further and the rotor slows down. As the instantaneous 
speed once more falls below synchronous, 5 begins to open up again, 
the synchronous motor torque increases, and the machine speeds up 
Finally, these oscillations die out and the motor settles clown to a stable 
synchronous speed, point 0. The sequence of events i my be clarified 
by the following tabulation, in which the torques arc dimvn as positive 
negative, or zero: and a dominating torque bv a double sign ( \ } b 


Point \ngle 
o 


India tinn 

S\n motor Load 

torque toique torque 


Ii.crtia Keniaiks 
Miquc 


1 0 

1 0 

d + 

) O (I 

5 -f f 

<) - + + 

7 - + 

8 — + 

0 - + 


t \ 

+ « 
-t - I 

Id 


+ » 
0 - 0 


\i « Herat ion 
('oust, mt speed 
I* teld c losed 
Dec deration 
\i i Hera I ion 
7) dec leasing 
S\ in luonoiis speed 
\bo\e s\n speed 
S\ m hroiious speed 
Dec derating 
Below s\ n. speed 
Ss ik h ronous speed 


Problem’ Suppose the angle 5., in Fig. 40(a) is ne^itivt at the instant the 
field switch is closed. Sketch the torque-speed <ur\e corresponding to Hg. 
40(b). and draw up a table of events similar to that shown above 


30. Synchronizing 

Before a synchronous machine is connec ted in parallel with an active- 
bus it should meet three conditions: 

1. Kqual voltage 

2. Same phase sequence, and 

3. Identical frequency as on the bus 
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The procedure for bringing about these equalities, and paralleling the 
incoming machine at the pro|>er instant, is called synchronizing . Kqual 
voltages are indicated by a comparison of the voltmeter readings on 
the bus and on the incoming machine. Proper phase sequence may be 
determined once for all when the machine is first installed and is there 
after of no (oncern. One way in which phase sequence may be de- 
termined will be des< ribed presently. Hut to ascertain the exact instant 
when the frequencies are identical requires special provisions. The 
frequency of the incoming machine can be held only momentarily at 
exactly the same frequency as the bus. Suppose the bus frequency i- / 
while that of the incoming machine is ( f + Ap, and the voltages are of 
equal magnitude. Then the voltage across the switch is 

e I cos(u) | Au ?)/ — V cos u.7 

- - IV sin ^ t sin (155 

The first term of this equation, of frequency A f 2 , may be regarded a* 
the variable amplitude, or envelope, of the average* frequency oscillation 
represented b\ the second term. An oscillogram showing the beat 
frequency and the* nirrirr frequency is given in fig. 11. The beat fre- 
quency is vcr\ low as the machine approaches synchronism. 



The simplest method of sync hronizing is by means of lamps connected 
directly, or through transformers, across the open switch terminals, 
fig. 42. When the voltage triangles are of the same voltage, phase 
sequence, and frequency, the switch may be closed. If the voltages are 
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different, but the other two conditions complied with, all three lamps 
will glow, the brighter the greater the voltage difference. If the fre- 


Generator 

Frequency 


BusFreq f 



S 

1 

1 

ii 



■ 


Lamps 



quencies and voltages are equal, the voltage acting on lamps A and B 
will he 


1 t I* I n -= I nil 


\ v a , a. 0 lor proper phase sequence a'Wi' 

I Y lh \ Sr for wrong phase* se(|ueme n'fcV 


(156) 


Hut since the frequencies will differ slightly, the lamps will flicker in 
unison at heat frequency when the phase sequence is proper. When all 
lamps are dark the switc h should he closed. 

Various switchboard instruments, called .sync hrotiost opes , have been 
developed to indicate the proper instant for synchronizing. The Lincoln 
synchronoscope. Fig. 4.L has a field winding excited from the bus, and a 
split 2-phase armature winding excited In the* incoming machine. One 
of its coils has a resistance and the other a reactance in series. When the 
bus and machine voltages are in phase, the armature coil having the 
resistance in series will be centered on the field pole and a vertical pointer 
will indicate synchronism. If the phase difference is 90 degrees, the 
other coil will align itself with the field An intermediate position will 
be taken up for any other pha^e dilTerein*’ It the* frequent ies differ, the* 
armature will revolve in the clockwise direction if the incoming machine 
is too fast, and in the opposite direction il the incoming machine is too 
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slow. Thus the behavior of the instrument pointer indicates whether 
to speed up or slow down the incoming machine, as well as the most 
propitious moment for synchronizing. 



3 1. Parallel Operation of Synchronous Machines 

When we consider a synchronous machine to be synchronized and 
connected in parallel with an active bin* or another machine, four ques 
tions present themselves. 

(1 ) how does it adjust itself to the hus conditions, 

(2 » what happens if its excitation is (hanged. 

(S) what determines the division of load between it and other ma- 
chines on the bus. and 

i4> is parallel operation a stable state of affairs? 

We shall see that maladjustments are rectified automatically by a 
circulating current resulting in torques of the proper sign; that changes 
in excitation have no effect on the flow of power but do change the 
power factor; that division of load is strictly a matter of the gov 
ernor settings of the prime movers; and that parallel operation is inher- 
ently stable. 

Consider two round rotor machines operating in parallel on the same 
bus. Fig. 44a* Suppose the bus voltage. l\ to be maintained constant 
by adjustment of the field, /ii, of machine \o. 1. The load current /, 
and its pf «/> are given. Suppose the voltage, /v.. and power. /\>. of ma 

* Simjlr line iliavMHix miiIi a* m 1* it* 44a. an- urnrrallv iiM-il in puwri \\ < »i k in irprC'Ciil 
p<4\pluiM '•Irni'- 
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chine No. 2 to remain unchanged. The problem is first to determine the 
initial o|>erating conditions, and then to see how the system will adjust 



Fig. 44 Parallel operation 

itself to various changes. By 168), the power output of No. * is 

/>.. = cos u. + ft. 1 ^ <in «. (157 1 

in which /*• = \ R + .\V is the impedanu of mat hint* No. 2 anti 0 ■> is 
the impedance angle. Since /b and A\> were spetilied as tonstant, the 
angle 6$ is readily found from <157) as 

, //: 2 AT. 1\ \ JR*\ 

li >, ‘/i y'A W 

- "" ’ ( ‘ Aj ) 2 ' I58 ' 

The current supplied by No. mat him* 2 then is 

j — V _ i/i? tt)s 6j - l ) 4 jhj sin &•> (iSQ) 

8 ~ Z> ~ R> f /.V, 

r Fhe current supplied by machine No. 1 then is 

7 j - / — 7 , 7^-4 fx6o) 

The excitation voltage of mat hint* No. 1 therefore is 

£, = n Z|/. = /ii *« f*6x) 

The power output of machine No. 1 is 

Pi = li\- - ~ cos (4, + # 1 > = sin 5, fi6a) 

zr j i 

The conditions given by the above equation arc indicated in hig. 44b. 
As a special case, suppose the two machines to l>e idling on the bus; 
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that is, the external current to be zero, 7 = 0. Assume further, machine 
No. 2 to have zero power output and its voltage equal to the bus voltage, 
Jii = V. Then according to (158), fc = 0, and according to (159) its 
current is also zero. Hence, fa = 0 by (160), and K\ = V by (i6i>. 
Thus 61 = 0 and both machine excitation voltages are in phase with the 
bus voltage, Fig. 45a. 

V-Ef E 2 > 


(a) 



But suppose* /£. ^ F. Then even though l \ = 0, 1158) shows a dis 
placement angle Consequently, by 1159b a current fa flows from 
machine No. 2, and by (160) an equal and opposite current /, = - h 
flows from machine No. 1. In other words, there is now a emulating 
turrenl flowing between the two machines. By (161) this circulating 
current will cause machine No. 1 to have a displacement angle 5 \. There 
is a total angle (61 \ 62) between the machine rotors. The power output, 
(162), of machine No. \ is just sufficient to supply the losses, {R\ -1- 
The diagram is shown in Fig. 45b. The circulating current, through 
armature reaction, decreases the excitation of the generator, No. 1, and 
increases that of the motor. No. 2. 

Returning now to the loaded machines of Fig. 44, suppose the exci- 
tation of No. 2 to receive a positive increment A/S*, but that its output, 
P «, remains unchanged. By (158) the angle fa will experience a negative 
increment — Afc, that is, the angle 5 -. will shrink. The current fa will also 
fall back, by (159I, and since the load current / remains constant, the 
current fa will be compelled to change its angular position and mag- 
nitude. This in turn results in corresponding changes in angle $1 and 
voltage K\ such that new equilibrium conditions obtain. 

Should either machine experience a momentary change of torque 
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angle, the system will return automatically to its old equilibrium con- 
dition. For example, should a* decrease by A 5 2 , with E> and I\ unaltered, 
/•* will decrease in magnitude, and shift baik. This will require 1 \ to 
shift forward and increase in magnitude, which in turn will cause to 
increase by A$i. But now No. 1 will have a momentary higher output 
than is being supplied by its prime mover (assuming that the governor 
has had no time to act) and will tend to fall back, reducing 6|. And 
No. 2 , with a lower power output than being supplied by its prime 
mover will speed up. Thus both actions tend to reduce the angle between 
machines and to return them to their equilibrium position. The system 
is inherently stable if the limits of stability are not exceeded by the mo- 
mentary change. The change in power output ol a nuulrne for a small 
angular change is approximately 

tlP FY 

A/> - A 5 * - i os rt • A 5 (163) 

do \ 

This is the power tending to restore the rotoi 10 its previous position. 

For the salient pole machine it is 

S/> = ( h] cos 6 4 p'*' ‘ A, u».>2«Ya« (164) 

V Y, .Y„Y, / 

The load supplied by a synchronous machine is entirely a matter of 
the prime mover output, and this in turn depends on the governor 
setting. Figure 40 illustrates the way in which governor action permits 
a machine to pick up load. There are 
showm three load-speed t haradens- 
tiis a, l). ( . These are approximately 
straight-line relationships with 
drooping characteristics, that is, the 
speed falls with an increase in load. 

( Jtherwise the machine would lu* un- 
stable.forif a slight in( rease in speed 
resulted in an inc rease* in output. the 
speed would continue to increase. 

Now’ any governor depending on Fig. 46 
centrifugal force cannot react until 

it has experienced an actual change in speed. Therefore, if the machine i* 
operating on characteristic a at load A , and the load increases to B t 
the speed will fall off. When the governor responds to this change in 
speed, it will shift the prime mover output to characteristic b causing 
the speed to return to normal. A further increase in load to C will result 
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in a shift to another characteristic c. Thus the function of the governor 
is to shift the prime mover characteristic as required to meet the exi 
gencies of the load changes. A very sluggish governor would permit 
excessive speed changes to accompany changes in load, and might very 
well allow the machine to fall out of step before the necessary additional 
prime mover power became available. On the other hand, a very sensi- 
tive governor might induce excessive hunting by responding too quickly, 
thereby causing power pulses. Too sensitive governors attempt to 
maintain a state of dynamic, rather than static, equilibrium by con 
tinually oscillating about the desired mean speed. This tendency is 
alleviated by dash pots and other mechanical damping devices. 

The division of load between machines in parallel is fixed bv the 
governor settings and the* load. Referring to Fig. 47, suppose machines 



Fig. 47 


No. 1 and No. 1 are in parallel operating on the full-line characteristics. 
It the load increases, resulting in a speed drop, A<*\ and the governors do 
not respond, the new division of load between the two machines will be in 
different proportions than originally < unless the two characteristics are 
exactly parallel). Rut if the governors respond, shifting the machines to 
the dash line charat teristics. the original division of load may be restored. 
I’suallv, in large* power systems, certain machines operate at a fixed 
governor setting and constant output, and minor variations in the 
system load are cared for by one machine which has the responsibility of 
maintaining constant frequency. If it is desired to change the load on 
any other machine, its governor setting is changed by a fixed amount. 
Load division is dictated by considerations of relative efficiencies as 
well as ratings of the machines. 
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32. Circle Diagrams of the Synchronous Motor (round rotor) 

There arc a variety of ways in which circle diagrams mav l>e con- 
structed for the round rotor synchronous* motor, of wlihh a few will he 
discussed in this section. They are all based on the voltage equation 


V = E + Zl 


1165) 


A circle diagram can he developed showing the locus of the armature 
current, /, as the excitation voltage, E, and its torque angle. 3, are varied. 
For this purpose select F = Vi /( ) as reference vector, and let E = E b 
and Z -■= / ft. Then <165) may he rewritten 

V 0 E -3 I* // 

/ = ~ “ - -* -ft ~ - -3 - ft (166) 

Z ft Z 0 Z Z 


or ex] sanded 



^ ('OS [b f 0 ) 


R 


r . e . 

^sintf \ ^sin (3 1 li) 


nty) 


Then taking the sum of the squares of the real and imaginary 10m 
ponents on both sides of tin equation, there results the law of cosines. 


r 



i\ 

/ L> 


/ / 


(168) 


These equations are interpreted by the vector and circle diagrams of 
Fig. 48 . 'Flic voltage vector diagram < F. E, Z.h obviously corresponds 
to ( 165). According to (166'. the current vector, /. is compounded of 
the fixed vector ( V Z) ~ 0 and the vector iE Z> tfnf constant 

magnitude E Z and variable angle, 3 . As b varies, this latter vector 
traces out a circle. That the magnitudes /, V Z. and E Z are the three 
sides of a triangle is further borne out by the law of cosines given in fi68). 

Now if the excitation voltage, E, is (banged in magnitude, the radius, 
E Z , of the circle will change, but its center will remain fixed. Thus a 
series of circles maybedra cn representing the loci of the current. /, as 
function of the torque angle, 3 , for different excitation voltages, E. For 
zero excitation, E = 0 , the radius of the circle vanishes, and the current 
has the magnitude and direction I - (V Zi "ft. If E > l , the current 
is leading for small valms of 5 , but lagging for larger values of b . For 
positive values of 3, the machine becomes a generator. Maximum current 
occurs when 3 = it and the current is then equal to /„..,x - fT +■ Ii)fZ. 
This, however, is far beyond the limits of stability. 

A companion circle diagram, Fig. 49 , can be developed showing the 
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locus of / as a function of its power factor angle, <t>, for different values of 
power output, P. For this purpose multiply the conjugate of 1165) h, 
the current, 

VI = tl + Zll - £1 + (K - JX )P < I6g. 



in which £l - P f jO is the complex power consumed by the counter 
emf of the motor, while VI - I 7 (cos 0 f / sin </> i is the complex power 
at the terminals. Therefore, 


VI cos </» /17 sin <t> - (/> + AT/ 1 ’) + /<() - A/ 2 ) '170) 

r I'he real power then is 

17 cos 0 — P f A 7 2 = P + /?/ 2 <cos s 0 + sin 2 0) (171) 
Rearranging and completing the squares, this becomes 


cos 0 + (/ sin 0) 2 = 


r 2 _/> 

4 K 2 K 


(172) 


which is the equation of a circle of radius I ^ and with center at 

I 4 A 2 R 

The zero power circle, P = 0, has a radius equal to the offset 


of its center, and this circle passes through the origin. 'Hus is the largest 
radius that a power circle can have. Maximum power occurs when 
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< 173 * 


for which the radius of the circle vanishes 

The two circle diagrams of Figs. 46 and 47 may he superimposed as in 
Fig. SO, and from this composite diagram many machine charai teristics 



80 > 
100 


1 


V 10 
R 01 
X 10 


Fig 50 Power and excitation unit* stipmin 
posed 


may he obtained. Thus for a specified power output, />, and excitation, 
E, the operating point is found as the point of intersection of the cor 
responding circles. Then the current, /, power factor angle, </>, and 
torque angle, 8, are easily found. The exc itation c harac teristic s, Fig. S5, 
are readily found from the circle diagrams, since these characteristics 
are merely curves of armature current plotted against excitation voltage 
(or corresponding field current » with power output as parameter. 

The maximum theoretical excitation at which the machine can operate 
as a motor is /2,.„, Z on the diagram, where the excitation circle is 
tangent to the zero power circle But this extreme excitation would 
result in saturation and vitiate the results 

1 he maximum theoretical excitation tor any other power, is given 
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by the* line OA , on the line of centers 00', since the excitation circle is 
tangent to the power circle on this line. 

The minimum excitation for any power is given by OB , on the line of 
centers. 

The minimum power factor for any power is given by the point where 
the current vector is tangent to the power circle. 

Maximum power for a fixed excitation occurs at OB, on the line ol 
centers (K)'\ for if the torque angle, 5 , increases beyond this point, the 
power decreases as is clear on the diagram. 

\ different type of circle diagram, in which active and reactive power 
are the variables, with excitation voltage as parameter, can be derived 
by taking the e\< itation voltage E as reference vector and substituting 


/, ' J +./V 

E 


Then <165) may be written 
V - E + tR -+ 



' [/•;- + 1 RP - XO) + jiXP + m M] 


(1741 


1175) 


'faking the sum of the squares of the real and imaginary components on 
each side of the equation, and rearranging, there results 

r/r -• E l f (A’“ 1 Y 2 )(/* 4- {>-) 4 - 1 E?RP - 2 Er\\) (176) 

Dividing through by A*- f A* - Zr and completing the squares, 


( 


/' \ 



an 


( 177 » 


'I his is the equation of a circle of radius {YE Z) and with center at 
l A’/v /\ } Y/v Z?\. This eipiation is plotted in Fig. 51 . The center 
and radius of the circle are different for each value of excitation voltage, 
A, but if onl\ the terminal voltage is varied, the center remains fixed 
and the radius changes. Maximum power for a given excitation occurs 
where a vert it al line is tar, gent to the circle. 

Aquation (177) can be modified to give the power and reactive com- 
ponents of current, upon dividing through bv £*, whereupon it becomes 


Here P E anil 0 ^ are t hi’ uirrent components. 

It must be remembered that P and (J , and therefore the current 
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components, refer to the excitation voltage, E. and not to the terminal 
voltage, as reference vector. 

The terminal watts and vars are 


P' +./(>' - (P + RI-) +ji{) - XP\ ; 179 ) 

A circle diagram for the terminal power ami vars can he derived In- 
exactly the same process, hut taking V as reference vector. Then 

I= P'+A>' 

V 

and (165) 1 icronics 

E= r- (E+ ./.Y)^’' j/'') 

Hence, without difficulty, we find 


(180) 


18O 


-c/y 


(182) 


which is a circle of radius YE Z and center at (AM * Z\ -A V 2 //). 
As compared with (177), the roles of V am* F have been inten handed. 
The circles of (182) are also shown in Fig 51 Kfjuation 11821 tan he 
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• A vertical line on Fig. 51 is a constant {>ower line, and the point A 
where this line cuts an excitation circle is an operating point. The 
current is / = OA ' U, and its power factor angle is 0. Hence the data 
for the construction of T-curves is obtainable from this type of circle 
diagram. Likewise, curves of power factor as function of excitation, 
with power as parameter, may be plotted. 

Problems 

1 . The per-unit values of a round rotor synchronous motor are 

R ss 0.10 A' a = l.(X) r=i.o 

fa) Construct the composite circle diagram, Fig. 48, for the following excita- 
tions: 

E - 0.2, 0.4, 0.6, 0.8, 1.0, 1.2, 1.4, 1.6, 1.8, and 2.0 and for the following 
powers: 

P -= 0.2, 0.4, 0.6, 0.8, 1.0, 1.2, 1.4, 1.8, 2.0. 

(b) Using these tircle diagrams, construct the O-curves for P = 0, 0.5, 1.0, 
1.5, 2.0 and 

(c) Using the circle diagrams, construct leading and lagging power factor 
characteristics for pf = 1.0, 0.8, 0.6. 

2. (a) For the above machine construct the output and input power circle 

diagrams, Fig. 40, for the same range of excitations. 

(b) Using the power circles, construct the O-curves and power factor char- 
act eristic's. 

5. Discuss the relative advantages of the two types of circle diagrams. 

33. Losses and Efficiency 

The losses which may be chargeable to a synchronous machine are 
classified in the table on page 321. 

Sometimes the increased core loss due to armature current and the skin- 
ctTcct loss in the conductors are lumped and called stray loss. In large 
central stations some of the losses are reclaimed by using them to heat 
the intake air for the boilers. The ventilating fan or blower may be 
necessary only under load, in which case it should be classified as a load- 
loss. 

A complete segregation of the losses requires extensive design data 
Isome empirical), and this is not usually available except to the manu- 
facturer. Xor is it feasible to make a detailed segregation of the losses 
by test. However, a major separation of the losses is possible through 
various test expedients and judicial extrapolation of test data. 
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No-load Losses 

Load losses 


Bearing friction 


8 

Bearing oil pump 


f 

Bearing cooling pump 


Brush friction 



Windage 



Ventilating fan 

v Ventilating fan) 

C 1 

P 

Exciter losses (including losses 

These may change under load 

B 

m u 

x 

in its drive) 

because the excitation re 

Rheostat losses K r I/ : \ 

Field loss R,Ir\ E,l ‘ 

quirnl de|>ends on the load 

W 

and its power factor 


Core loss (hysteresis and eddy) 

Core loss thyM'Tesis and eddy) 


Open-circuit field llux 

Leakage taxes (teeth, slot 

I 

(teeth, pole face, core) 

wedges, pole fate, clamps, 

HH 


spider) 

Armature reailiou (teeth, jH>le 
Lice, wedges, damps, spider) 

u 

Skin effect due to ]>criphcral 

>>kin effe< t caused bv slot leak- 

* 

variation in the radial com- 

age llux 

1 

ponent of llux through the 

l)-c resistance loss in the eon- 


conductor 

due tors 


To separate the windage and fric tion from the no load core loss, let 
the machine be run as an unloaded synchronous motor; and measure the 
watts input, and current for different values of terminal voltage. Sub 
tract the R ! 2 loss of the armature from the input (using a value of re 
sistance about 50 per cent greater than the measured d c resistance at 




75 C), and plot the curves of Fig. 52. Evidently the remainder repre- 
sents friction, windage, and no-load core loss. Assuming the core loss 
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to vary as the square of the voltage, the lower straight-line portion of 
the c urve may be extrapolated, and where it intercepts the power axis 
must be the friction and windage, since the core loss would be zero at 
zero voltage. 

If it is possible to drive the generator at synchronous speed by a motor 
of known efficiency it need be big enough only to supply the losses 
the losses may be segregated as follows: 


(1 ) Friction and windage losses are equal to the input to the generator 
when it is driven at rated speed without excitation. 

(2) The no-load core loss is the additional loss incurred when excita- 
tion is applied to the field. Usually a curve is obtained for different 
values of excitation (field current or open-circuit voltage). 

(5) The armature resistance loss for currents from 25 to 150 per cent 
rated current are calculated, using measured values of the d-c 
resistance, corrected for temperature. 

(4) The stray loss (additional iron loss and conductor eddy-current 
loss due to armature current) is found by short-circuiting the 
generator terminals, at rated speed, and using just enough exci- 
tation to circulate from 25 to 150 per cent rated current, then 
from the measured loss subtracting the friction and windage, core 
loss, and resistance loss as found previously. 

(5) The excitation loss is the exciter voltage times the exciter current, 
or if the field and rheostat resistance are measured, it is 
<A, f If,)//. 


In thi* case of large motors where it is not practicable to determine 
the losses by the above procedure, the retardation method may be used. 
This method requires the taking of a retardation speed-time curve after 
the motor is disconnected and allowed to coast to rest. Since the losses 
must be equal to the rate of change of the kinetic energy. 


Kw 


1 _ d fJ A _ o)J do) 

757.6 <// \2 / 757.6 dt 


4.6 

1 () 7 ’ 


dl 


fl 84 ) 


Aie = kilowatts loss 


w - sliced in mechanical radians per second = 

1 50 

n = speed in (jpm) 

J = polar moment of inertia 
(H A 2 ) „ 
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The angular acceleration is measured on the speed-time curve as the 
slope at rated speed. 

By taking a number of curves under different conditions, the losses 
may be segregated. Fig. 53. First let a ictardation curve l>e taken 
with no excitation on the machine. The losses are then due to windage 
and friction. Xext let a retardation curve be taken with the armature 
open-circuited and a field sufficient to give rated terminal voltage at 
rated speed. The losses are then due to friction, windage and core 
loss. Finally, let a curve be taken with the armature short circuited and 
sufficient field to give rated current at rated speed. Tnder this umdi- 
tion the flux is too small to cause appreciable core loss, and the decel- 
eration is due to friction, windage, copper and stray losses. If the d-c 
resistance loss is calculated, the stray loss may be isolated. 

If the moment of inertia, is not known, but the losses are known for 
some condition, then J may be determined and used thereafter to find 
the losses for other conditions. 

The efficiency of a 3-phase synchronous machine is 

KfT = witpwt 

output + losses 

V 3 17 cos 0 

V3 17 cm* + Tr„P + (R, + RrUf 1 +~( H »t- R) + j','11 + 1 7J£ I 

(185) 

in which 

3 R a I 2 — armature copper loss 

Rfl f 2 - field loss 

R r If 2 = field rheostat loss 

W & F = windage and friction 

Stray loss = increase in core loss due to load current, and skin effect in 
conductors (unless the armature resistance R a includes skin 
effect) 

The copper and stray losses are usually calculated at the standard tem- 
perature of 75 C\ It should be noted that stray loss is corrected to a 

standard temperature in an inverse fashion from copper (RI 2 ) loss, that is 

(Copper loss at T 2 ) _ (Stray los s at T } ) _ 234 + T 2 

(Copper loss at T,) [Stray loss at T 2 ) 234 + 7\ 
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Problem 

A 1000-kva, 3-phase, 60-cycle, 180-rpm, 2300-volt, F-connected alternator 
has an armature resistance of R a = 0.059 ohms per phase at 25 C. The power 
output of a d-c driving motor, under several conditions, is: 


Alternator 

Driving motor 

No excitation, open-circuited 

6.83 kw. 

Rated voltage, open-circuited 

19.75 kw. 

Rated current, short-circuited 

16.52 kw. 


The excitation jniwer [(/?/ + R r )I / 2 + exciter losses] is 11.41 kw. Deter- 
mine the fa) windage and friction loss, (b) core loss, (c) armature copper loss, 
(d) stray loss, (e) and efficiency at 75 C. 
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The Synchronous Converter 


i. Introduction 

Because of the ease with which voltages can be transformed, and the 
absence of commutators, alternating current has largely superseded 
direct current for the generation, transmission, distribution and utiliza- 
tion of electric power. Nevertheless, for certain uses, notably electrolytic 
processes, railway electrification, elevators, cranes, hoists, steel mill 
motors, paper mill drives, and similar applications, direct current is 
either mandatory or highly desirable from the standpoint of close and 
accurate speed control. In such cases means must be provided for the 
conversion of an alternating-current supply to direct current. There 
are a number of w f ays in which this may be accomplished. 

Only the mercury art rectifier, motor-generator set (synchronous or 
induction), and synchronous converter are at present of importance in 
the power field. Many ingenious attempts have been made to produce 
a satisfactory mechanically driven rectifying commutator, but these 
have not been an unqualified success. In recent years the mercury arc 
rectifier has largely displaced the synchronous converter in electrolytic 
and railway applications; since it has the advantages of better efficiency 
(particularly in the higher voltage class), can be built for higher voltages, 
does not require as heavy foundations, has a lower upkeep (there are 
no rotating parts, or brush and commutator wear), and is competitive 
in first cost. In certain other applications, such as Ward-Leonard control 
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systems for steel and paper mill drives, electric shovels, cranes, hoists, 
etc., motor-generator sets are used. Nevertheless, synchronous con- 
verters are installed in numerous plants and constitute a major electrical 
load in the country. Their theory of operation presents many interesting 
aspects of circuit and machine theory, some of which are not present in 
any other electrical machine. For these reasons this chapter is devoted 
to the consideration of the synchronous converter. 

The principal problems presented by the synchronous converter are: 

1. Voltage ratio (fixed, in the ordinary converter) 

2. Current ratio (fixed, in the ordinary converter) 

3. Heating (not the same for all conductors, varies with pf) 

4. Losses (much less than in d-c machine of same output) 

5. Armature reaction (very small, resulting in a sensitive machine) 

6. Power factor (must operate near unity pf to prevent excessive 

heating) 

7. Commutation (commutator subject to flashover) 

8. Hunting (poor stability factor as compared with syn- 

chronous motor) 

9. Parallel operation (additional hazards over d-c and a-c generators) 

10. Voltage regulation (inherently good) 

11. Voltage control (limited, unless by external or auxiliary means) 

12. Starting (d-c side, a-c side, auxiliary motor) 


2. Principles of Operation 


The synchronous (or rotary) converter is similar structurally to an 
ordinary d-c generator having an armature tapped at equal intervals 





§2 Principles of Operation ^ 

and supplied through slip rings from an a-c source. It may Ik* looked 
upon as the natural evolution of the synchronous motor generator set, 
hig. 1, in which the a-c and d-c armatures have been combined, as well 
as the two sets of field poles. When the armature rotates at synchro- 
nous speed, alternating voltage is induced in the conductors and ap|K*ars 
across the slip rings, while direct voltage appears at the brushes due to 
the rectifying action of the commutator. The alternating current pro- 
vides the motor action while the armature generates direct current at 
the commutator brushes. The advantages of such a construction . arc- 
obvious : 

1. One machine has replaced two; with a consequent saving in si/e, 
weight, floor-space, and cost. 

2. Since motor and generator action occur in the same armature, the 
shaft need transmit no power, and can be greatly reduced in 
diameter. Also, it is much shorter, since it uippoit* only one, 
instead of two armatures. 

T The bearings can be made smaller, and the* third bearing and 
pedestal used with larger size machines is unnecessary. 

4. Since motor currents flow in one direction and generator currents 
in the opposite direction, the two sets of currents tend to cancel, 
and consequently the output of a given armature- is greatly increased 
over its c apacity as an ordinary d < generator. 

5. The losses are reduced materially. The armature topper losses are 
less because the a-c and d c currents tend to cancel. The core, 
field, and windage losses arc less because there is only one machine 
instead of two. 

6. The armature reaction is small, since the a c motor and d c gen- 
erator currents tend to produce armature reaction in opposite 
directions, which in a large measure, cancel. 

Hut the disadvantages of the converter as compared to the motor 
generator set inflexible voltage ratios, localized heating of armature 
conductors, tendency of the commutator to flashover, necessity of oper 
ating at near unity power factor, hunting and instability under rapid 
change of load condition, difficulties encountered on sudden reversal of 
power, etc-. become evident only upon further analysis or operating 
experience. 

The synchronous converter is a very versatile piece of apparatus. In 
theory, at least: 

1 . It may be operated as a synchronous motor by supplying a-c to the 
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slip rings and driving a shaft load. Actually, it has limited capa- 
bilities as a motor, because without the d-c in the armature the 
heating becomes excessive. 

2. It may be operated as a synchronous condenser. Here again, it has 
very limited condenser capacity because of excessive heating. 

3. It may be operated as an a-c generator by driving it mechanically 
and taking power from the slip rings. 

4. It may be operated as a d-c motor, but it is limited in this respect by 
heating. 

5. It may be operated as a d-c generator by driving it mechanically 
and taking power from the commutator. Its capacity is limited by 
heating. 

6. It may be operated as a double current ( a-c and d-c) generator bv 
driving it mechanically and taking power from both the commutator 
and the slip rings. But heating places a severe limit on this pos- 
sibility 

7. It may be operated as an inverter , by supplying d-c power to the 
commutator and taking a-c from the slip rings. 

8. It may be operated as a converter, by supplying a-c power to tlu* 
slip rings and taking d-c from the commutator. 

9. It may be operated as combinations of the above. 

Actually, however, a machine, designed and adjusted to operate satis- 
factorily under one set of conditions, will not do so under some other 
conditions. Heating, commutation, stability, and regulation change radi 
cally when the operating conditions are changed. 

The voltage ratio of a converter may be es- 
timated by assuming the armature conductors 
to be infinitely distributed, so that the infini- 
tesimal voltage vectors lie on a circle, Tig. 2. 
The diameter of the circle then represents the 
, direct voltage. If the armature is tapped at m 
equidistant points per pair of poles, and these 
|M)ints connected to slip rings, the crest values 
of the alternating voltages between taps are 
represented by the chords of the circle. From 
the geometry of Fig. 2 it is clear that 

T m _ s J n Z. 

E dr 2E m 
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The ratio of the rms alternating voltage to the direct voltage is 

1 . T 

, - = , s«n - 

Ed, \ 2 w 


(i) 


It may be noticed that the ratio of the alternating line-to neutral voltage, 
£, to the direct voltage, is simply one-half. Evidently then, the voltage 
ratio of a converter is a fixed quantity, decoding only on the numlKT of 
phases. Therefore, in order to vary the direct output voltage, the 
alternating input voltage must be varied by some external or auxiliary 
means. There are a number of ways in which this can be done. 'Hie 
supply transformer may be provided with taps (perhaps with automatic 
load ratio control), and the taps changed to meet the load conditions. 
Or an induction regulator may be inserted in series between the trans- 
former and the converter, and the voltage applied to the slip rings varied 
by controlling the induction regulator, ur an a-c booster may be con- 
nected in series with the converter and its generated voltag* added (or 
subtracted) to the applied voltage. In practice this booster is mounted 
on the same shaft with the converter armature, and is driven by the 
converter. Of course, a d-c booster could be used, but it would be far 
more expensive than the a c booster. There is si ill another way the 
regulating pole for changing the voltage ratio, but this will not be 
considered until later. The fixed voltage ratio compels the use of trans- 
formers with the converter. 

The mrrent ratio of the converter is arrived at from energy consider- 
ations. Let 

Id, - total direct output current 
I, = a-c coil current (rms value) 


Then by 


hence 


rj - efficiency 
cos 9 = power factor 
P — number of poles 
the conservation of energy 
p 

Eh, Id , •= W - E„, I, cos 9 = rim 

ly/l 

i pnP sin T cos 0 
m 


P Ea, 
2 


sin - I, cos 9 
m 


( 2 ) 


Since the armature is a mesh winding of m phases, the line current is 


l, — l r , In m 

p — 

, 2t 

. . 2 r 

= Wr 

1 — cos — 

— i sin — 


2 

m 

m 
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= ? I, l/2(l - cos = PL sin - 
2 f V ml m 


„ , t . In, W 2 

Hence (2) becomes - = - — - '3' 

I dt rim cos 0 

Thus the current ratio varies inversely with the power factor, hut is 
otherwise a fixed ratio. In applying (2) or (3) to the a-c booster type 
converter, the factor 17 must include the energy required to drive the 

booster. For example, if the 
efficiency with the booster un- 
excited is 0.95, the efficiency at 15 
per cent boost would be r) = 0.95 
- 0.15 = 0.80. On the other 
hand, at 15 per cent buck, the 
“efficiency" factor would be 17 =■ 
0.95 + 0.15 = 1.10. 

The armature heating of a syn- 
chronous converter is a much more 
complicated phenomenon than the heating of either a straight a c or 
d-c machine. The complication develops because the current flowing in 
any conductor is the superposition of an alternating sinusoidal current 
and a reversing direct current. To fix ideas, there is shown in Fig. 5 a 




Fig. 4 1) c, a-c, and resultant currents in a conductor. 


bipolar Gramme ring armature tapped for six-phase, and with the brushes 
on neutral. Suppose the center of phase- 1 to have moved an angle w/ 
from the pole axis. Its induced voltage then is \'2E a , cos w/ and for a 
lagging power factor the a-c motor current in each conductor of the 
phase is 


— \ 2 / ( cos («/ — 6) 
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Xow consider a particular conductor h of the phase at an angle a from 
the (enter of the belt. In addition to its a-c current it will tarry a direct 
uirrent \h until it passes under a brush and has its current reversed to 
— » / 1 This ouurs when the tenter of the phase is at an angle 

= lx 2 — at The alternating and direct current relationships for 
condiic tor h are then as shown in Fig. 4 The algebraic sum of alternating 
and diiect tin rents is the resultant current in the conductor This re- 

PH.0 Pf-08 



K> 


/ 




Fig. 5 I tfiel ill |K>»t r fat tin ami |x>*itu>» ul mnilmlor on ri 
sultant cum nt 

siilt.int is seen to he different for ea<l) conductor (that is, angle n) in 
the phase hilt, and to depend also on the power factor angle 0 Ihe 
lower the power factor, the greater the magnitude of /« , according to 
( 2 ), and the more it is displaced with respect to the direct current, accord- 
ing to l iit 4 ’I he c urrents in the tap i oils, « = m and » - I * m, 
ancl in the mid coil, « - II, are shown in I‘ig S for powir factors <i 
c os e - 10 and cos H 0 SO respec lively 

I he coil heating, which is proportional to the square ol the i urrents, 
is seen to he much greater in the case of the coils near the taps, and to 
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increase with a departure from unity power factor. Since every coil 
experiences a different resultant current, the heating of a converter 
armature is not uniform as in other machines and “hot spots" develop 
at the tap coils. 

The armature reaction of the synchronous converter is the resultant of 
the d-c and a-c armature reactions, and varies from instant to instant. 
Figure 6 represents a 6-phase converter having full pitch infinitely dis- 
tributed windings, with the d-c brushes on neutral directly under the 

interpole. The d-c armature obvi- 
ously is a triangular wave reaching 
a peak of 1.5A7 rf , P where .V ~ 
turns per phase belt. The a-c mag 
netomotive force per phase belt will 
then reach a crest value, according 
to ( 2 ), (for 7 ) = 1.0), 

4 XL,, 

w sin 7 r m P 

4 XU mi XU 
6 sin MF P 3 > 

At / =- 0, when phase belt ( is ten 
tered on the interpole, the voltage 
induced in it is zero, and at unity 
power factor the current is also zero. 
The currents in phase belts b and d 
are V3 ^ of maximum, and the a c 
magnetomotive force acting on the 
interpole is therefore 



V2 I.X = 


Fig. 6 The d-c, a c, and resultant 
armature reaction. 


i — - = 1.155 - 

2 .1 P P 


One sixth of a cycle later the armature has moved 30 degrees and the 
currents in the phase belts are /« = —1.0, i h - —0.5, /, = +0.5 and 
ia = + 1.0. The a-c magnetomotive force acting on the interpole then is 

( - X 1.0 + .V X 0.5 ) 4 -- = 1..U5 - f -~ 

\2 Ji P P 

’l'he net magnetomotive force under the interpole is then the difference 
between the d-c and a-c armature reaction and varies between the limits 


(1.5-1.155 O..U5| M, 

(1.5 - 1..H1 0.1071 P 
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It is evident that the net magnetomotive force pulsates between the 
above two limits every 30 degrees, or as a 6th harmonic, and thus will 
cause a “tap frequency pulsation" to appear in the external circuit of the 
converter when the machine is loaded. These 6th harmonics increase 
the core loss and the losses in the damper windings. 

There is a steady term of armature reaction under the interpole repre- 
sented by the average of the two extremes, (0.345 + 0.167) 2 = 0.256. 
This must be compensated by extra turns on the interpole. Its small 
value, compared to the d-c reaction, is the reason why interpoles wire 
not adopted for converters until after their application to straight d c 
machines. 

It will also be noticed from Fig. 6 that there is a cross magnetizing mag- 
netomotive force under the main poles. This demands an increased ex 
citation with load blue to saturation), which must be supplied either 
by increased field excitation, or by reactive alternating current and 
a change of power factor. 

3. Construction 

As mentioned in the Introduction, the synchronous converter is 
structurally similar to a dr generator with the addition of slip rings 
tapped at equal intervals to the armature. There must be as many 
taps per pair of poles as there are phases. Converters have been built 
with 1 , 2, 3, 6, and 1 2 phases. The more the number of phases, the higher 
the efficiency, but of course many phases add both electrical and me 
chanical complications. Thus special multiwinding transformers must 
be used to provide 6 or 12 phases, and 12 slip rings with their brush 
rigging results in a long machine with a heavier shaft. For these reasons, 
most converters on a 3 phase system are ft- pint sc machines. 

Figure 7 shows a 6-phase booster type converter. The a-c booster is an 
integral part of the machine, but is actually an auxiliary a c generator 
having its own armature and field. It acts either as a motor driving the 
converter, or as a generator driven by the converter, depending on 
whether it is bucking or boosting the voltage. Now for an ordinary 
converter, or for a booster converter with zero excitation on the booster, 
the a-c and d-c armature reactions essentially cancel, and the interpoles 
need provide only sufficient excitation to effect good commutation. If, 
however, the converter must also act as a motor or a generator (to the 
extent that the booster is functioning), the armature reaction is un- 
balanced and the resultant armature reaction along the d-c brush axes 







b 

Fig. 7 \ largo, modem s\nchronous converter 

a ( ommutator end b Slip ring md. showing the booster 

{\Y< st in ^hous t hlutm iorpmation) 
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must be neutralized. For this reason, the interpoles of a booster ty|>e 
converter must be provided with both series and shunt held windings. 

In the ordinary converter, it is usually desirable to use series, as well as 
shunt windings, on the main poles, so as to obtain some (about 5 jht cent ) 
compounding effect. This results not by changing the voltage ratio ■ 
which is a fixed quantity but by causing the converter to draw a 
leading current when the field excitation is increased, and this leading 
current drawn through the reactance of the transformers causes a rise in 
voltage at the slip rings, and of course a proportional rise at the d-c 
brushes. 

A converter is sensitive to hunting, with the possibility of bad com- 
mutation, and even tlashover of the commutator. For these reasons, all 
modern converters have heavy damping windings in the pole faces. 
These windings also serve as starting windings if the machine is started 
from the a-c side. 

The tendency for the commutator to tlashover on sudden changes of 
load, or due to disturbances originating on the a-c side, brought about 
the use of arcing barriers between brushes or aw t hates around the brushes 
themselves. These devices do not prevent tlashover, but minimize the 
detrimental effects. 

Other unusual construction features of the converter are the provisions 
for lifting either the a-c or d-c brushes during starting (see Starting). 

A word should be said about the transformers which are a necessary 
part of every converter installation. These are usually phase* to b phasc, 
the secondaries being connected in star, diametrical, double delta, or 
double zigzag. On street railway installations and other metropolitan 
applications, the transformers are usually of the air blast type, in order 
to avoid the oil tire hazard. In industrial plants, oil filled transformers 
are generally used. If the alternating supply voltage is more than a few 
thousand, oil -filled transformers are necessary in any case*. 


4. The Voltage Ratio 


Suppose that the flux density distribution with respect to the quadra- 
ture axis of a synchronous converter is given by (('hap. I'-q. ( 2 )) 

li = "£ fa *in k + n) <4) 

am! that both the fa and the y, are constant. Then the general equation 
for the induced voltage [('hap. d8)] reduces to 



A A k<tn 


r dx 
t dt 


cos 


'(? 


4 7a 


) 


c = 


(5) 



336 Ch. 8 The Synchronous Converter 

in which Xu is the position of the center of the coil group. 

In an m-phase synchronous converter, let the coil group be taken as 
one of the phases. Then [Chap. 3 , (16)] 

„ sin (kirq<r/ 2 r) sin kx m 

A dL = — : — 77 — “■ (6) 

q sin (rtco/It) q sm kb 2 


and the rms value of the fundamental (k = 1) alternating voltage is, put- 
tings = ^ for synchronous speed, 
r di 


Ji 


A s sin 7 t m 

A , ,101 - ----- 

V2 10 s sm b 2 


( 7 ' 


Now (onsider the belt of conductors between adjacent pairs of brushes 
as belonging to a “phase belt.” Tor this case m = 2. Suppose the brushes 
to be shifted an angle £ from the quadrature axis. Then the center of this 
coil group is located at the brush, that is ttXq t = £. But the velocity of 
the conductors is v dxu t dt = s. Hence the voltage between brushes is, 
by ( 5 ), 





sinA’7r 2 
sin kb 1 


k<f> k cos £(£ j_ y k ) 


(8» 


IV ratio of the direct to the alternating votagc then is 

K, " v ' 2 cos (a 4 7.) + v / 2 £ K„ sin kr 2 sin 5 2 * f ros ^ + ^ , 

E tl , sin ir m 2 A ,,\ sin kb 2 sin tt m 0, 

V 2 A 

^ - ( 9 > 

sin tt /;/ 

If the flux distribution is sinusoidal, k — 1, and passes through zero at 
the quadrature axis, 71 =- 0, and the brush shift is zero, £ = 0, this ex- 
pression reduces to the simple relationship given in (1) and usually found 
in text books. But the development given above shows that the voltage 
ratio depends 011 the following factors: 

1. The number of phases m in the ratio \ 2 sin (v ;;/.) 

2 . The brush shift £, limited to small values to avoid sparking. 

3 . The flux shifts 7*, which have the same effect as the brush shift, 
and result in sparking. 

4 . Harmonics in the flux wave, which do not affect the fundamental of 
the alternating voltage (7), but may change materially as much as 
4 25 per cent the direct voltage (8). This possibility gave rise 

to the development of the regulating (or split ) pole converter. Fig. 8, 
in which the main pole is flanked by one or two regulating poles 
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having separate excitations. By changing the excitation of the 
auxiliary poles it is possible to change the flux distribution from a 
flat to a very peaked wave, 
and thereby change the volt 
age ratio. However, this type 
of construction is expensive, 
and the regulating pole con- 
verter is now obsolete 

5. The Current Ratio 

In the case of the a c booster 
type converter having an auxiliary 
synchronous generator mounted on 
the same shaft with the converter 
and con net ted in series therewith, let 

E\ =■ alternating line voltage at the trat dmmer secondaries 
+ Ei, = alternating voltage added by tin boostei 
E,„ -- alternating voltage pu phase* ol the conxerter armature (rms) 
Ed = direct voltage at the brushes 
Id, - total direct current 

la, - alternating line current tat slip ring) (1111s) 

/, — alternating coil current (in converter winding) (rms) 

P - number of p >lcs 
m — number of phases 

rj - efficiency of the machine, booster unexcited 
tosfl = ])ower factor 


Then 

I„, - PI sin w 

(10) 


m 



E\ = E,i, t Ei 

fix) 


The current ratio of a synchronous converter follows from the law of 
conservation of energy 

(d-t output) - (ac input Keltic ienc y ) (12) 

E, it Id, — ^ V^P\I> (OS ^ - ^ ' (OS ^ 

Therefore, making use of (9) 

/, 2 E t __ 2 E-y/l* sin fir ’m) 

Id, Prjm(E a , i Eh) cos 0 rjmP(h„ t f/s6><<»s0 



Fig. 8 Regulating pole 



Ch. 8 The Synchronous Converter 


338 

= lyfj A \_ 

sin v, m ijmPll 4 e) cos 0 

lit 

where e = - = per unit boost or buck 

In terms of the slip ring currents 

lju _ 2y/l i 

I,i, ipmfl 4 c)cos 0 


(14 1 
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6. Armature Heating 
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The armature heating in a converter is a more complicated phenomenon 
than is the armature heating of other machines, because a-e and d 1 

flow in every conductor. This results 
in nonunilorm heating, the conductors 
near the taps getting hotter than those 
near the center of the phase belts. 
Moreover, the heating is nnuh more 
sensitive to changes in power factor 
and to brush shift. 

On the assumption of linear com 
mutation with a brush width b , and 
a brush shift of £ electrical radians, 
the direct current in the layer of con 
ductors between adjacent brushes is 
a trapezoidal wave, as shown in Fig. 
9 , and may be expressed by the 


Fig- 9 


Distribution 

current 


ni the <1 t 


Fourier series (with respect to the direct axis) 
-4 f,i, y-* sin [2s — 1 )/)7r It 
it P 1 (2,s — 1 l‘“7>7T It 


/.I. 


os (2; 




(17) 


The alternating (motor) current in a phase coil group is 

i r - 2 s * n 4 - On) (18) 

If the center of the coil group is located at x n and the armature is moving 
at synchronous speed a?/ — .v<>ir r, then the //th coil in the phase belt is 
located at 


X fl = Xu 


’ + J„ 

) 




+ ha (191 


The substitution of (19) in (17) thus specifies the direct current in the 
//th coil of the phase group at any instant. The resultant current is the 
sum of the direct and the alternating currents, that is 
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; 4-/ - V sin ^ 2 t 

r P i ( 2 .v — 1 ) 2 />tt 2 r 

- £ “ - ^ - - r - ^ -f J/, sin * «*-?/ + 0j (20) 

The average loss per cycle for this coil is 

II / — — f Rijdimt} (2i ) 

7 T Jo 

where R is the resistance of the coil. The substitution of 120) in 121) 
\ielcN integrals of the following types 


f sin- ax dx =• 7r 2 

Jo 

1 sin ax 
Jo 

■con bx 

dx 

- 0 

1 

1 

I cos- u.v rf.v — 7r 2 

•/o 

r .,i„ 

•/o 

sin bx 

dx 

1 

0 | 

» 

' 122) 

1 

I sin cm • cos i/.\ c/.v - 0 

Jo 

Jo 

cos bx 

dx 

0 

1 
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a t* b 


Herein (21) becomes 

ii* -- S/. J f 

+ 


2 v - 1 )bw It 

1) ViV 2V 


R A /,/ Y* y> sitr’ (2\ 

2 W /V . (2a - 1 

4 /,/ . sill nbir It /. ex 

- Zi' /i sin ;/(//- 

* P n'bir It \ T 


-) 


(23) 


1 ■ I . , . (/ f 1 (1 . /^7T . 0, 

in which - £ f ir t \ + 


Halt the first summation is the scjuaie of the alternating mis coil current, 
/ 

It ma\ bi shown (see Note, end of this Section) that the second sum 
mation of (23) is 

/f (i - 2 --) ^ A’ 

n-\ . 1 7/ r 

The last summation cannot, in general, be evaluated However, since 
b It is small and since the higher time harmonics are negligible, no great 
error is made by taking the sine equal to the angle, whereupon the last 
term becomes 

J? 4, '-E / Nn n(k™ *.) 

IT P n \ T ) 

Hence (23) simplifies to 

II , - Rl ’ i R 1 - t R 1 '' H '' sin n(li a * *,) 

P 1 it R n ' t / 


(24) 
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'Hie average heating per conductor for the whole armature is 


-*■ 2} — A' rf .sin«(^ + - + dj 

P n \2 n / I 


in 


which K lhl = { J n Q ffr ^ 7 * = distribution coefficient 
r/sin(»ff7r 2r) 


^5 


If the a-< harmonic s be neglec ted, ( n = 1 ), there is by ( 14) in (24J and 

<*5) 

1+ ** 

/ >2 I 1 4 r)- c os- 0i sin - tt m 

. K)A sin ( //<T7T T — 1) I , 

+■ 4 — ; 126* 

TrrjtJli 1 + C) COS 01 Sin 7 r 

KA J 


ir =. /e /; ‘ !i + 

/ ,J \ ri~nr{ 1 4 r)- cos- sin- 7r /;/ 


10AA f /i sin (/>7r 2 f- { £/( 
7TT7/W f 1 * r) cos 0i s ; n 7 r m f 


(27 » 


The usual text book expression*, lollow upon substituting' 

A - 1 (no harmonics in the tlux distribution) 

( - 0 (no booster) 

£ - 0 (zero brush shilt) 
f) - 1 (full pitch coils) 

Am - Sm T m (infinite distribution of conductors) 

7 r f)l 



'Fhen (26) and (27) reduce to the approximate relationships 
/ • i- S 10 COS (or 4 0j) 1 

11 » = /? 7 * . n +■ - - 


' | ij-’/jr uh fl| sill- 


;/z 


jnpw c os 0, sin 

wi 


11 > h + 
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?;/;/ cos 0 { sin 


m 


v -'?i 


(28' 


(29) 


It is dear I mm 128' that the heating is a minimum when (a •+• 0 , — 0) 
and a maximum when (<» 4 (I ( ir 2 1 Heme at unity power fact 01 
tfi - 0, the mid toil in - 0> is moler than the tap toils i a =. *■ ’m). 



Problems 

Problems 

1. Prepare a table showing the ratio of the maximum to the minimum toil 
heating for m = 2, 3, 4, (>, ami 12 and the following power factors: 
cos — 1.0, 0.0, 0.8. Assume an efficiency of rj = 0.05. 

2. Prepare a table showing the ratio of the average converter healing to that 
which would result from the tl-c current alone for m = 2, 5, 4, (>, and 12 and 
cos 0i = 1.0, 0.0, 0.8. Assume rj = 0.95. 

5. Prepare a table based on the problem above of relative ratings of a gi\en 
machine used as converter and as a d-c generator. 

4. At what power factor will the converter average healing be the same a- 
when operating as a d-t generator? 


A ate on the summation of a series. The second series !i <23' may be 
summed by three successive integrations of the louder series for a 
rectangular wave, and using the series for a triangular wave to evaluate 
an intermediate series introduced by the first integration. 

The Fourier series for rectangular and triangular waves i>f unit ampli 
tude are respectively 

4 v' sin ( 2 .s 1 !.r 

f 2v li 

S sin 1 2 s 1 ) 7r 2 sin ' 2\ 1 ).r 


V,(.V) -- £ 

7 T I 


Vjl.Vl - .. Y. 

7 T I 


( Jn 


If 


(301 

< 3 i> 


Integrating the rectangular wave <301, there is 

l"w, 

• '» .'11 ff <2 n m 

4 fc os 1 2\ 1 m 1 1 

7T I L < 2s If * 2 N 1 f J 


‘ 32 ) 


Hut by (31) for x n 2 . where the triangular wave is of unit height. 


<33 > 


Substituting (33) in <32 1 and integrating twin* 

f f (Z - f '34' 

A .01 \2 / •'«' * 1 1 ‘- s 1 ' 


hence 

wx~ _ .t :i 
4 (i 

and therefore the required series is 
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7 r.r 
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< 35 ' 
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7- Armature Reaction 


Ch. 8 The Synchronous Converter 


The armature reaction of a synchronous converter is made up of a-< 
and cl -c components. The former is of the same nature as that found in 
a synchronous motor or generator, and the identical equations may he 
employed to describe it. The d-c armature reaction may he regarded as 
that due to a 180-degree phase belt excited by a constant current, the 
center of the coil group being at the brush. Once these two components 
have been obtained, it is a simple matter to superimpose them. 

A-f armature rcattion. If the alternating current in a phase group com 
prises a set of time harmonics, as in (18), that is 

in, = 2 /„ sin («w/ f 0 n ) « 37 4 

in which time is counted from the instant when the coil group is centered 
on the S pole, and 0 „ is the internal power fai tor angle, then the polyphase 
armature reaction with respect to the stationary axis through the S pole 
is given bv I. 114) of Appendix II as 

a„, O.-h/.Y/w 22' Xi ^ 11 A,// /, 4 J sin T(// - A*')w/ } k' TA | 

k I L r 

+ sin^H Hi k" vx \ 

in which 

(j coils per phase per pair of poles 
A turns per coil 

m - number of phases per pair of poles 
n ■ order of the time harmonics 
k order of the space harmonics 
k’ - any value of k for which (1/ — it) is a multiple of m or zero 

k" -- an\ value of k for which \ 11 4- k) is a multiple of m 

I lt * crest value* of the //th time harmonic of current 
t - pole pitch 
a slot pitch 

x distance measured from the center line through the S pole 
A,,/ - sin kpir 1 - pitch coefficient 

A, ^ distribution coefficient 

q sin ikair 2r) 

If onU the fundamental time harmonic isprc*sent, n = 1, and the //-sum- 
mation in (38) may be dispensed with. The a-c armature reaction under 
the main pole is found by putting x — 0, while that under the interpole 
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is found by putting a * = t 2. The averse armature reaction may be 
found, if desired, by integrating 138) over a pole pitch. 

D c armature reaction. It is convenient to regard the top layer of 
conductors between adjacent brushes as a ‘phase belt/* having its 
returns in the bottom layer of conductors the pitch angle pw ahead. 
The d-c armature reaction may then be calculated as for two such 
“phases" displaced by ISO degrees in space from each other, and carrying 
currents in opposite directions; thus, in a sense, also ISO degrees out nt 
ph:w in time. Xow Kcj. (4), Appendix II gives the armature reaction 
foi a coil group carrying a current /. This equation can be applied to 
determine the d-c armature reaction upon substituting 


/ = —I , P for the first belt 

/ - +/, P for the second belt, ISO degrees ahead of the first 

Xv — - + T - = center of the first coil group 
2 IT 


.v»» - - + Ts | 7r ('(‘liter of the second coil group 


distribution fat tor 


mq 2 ('oils per belt between brushes 

. , 2 sin kv 1 ^ sin l\ 7 r 2 

A <n 

//.(/ Sill ( kc 7T 2i I k 7T 2 

idillerent from that to? the a ( (oil group) 

'I hen by 14) Appendix II. for the two « oil groups 

n (/\ A/ l\' rl\ ,i [ 1, (rr\ *\ 

,, 0..X ' f I *- l) 

4<ti*A'^ r ' - 4 4 ^ - O.Xwm/.V ^ ^ 'in ( 'in 4 ^ tj 

< 39 » 

For unit \ ami infinite iliVtrilnition. I39) rediues to 

■‘^-- 7 '''•?*****(? *) 


Sin(e k is always odd. comparison of (40) with (31) shows the d e arma 
tun* reaction to be a triangular wave passing through zero at an angle £ 
'the brush shift) from the reference axis through the A>-pole. I he peak 
value of this triangular wave is 0.2 mnqXf 1 P . 

Resultant armature reaction. The resultant armature reaction is the 
sum of the a-c and d-c reactions as given by (38) and (39). and is 
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a = OAmq.X 2 £a\« 2 !* J s ’ n ~ £')«/ + k' — 4- 6, J 

+ sin £<h f k")ul - k" - f 0„Jj 

- A ',n sin ^ sin 141 

For full pit(h (oils, (p — 1 ), infinite distribution, i<r = 0), fundamental 
current onlv, (w = 1), and putting / — 2mq\ as the total numbtt ot 
conductors per pair of poles, (41) becomes 

( j Sin “ T sill ^ ! sill ft 1 - k ' )u>/ f A*' — 4 ti\ 1 

7T 1 /i ’ L ill ' L r J 

-t sm|^(i t r>«/ r - t «,J| 

!■' - 0] 142 
for odd values o! k onl\ H\ (14) the alternating c nrrent (crest value) is 

1A /, 


/. 


sin 7 r m rjinPi 1 t n c os H 1 


<43 


heme (42) becomes 
OS / 
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sin kir in 
fl\ sm 7T ;// 


sin 


/ j y sin kv 2 I A 

/* I k ' I Tfi 1 * / I C os 0, 

|ji -rw 1 k ,ir ' f «,J i Mn |ji -+ fw r— t »,J| 


(44 


Since A 1 is al\\a\s odd, and since (1 t A’) is zero or a multiple of ///. it 
iollows that 

sin kir in 


=- * 1 


sill 7 r III 


the plus sign being associated with k’ and the negative sign with k* 
Moreover, the time harmonics d k) are always e\en (including zero) 
Thus the armature reaction ol a converter consists ot a Irian^ulai 
distribution of dc reaction, a constant sinusoidal distribution of ac 
reaction ik f - lb and a series of cim time harmonics 'I he pulsations 
due to the even time harmonics show up in the oscillograms as the so 
called “tap ripple.” For unit\ power factor = 0), no brush shift 
- Ob neither buck nor boost (f - 0), and a sinusoidal flux distribution 
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(A = 1) the steady term of armature reaction under the main j>ole 
ix = 0) disappears, but the armature reaction under the inteq>ole 
ix = Tt 2) does not vanish under these conditions. For example, in the 
case of m = 6 (44) gives for x = r 2 

7 

a q = — Ijt (“ 0.0595 + 0.0154 cos 6a )t — 0.(XK)6 cos 12«/ + • • •) 

Thus a 6th time harmonic pulsation of about one-fourth the magnitude 
of the steady term exists under the inteq>ole. Due to this pulsation the 
armature reaction varies from about 10 per cent to 20 per cent of the d e 
armature reaction. The ordinary series winding of the interpole does not 
neutralize these pulsations of magnetomotive force, but damper windings 
in the interpole will assist in neutralizing them. 

It is interesting to note that under the above ideal case, the space 
fundamental armature reaction component vanishes entirely But space 
harmonics in the flux distribution and in the armature reaction, poor 
efficiency, buck or boost, departure from unity power factor, and brush 
shift, all conspire to upset the magnetomotuv force balance, and if not 
properly compensated, will result in poor commutation and possibly 
flashovcr. 

8. Voltage Control 

The foregoing analysis shows that the voltage ratio of a converter is 
essentially a fixed value, except the harmonic content of the field flux 
distribution be changed by means of split poles. Since this latter pos 
sibility leads to a complicated and expensive construction, it has been 
found better to control the direct output voltage by varying the alter- 
nating input voltage at the slip rings. There are four ways in which this 
may be accomplished. 

A polyphase induction regulator may be used in series between the 
transformer and the converter slip rings. This will give smooth variation 
of the voltage over any desired range, but necessitates an extra piece of 
apparatus. 

Tap changing transformers oiler a simple and inexpensive method of 
changing the voltage. The tap changing may be arranged for automatic 
load ratio control. The voltage < hanges by disc rete steps, which may be 
objectionable, but dire< t voltages intermediate between those corre- 
sponding to the tap steps may be obtained by field adjustments, as de- 
scribed in the next paragiaph. 

Field excitation t hanges will <auM* the converter to draw a leading 
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current for high and a lagging current for reduced excitation. A leading 
current drawn through the reactance of the transformer (or a separate 
series reactor) will result in a rise of alternating voltage at the slip rings. 
A lagging current will result in a fall of voltage at the slip rings. Thi« 
method of regulation depends upon a change in power factor in the 
converter, and as was shown in Section 5, a small departure from unity 
power factor plays havoc with the armature heating. For this reason 
voltage control by field excitation is limited to a few per cent, plus or 
minus. Within these allowable limits the change in excitation may be 
accomplished by varying the shunt field current, or automatically by 
means of a series field. In those cases where the voltage range can be 
satisfied ( * 5 per cent), this is the most satisfactory of all the methods 
of control. 

Booster converters have an auxiliary generator whose armature is con- 
net ted in series with the converter armature, and whose voltage may be 
added to or subtracted from that of the converter. The booster may be 
either a d-coran a-c machine: and it may be either a separate machine 
or mounted on the shaft as an integral part of the converter. I)-c boosters 
are not used, because the commutators have to be large and expensive 
to handle the full load currents. A-c, or synchronous, boosters are 
universally mounted on the main shaft with the revolving armature be- 
tween the converter armature and the slip rings. A separate field, having 
the same number of poles as the converter, may be adjusted in either 
direction so that its voltage is added or subtracted from the slip ring 
voltage. Hut when the voltage is additive, the booster is acting as a 
generator, and must receive its drive from the converter acting as a 
motor. The converter must, therefore, draw a motor current, above and 
beyond the current converted to d-c, and this upsets the ampere-turn 
balance in the armature. The interpoles must therefore be provided with 
shunt windings to compensate for this unbalance of armature reaction 
and preserve good commutation. 

9. Hunting and Commutation 

Hunting in a converter is the same phenomenon as occurs in a syn- 
chronous motor; but whereas in the motor the only concern is whether 
the machine will remain in step or may produce a flicker in the lights, in 
the converter hunting may be accompanied by violent sparking at the 
d-c brushes, or even by a flashover of the commutator. The reason for 
brush sparking is that the magnetomotive force of armature reaction 
(which is stationary in space under normal conditions) oscillates back and 
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forth as the armature oscillates about its mean or synchronous speed, 
and thereby induces voltages in the short-circuited armature coils under- 
going commutation. 1 he presence of a commutating pole will accentuate 
the trouble, because it offers a lower reactance path to the magnetomotive 
force and permits more flux in the quadrature path. If the voltage in- 
duced in the armature coils by the oscillating flux is sufficiently high, the 
air between commutator segments will breakdown and precipitate a 
flashover of the commutator. 

An abrupt change of load, of a short circuit on the d-c side, may- 
cause a flashover. The d-c armature reaction is instantaneous, but the 
a-c armature reaction has a time lag due to the inductive circuits, so 
that there is a momentary unbalance of armature reaction. The rotor 
torque angle oscillates and sparking or flashover may result. Moreover, 
if the interpoles have noninductive shunts, the increment of d-c current 
will flow initially through the shunt, rather than through the high in- 
ductance interpole windings, and consequently full compensation is not* 
instantaneously available in the commutating zone. 

It is therefore imperative to prevent hunting in a converter. This is 
done by means of heavy damper windings in the pole faces. 

Question: Would increasing the H7P of a converter alleviate sparking 
due to hunting? W’hy? 

io. Inverters 

If the power transmitted through a synchronous converter is reversed, 
that is, flows from the d-c to the a-c side, the machine becomes an inverter. 
Machines are rarely intended for continual use as inverters, but occasions 
arise when reverse power must be reckoned with. I 4 or example, regenera- 
tive braking on electric locomotives fed by synchronous converters may 
result in temporary reversal of power through the converters. 

There is an interesting aspect of inverter action which may result in 
runaway speeds if the frequency on the a-c side is not fixed. Suppose a 
converter has a compound field and is operating in parallel with other 
sources of d-c power, and that its a-c power supply is suddenly cut off, 
power will reverse and the converter will begin to speed up as a differen- 
tially wound d-c motor. If there is an inductive load on the a-c side, the 
a-c armature reaction will further weaken the field and cause the machine 
to speed up even more. But the higher the speed the higher the frequency, 
and the more reactive the load, resulting in still further weakening of the 



348 Ch. 8 The Synchronous Converter 

field. Thus the machine will run away. For this reason, converters 
should be equipped with speed-limiting devices. 

ii. Starting 

There are three ways of starting a converter. 

a. By an auxiliary motor . This is an older method in which an in- 
duction motor is mounted on an extension of the converter shaft and 
is used to bring the converter above normal speed. The motor is then 
switched off and the converter is synchronized at the proper instant 
as it slows down. This method of starting has been abandoned, because 
the extra motor and its starting compensator are expensive and the shaft 
extension to accommodate the auxiliary motor adds to the overall length. 

b. By amortmeur windings . The damper windings in the pole face 
are used to start the converter, at reduced voltage, as an induction motor, 
with the field winding open-circuited; and when synchronous speed 
Is approached the field is excited and the converter pulls into step as a 
synchronous motor. Certain precautions are usually expedient in starting 
a converter by this method. The open-circuited shunt field winding 
should be sectionatized during starting to avoid excessive induced volt- 
ages. If the series field has a shunt, this must be opened to prevent 
heavy circulating currents due to transformer action during starting. 
The d-c brushes should also be lifted during starting, for otherwise 
vicious sparking will occur due to the large currents induced in the short- 
circuited armature coils under the brushes. These currents are accentu- 
ated by the presence of interpoles which offer a lower reactance path to 
the flux caused by the rotating field of armature reaction. (Once syn- 
chronism is attained the armature reaction is stationary in space and no 
longer induces voltages in the field windings or in short-circuited armature 
coils.) Usually one pair of brushes (narrower than the others) arc left 
in contact with the commutator to provide a source of d-c excitation, and 
to indicate polarity. 

c. .45 a d-c motor . When a d-c source is available, as when machines 
are operated in parallel, the converter may be started as a d-c motor and 
synchronized in the usual fashion. The scries field winding should be 
short-circuited or disconnected to obviate the possibility of starting in 
the wrong direction as a differentially wound compound motor. Also, 
the a-c side should be disconnected (usually by raising the slip ring 
brushes) from the transformers, l>ecausc the frequency is low in the early 
stages of starting and the transformer impedance correspondingly small, 
so that heavy alternating currents will flow. 
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12. Parallel Operation 

Dissimilar converters paralleled on the a-c slip rings will not o|>crate 
properly, because heavy circulating currents will flow Iwtween them. 
But if each converter has its own transformer bank (as is usually the 
case 'l , no special difficulties are encountered. 

In the case of compound-wound machines, equalizer connections must 
be used as with compound-wound d-c generators. 

Load division Itctwecn converters operated in parallel is effected by 
changing the direct voltages of the individual machines. 
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The Distribution Summations 


Ihis appendix is concerned with finding the sum of certain finite trigo 
nometnc senes which repeatedly occur in the harmonic analvsis of 
rotating machines I hi sc sums are m fact the pitch and distribution 
factors Since 
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Appendix I The Distribution Summstions 

sin na 1 . ( . n - t \ 

= - sin (.v + -«) 

sin a 2 \ 2 / 

Replacing (.«) l»v ( — «) 

o sin « 2 \ 2 / 

Replacing (.v) by (.r + r 2) in (2> and (.?) respectively 

£cos(.v + r«, - Sin "" 2 cos (, M - 1 u ) 

<» sin a 2 \ If 
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If the range of summation is (1 £ r <i »), put r - s -j 1. so that 

n n— I 

21 sin (v + ra) = 21 s * n hv f « + - 
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and similarly in the other expressions (n 1) is replaced hy (// f 1) 
when the limits of summation are 1 to n rather than 0 to {// - 1 ). 

The more general sums, in which the angles do not differ hv a regular 
amount, and in which different amplitudes are involved, are found as 
follows, using complex numbers: 

2lA, = 2lA^ = £‘l»eos0 f + /^<l,ftin0. - .In/" ( 7 ) 

where An = V (]Tj r cos 0, f‘ J ( 2lA > s * n (8) 
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Or transforming to trigonometric notation 

2 lA, sin (x 4 8 r ) = -4i,sin (x * 0 O ) (10) 

2 lA f cos fjr f D r ) - A» cos (.v t On) fix) 
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APPENDIX II 


Armature Reaction* 


i. The Magnetomotive Force of a Single Coil 

Consider a concentrated coil. Fig. 1, of X-turns, stacking length /, and 
pitch pr whose center is located a distance .v 0 ' from a reference axis. Let 

the pole pitch he r. The mag- 
netomotive force of the coil is 
0.4 tiYi\ Assuming a uniform air 
gap of length this magnetomo- 
tive force will produce a flux 
which crosses the air gap upward 
through the coil (of area prl) and 
returns downward through the 
remaining area (2 - p)rl. The 
two paths are therefore in series, 
and their combined reluctance is 

*-*-+_* 2 J— 

prl (2 — p)rl p{ 2 — p)rl 

The flux then is * = T n{ = °- 2 ^ 2 - phlXi 

(R z 

The magnetomotive force drops corresponding to the upward and down- 
ward flux paths then are 

* Hamhleton and Bewley, “The S\nchronous Converter," A I EE Tram , Vol. 47 (1927) 
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§x The Magnetomotive Force of a Single Coil 

F\ = d> = 0 . 2 t (^2 — p)Xi 
prl 
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F t = 


— ■ 0 - Q.lrpXi 


(2 - p)rl 

Thus it is possible to regard the coil as having its total magnetomotive 
force distributed in the above proportion, and accordingly represented by 
an unsymmetrical rectangular wave. This wave, Fig. I, may be specified 
piecewise as follows: 

F = —i).2rpXi for 0 < x < (x { / - p ^ 

F = +0.2x(2 - p)Xi for (x a ' - < x < (aV j- /> -J 

F = -0.2 rpXi for < j- < > r 

Now over the range (0 < x < 2r) this distribution may be expressed as a 
Fourier series 

Fix) - Z(-1< sin kr - + Ik «>* UX ) 

The coefficients are evaluated in the usual fashion as 

. 1 r 2 ' v . kir.v . 

A a = - I / f br) • sin - • d. v 

T«'0 T 

0.2ir.V»‘ (” . C“ kir.v . , krx . 

- — I sin — a.v + (2 — />) I sin -i/a - 

T L •'» T •'» i in 2 T 

. r • *« , i 

- /> I sin - a.r 
*L'ol/>r,2 T J 

0.8A7 . A* p“K . AW 

= sm sin — 

k 2 T 

Likewise 7^ = — f /'7 a*) • cos ^-i/a* 

T T 

0.8A7 . A’va'o 

= - — sin - 1 - cos — 

A 2 r 

Thus the Fourier series for the magnetomotive force is 

v- sin kpv 2 ( . kvxd . krx kirxd , krx\ 
Pix) = 0.8A7 2L ( s,n sm - + cos - -cos —1 

1 A' \ r T t r / 


= 0.8A7 2 ~ cos (x — .r./) 

i k T 


fl) 
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pitch coefticient of the £th harmonic. 


(2) 


For a full-pitch coil (p = 1; this coefficient is ± 1. Thus the effect of 
fractional pitch is to reduce the magnitude of each harmonic of magneto- 
motive force and possibly reverse its sign. This same coefticient will 
appear later in an exactly analogous manner in the equations for the 
induced voltage in a coil in Appendix IV. Curves of the pitch coefticient 
were given in Fig. 1 of Chapter 3, and accompanied by a discussior of 
the characteristics and meaning of the coefticient. 



be at .tv Then the center of the 
trailing c oil, is located at 


2. The Armature Reaction of a 
Group of Coils 

Several coils belonging to the 
same phase may be connected in 
series. Fig. 2, to form a phase group 
or belt. Suppose there are q coils of 
pitc h pr in the group, with coil sides 
uniformly separated by the slot piUh 
o. and let the center of the group 
coil of the group, counting from the 


2 o - .t o 


t</ - I / (J f 1 

j + (// - 1 »<r — I'n — -- — a + ha 


<3> 


Substitution in (i) then gives the magnetomotive force, or armature re- 
ac tion, for this //th coil. The magnetomotive force of the entire group of 
coils therefore is (Appendix 1) 

„„ = 0.8 \7 2 S V cos kT (x - .Vo + 2 ±2 „ - /,„) 

I I A’ T \ 2 ) 

= O.N</A7 2 cos (X - a*u) (4) 

1 k t 

in which 

sin {kqa-K 2r) 

t^dl = 

q • sin \kair It ) 

— distribution inefficient for the kt h space harmonic (5) 

The summation with respect to h in (4 » is effected by the general method 
given in Appendix I, and results in the apj>earancc of the distribution 
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coefficients , (5). These factors also appear in the induced voltage equa- 
tions, and were discussed in detail in Chapter 3 . For the present it is 
sufficient to observe that K tik is a factor generally less than unity whose 
general effect is to reduce the space harmonics in comparison with the 
fundamental of armature reaction. 

Up to this point nothing has been said about the instantaneous current 
/. Suppose, now, that the coil group discussed above is assumed to belong 
to the rth phase of an w-phase winding, and let this phase be supplied 
w r ith a general (time) harmonic current given by the Fourier series 

it = S h sin + 0 * “ ir - 1 (6) 

in which 2 t m is the time-angle between the fundamental phase currents 
and 0 h is the phase-angle of the wth time harmonic. The current in the 
first phase, r = 1 , is 

i\ = S I* [f,ut + 

=- 2 (/« cos Or sin nut + /„ mu 0„ 1 os nut) 

- S Uq* nut + 1 1,„ cos ;/uj/) ( 7 ) 

in which I an = /,, cos0 fl and //,„ = /,, sin 0„ are called the quadrature 
and direct components of armature current, and are of significance in 
synchronous machine theory. 


3. The Armature Reaction of a Polyphase Winding 


Xow if phase 1 , Fig. 3 , is centered at .r„, phase r will be centered at 



and this latter value should be substituted for x {) in 


(4) to give the armature reaction 
for the rth phase. Then substitut- 
ing (6) in (4) and summing for 
all the phases, the resulting arm- 
ature reaction becomes (putting 
A* = Kdihpi.) 



Fig - 3 


= o.ty.v sin ntj3i + e * 

1 k L 


-* (r — 1 1 
m 



a 
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- *o 


= 0.4gxV S 2 £ -r [ s * n F n + 0 n + kv - — 

i k \ L t 

— — 0 — 1) (n — k)~\ + sin ["wo?/ + On — kr - — — — — l)(w + £)"]} 

m J L t m Jl 

=0.4jiVS2 y /« |sin + 0 n + kir X - — -^2 cos 
[nut + 0 n + kit - —^2 s * 


— cos 

+ sin (nut +- 0 n — kir- — —^2 cos 


2ir(r - l)(w - A) 
m 

2w(r — 1 )(n — k ) 


2ir{r — !)(// -f k) 


— c os ^ 


nut + 0„ A’lr 


X-JTo\^ • 

r / i 


Now, if a is any integer, then l»y the methods of Appendix I 
v' 2nir — 1 ) in +- k) )() if (n r k) ^ am 

2l 4 OS — J 

i m hn if (// f (■) = am 

v* . ixfr - 1 ) (;/ f k) #1 
2 sin -- 0 

i m 

Let k' — any value of k for which (n - k) = am or i)j 

k” — any value of k for which (n + k) — «/w \ 


2x(r — 1)(« + A*)) 

I 

( 8 ) 


m 


19 > 

fio) 

fn) 


Then by (9), (10) and (ill, equation (8) for the armature reaction re- 
ferred to the reference axis reduces to 

a = 0.4(/V;w 2 2 s in 4- 0 n ± J^J - — ir^ ( 12 ) 


This is a simple and compact expression for the polyphase armature 
reaction, with respect to an arbitrary reference axis, of any number of 
uniformly distributed fractional pitch coils having harmonic excitation. 
It is understood that the summation 2 is to be taken with respect to 
both k ' and k*. In this form, the magnetomotive force is given as a 
system of rotating fields (or traveling waves) having velocities writh 
respect to the reference axis of 

7 T d(X — .Vp) _ J — flu V , 

t (it 1+ nu k" ** 


If the reference axis is on the armature, x {) is constant and the magneto- 
motive force for a given harmonic k is seen to sw r eep around the armature 
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at a speed inversely proportional to the order k of the space harmonic, 
and directly proportional to the order n of the time harmonic. The k" 
harmonics give rise to forward traveling waves, and the k' harmonics to 
backward traveling waves. 

Now suppose the armature to revolve at synchronous speed, .r,,* r =• «/. 
where time t is counted from the instant when the first phase-group. 
r — 1 , is centered on the reference axis. .v„ = 0. Then (12) becomes 


a = 0 . 4 <y.V»; 2 2 A, sin 



\k' | Xir 
t 



The constant (non-pulsating) terms of armature reaction arc those for 
which (11 — k f ) = 0, and these give. independent of time, 

<h = O.-fy.Ym 2 A sin ^ /,ra f (15) 


This term is sinusoidally distributed and has "direct M tin line with 
reference axis) and "quadrature” component.-*, in terms of (7), of 


- OAq.Xm 2 — //.» cos " rX - 

u6) 

n t 


, w— A , T W 7 T.Y 

- (). 4 f/.\ m 2 l tv** s*»n 

(17) 


n t 


It is these terms of armature reaction which, in conjunction with the 
main field, produce the steady component of flux in the air nap of the 
machine. 

Equation (14) may be resolved into direct and quadrature components 
in terms of (7), 


a = OAqXni 2 £ ^ 1 » } sin 1 ^ 0)1 "t l ‘ os 

» cos [(11 t w/ + 0 n J sin 

= UAqXm 2 2 y {£/«■ sin (» 4 0,1 

+ COS (» + ^ W/J COS ^ ' £/y„ COS (« t ^ 0)1 

- I bn sin (it V ^ u/J sin (18) 


The constant components fi6) and (17) follow also from this form, upon 
segregating the (n — k') = 0 terms. In (18) the direct components (in 
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line with the reference axes) are the cos kicx V terms, and the quadrature 
components are the sin kvx r terms, as is evident upon substituting 
x = 0 and x = r 2 respectively. 

In a 3-phase machine wound with GO degree phase belts (thus in reality 
a 6-phase machine, m = 6) the contributing space harmonics for the 
fundamental, third, and fifth time harmonics, and the velocities with 
respect to the armature, are: 



If the armature is moving forward at synchronous speed, Xuir t = w/, 
then the fundamental space harmonic, which is moving backward at 
synchronous speed with respect to the armature, is standing still in 
space. In general, the speed of any space harmonic with respect to a 
stationary axis is 

7T dx . ) - k ' M// — k') k r . 

— - a? -f- v — , (10) 

t dt U nu k" U + n ^ 

Scgative Sequence Armature Rani ion 

If the phase sequence of the exciting currents is reversed, so that the 
phase currents reach their maximum in the order m — - - - — 2 — 1 
rather than in the order 1 — 2 — • ■ • — m. ( 6 ) is replaced by 

/r 1 "* - S sin + O n + n — (r — 1)J (20) 

Substituting (20) instead of (6) in (4) their results, corresponding to (12), 
a { ' = QAqXm 2 2 y /* l * sin (^io>t + 6 n ± j * ~ ~ ( 2I ) 
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and corresponding to (14) for a synchronous machine 





»r| ra- 
in'; 



Thus the armature reaction equations for negative sequence currents 
have exactly the same form as those for positive srquem e currents, except 
that k* and k ' have exchanged places, and this entails a reversal in the 
direction of rotation of the various harmonics. 


Zero Sequence Armature Reaction 


If all the phases are excited hv in phase currents i/ero sequence cur 
rents), then (6) is replaced by 

i ,w = 2 *»in {nu 't f o , (23) 

Substituting these currents in (4) and summing over all the phases, there 
results 

a {,n = O.St/A y \ y. I, { " sin {nut 4 0 os - 71 / \ 4 It r j 

1 k t ' ml 


= U.Xy.\ SS - /. Jn kt sin (Hu >1 f 0, l cos 

sin k it m \ t 



(24) 

This expression vanishes unices k k'" urn (a multiple of the number 
of phases), in which case 

//" sill f/za>/ f tfjius ' l.\ .Vo) (25) 


O.X</.\ 2 22 ~ 


Substituting Aoir - — ut lor a synchronous machine, there results 
a liu ■= i).#qXm 2 2 — /# ,H ''hi iiiul 4 0 , ) <os£"'^ 7rA -- u>/^ 

- O.-h/.Y/w 2' 22 /*. ,<h Jsin^/7- k"’)ut \ 

f sin f <n 4 k-) U >1 - r '*‘ X 



For « = k"' there is both a stationary component given by the first part 
of (26) and a rotating field given by the second part of (26), the latter 
revolving in the forward direction at twice synchronous speed. All other 
permissible space harmonics give rise to a pair of traveling waves of 
equal magnitude revolving in opposite directions. 



APPENDIX 111 


Permeances and Flux Density 


The air gap of a rotating machine, on which the field and armature 
magnetomotive forces act to produce flux, may be substantially smooth 
and uniform as in turbo alternators and induction motors, or quite 
variable as in salient pole machines. In either case minor irregularities 
are introduced by the slots and teeth. It is the purpose of this appendix 
to show how the permeance may be represented by a Fourier series which 
can be multiplied by the Fourier series of armature reaction to yield 
an expression for llux density. 


i. Uniform Air Gaps 


y 
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itim mu intuit a i .tit tm tt . LlLlAALL 
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Figure 1 shows a uniform air gap, £, 
subjected to a harmonic excitation along 
the lower boundary. If the excitation is 
the kih space harmonic, and the pole pitch 
is r, it mav be shown that the permeance 
per unit area of the gap is * 


_ !i w £ t 1 

sinh kirg r g 


(i) 


As here defined is the factor which multiplied by the magnitude of 
the armature reaction at any point gives the corresponding flux density 


* Bewlev, L. V., Two-Dimensional b'iclh in Electrical Engineering The Macmillan Co , 
New York,' 1048. 
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{2 Nonuniform Air Gap 

on the opposite side of the gap. As thus defined it is a measure of the 
flux which crosses the gap. and not of the flux along the armature surface. 
The corresponding permeance factor along the armature surface is 


_ kn t 1 
tanhfarft r 


In either case, (i) or (2), if kirg is small compared to the pole pitch, t, 
the permeance factor is closely equal to the reciprocal of the air gap, 
(P = Otherwise, these permeant e factors for a smooth uniform 
air gap are constant for a given space harmonic, hut differ for rich 
harmonic. When the order of the space harmonic is high the permeance 
(1) approaches zero (that is. no flux crosses the air gap', while the per- 
meance (2) approaches the value kir r independent of the gap. 


2. Nonuniform Air Gap 

In salient pole construction the air gap is not uniform, due to the inter- 
polar space and to the chamfer of the pou lares. Fig. 1 . Kach space 
harmonic of excitation will then give rise t./ a somewhat different flux 
distribution, and a sine wave of magnetomotive force will have a different 
flux distribution than a 1 osine wave. It is 
not possible to derive analytical exp res 
sions for the permeances of salient pole 
machines, and in general it is necessary 
to rely upon free hand field plots.* From 
such field plots permeance curve's, corre- 
sponding to particular modes of excita- 
tion, Fig. 2 , may be drawn and then 
analyzed into Fourier series. Since the 
permeance curve for either a harmonic 
sine or a cosine distribution of magneto- 
motive force must be symmetrical about 
both the pole and interpolar (direct and 
quadrature axes,) it can contain only wen harmonics and a constant 
term. Let 

r 

(p = pt\\ space harmonic of permeance for the sine wave of the kih 

k,t space harmonic of magnetomotive force. 

cp = />th space harmonic of permeance for the cosine wave of the kth 

kp space harmonic of magnetomotive force. 

* Doherty and Xickle, “Synchronous Mac hines, 1/ MEE Trans , Vol XLV,p. 912, 1927. 



Fig. 2 
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The complete permeances for the kth harmonic of magnetomotive force, 
expressed as Fourier series, then are 

& = 2 * cos (3' 

/ (I A/» T 

<t* = ^ cos (4) 

A 0 /. ft T 

Doherty and Nickle * have shown, from numerous field plots, that these 
two series are substantially the same. In the majority of cases it is 
sufficient to take only the constant term and the second harmonic of the 
series. 


3. Flux Density Due to Armature Reaction 


Kquation (18) of Appendix II gives the armature reaction of a poly- 
phase winding resolved into it direct (in line with the field poles) and 
quadrature (in line with the interpolar axis) components assuming, of 
course, that the reference axis is taken at the center of a field pole. 
Multiplying each harmonic by its appropriate permeance series, (3) or 
(4), there results for the flux density due to armature reaction 


ft, = OAqXni J} Y' 


cos 


kirx 


()* COS 
//' 


!f; sin [(" T 1*)“' M -] 

[(» , *'„) «l i #.] sin „„ /ri 


(5) 


This etjuation gives the flux density with respect to a reference axis 
through the center of the field pole. 

Combining terms, (5) becomes 


ft, -- 0 .IqSm 2 : 2 S “T I* ! f sin D w “ C) <j)t + e 

k » A A 

+ sin [(« + k”) ut -f • £ cos (p + k) + cos ( p — £)— J 
+ - k')wt + 0„] - cos £(h + + 

|^sin (/> + k) — - sin (p - k) — Jj (6) 


This form is the most convenient for synchronous machine theory, and 
will be made use of in the calculation of synchronous machine armature 
reaction. 


• 1 bid. 



$4 Flux Density Due to the Field Poles 
4. Flux Density Due to the Field Poles 

The flux density distribution due to the field 
poles depends on the shape of the pole l chamfer), 
the pole arc, and the air gap. The distribution is 
symmetrical about the pole axis, and can accord- 
ingly be represented by the Fourier series 

A = 2 1 «» (2k - 1) — 


17 ' 



APPENDIX IV 


Induced Voltages 


i. Induced Voltage of a Single Coil, 7*7^. i 

Consider a fractional pitch coil with skewed coil sides, the center of 
which is located at Xu from an arbitrary reference axis. Then its trailing 
and leading coil sides are located at 

x' — - p^ + y tan 

and x* - ^.v„' f p * h y tan a ^ (ij 

in which « is the angle of skew. 

Suppose the coil is in a field whose flux density is specified by the 
| representative i/th space harmonic 



* ° In general, this flux density distribution is 

Pj£ J 

due to both external causes (i.e., the field 
poles of an alternator and to the armature reaction of the coils them- 
selves). Moreover, the harmonics of this flux density may be varying 
in magnitude, (//?,. rf/, and in position, dy„ dt. 
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§i Induced Voltage of a Single Coil 
The total flux linked with the coil at any particular instant is 

'-t i i pt‘ 


<t> 


/M t 2 /*r 
J-l l ./j 


fln'xdv 
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(3) 


Substituting (2) for the integrand, and u) for the limits of (3). and per- 
forming the integrations, there results 


<t> = - tI— A„„ K p „ sin u(-~ + y^\ 
* u \ T / 


(4) 


in which 


A pu = sin — = pitch coefficient of the nth harmonic (5I 

2 r 


A i.t Hr! tan fir 

*u = — 7 Sill - 

url tan « It 

— skew coefficient of the wtn harmonic 


(6) 


The pitch coefficient for the flux, and therefore for the induced voltage, 
is identical with that for the armature rent lion, Eq 12), Appendix III. 

Now the flux is a function of i f »\ fi u , and *>„ and in general each of these 
is a function of time. Then Faraday’s law yields for the induced voltage 


e = 


-Xd<f> - 
10' dl 


_ — -V ( ()<t > dxn / (l(f> dfiu (id) (/7.AI 
10 ’ I <W dl + \(Hi„ dt + i\y„ dl)\ 


2 rl.\ ) 1 dtt„ . ( ir.\ n ' \ 

. (it dxd dy„\ ( TXn , \) . V 

+ “-l , r +y -h ,7) 


This equation show’s that an induced voltage may result from three 
different operations: 

dp, t 'dt, pulsation (standing wave) of the flux harmonic \ 
dy u dt, progression (traveling wave) of the* flux harmonic^ ( 8 ) 
dxn dt, movement of the coil through the flux ) 


In a d-c or synchronous generator under balanced steady-state conditions, 
only the latter term is present. In the rotating field theory of the poly- 
phase induction motor, the penultimate term is the one responsible for 
the induced voltage. In the transformer only the first term is present. 
In an a-c commutating motor all three terms may be identified. More- 
over, the presence of a term dej >ends upon the selection of the reference 
axis. For example, if the reference axis in a polyphase induction motor 
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is taken on the stator, the constant magnitude field is rotating syn- 
chronously with respect thereto. But if the reference axis is itself 
assumed to rotate synchronously, then the field is stationary and constant 
with respect to such an axis, and the voltage is due to the movement of 
the conductors through the flux. The different possibilities are discussed 
in detail in Chapter S. 

It is also clear from (7) that the harmonics of the induced voltage 
are modified by the skew and pitch coefficients. 

An alternative form for the induced voltage results if the flux density 
substituted in (3) is specified by (2b) instead of (2a). In that case 


e 


2 tIX 

irl() s 


A A u 





7T dX{) 
T "di 



U 


( 



M7r.ro' , d$„" _ , W7T.ro 'V 
— +- - — (OS — 1/ 

T dt T ) 1 


(9) 


2. Induced Voltage of a Group of Coils 

The total voltage for a phase group of <7 coils uniformly distributed by 
the angle a is found by substituting for the //t h coil 

Xo' - Xu — , 1 ><T + (A - \ )<f = Xu - q a + ha (iol 


where x«» is the mid point of the toil group, and then summing (9) over 
the q coils of the group. ( >nce again making use of \ppendix I in effecting 
this summation, there results 


e 



-IXql 

10 s 


A ,„A 11, t A 


/n,x\ t lii 


s( , liir A ft 


Hu" sin 


UTXn \ dVii 

T ) dt 


+ - T - ( d *L h’n ^ ros (11) 

HIT \ dt T dt T / 1 

in which 

sin iuq<n r ' It ) 

tiu . * 

q sm [Hai t 2t) 


= distribution coefficient of the nth space harmonic 

If the armature is revolving with respect to the reference axis 
the reference axis taken on the stationary field pole) 


TX 0 


= 0)1 


1 dx 0 t 

and — = - u> 

dt v 


(12) 
(i.c. 

(13) 


and these values may be substituted in (11) to give the induced voltage 
in the phase belt of the machine, 



§3 Induced Voltage of a Synchronous Machine 

e “ — K »[(&*' cos «<*>/ - ft," sin mW) u> 

irlir v 


If J A' si 

u \ dt 


dS * 

sin nut + - cos nut 

dt 


)! 


3*7 


(14) 


in which K u = K ai ,K t , u Kd U is the overall winding factor for the wth 
harmonic. 


3 . Induced Voltage of a Synchronous Machine 

Equation (14) gives the induced voltage when the flux density is dis- 
tributed as a sine and cosine function, according to ( 2 b). In the syn 
chronous machine with stationary reference axis centered on the held 
pole, the field pole flux density is a cosine func*ioi of odd harmonics. 
Appendix III, Equation 17), and comparing with ( 2 b) 

ft/ = 0 ft," = ft/ 1 (15) 

Therefore, the induced voltage due to the field flux is by (14) 

v, = jj* ^ 2/ s i n ()/> - 1 j w / (16) 

-it 1 


'I lnis the induced voltage consists of a series of odd harmonics, as reduced 
by the winding factors A-»* 1. At / = 0, when the coil is centered on the 
field pole, the voltage is zero. A quarter eye le later it reache* its positive 
maximum. 

Comparison of ( 2 b) with ( 6 ) of Appendix 111 shows that there are two 
cosine terms (type ft,") and two sine terms (type ft/) in the armature 
reaction flux densities. Substitution of these four terms in the voltage 
equation (14) yields for the induced voltage due to armature reaction 


Ca 


()AX~q 2 mlTti) 

ttIO^ 


s 


E 


E 



» 

I 


iP ^cos [(;/ — k f ) w/ + 0/J — cos [(//+- k" ) ul -f 0 * 

[A'„ f / cos (p k) ait — A',, / cos (p - k) o>t] 

— (V ^(;z — k ') sin [(« — k f )u>t + ft,] -- in + k") sin [f« + + ft,]^- 

f sin ip ■( k) ul sin (p - It) w/"| 

L A, ' f/ <p*h tp-k) J 

- n* ^sin £(/i — k f )u>i -f- ft,] } sin fiw I A'"»u>/ f ft, ]^- 

fA' ; .,/ sin ip t k )a>/ f* A’,, / sin ip k)u>t ] 
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+ <P ( (n — k') cos [(« — k')u t + + ( n+k ") cos [(» + k")ut + 

ip\ 

cos (p + k)u t . cos (p — kUl{ . 

A '--T/+7r + A '‘"Tr-"tHf w 

This equation is rather formidable, containing as it does the effects of 
time and space harmonics and permeance harmonics. However, it can 

L N 

be simplified considerably by putting o* = = <P, since the permeance 

A / j A /» A /> 


coefficients for sine and cosine distributions are substantially equal. 
Doing so, combining terms, and including with (16), there finally re- 
sults the complete equation for the induced voltage in the winding, 


'-+-S"2a'. 


t\ 1 w 


i 


^I'f ' ^ + jp + ki> / ” ^ k“”\ ^ " C ° S ^ ^ 0H ^ 

+ £a,, / 1 + A;,u w ^ cos [1,1 — />M + 0„] | (18) 

Kxpanding (18) and substituting In and 7 V , 

/„ cos 0 „ cos (w * p)u:t — /„ sin sin (;/ • p)ul = 

/q„cos(;i t put - ln„ sin (,/ f />W fig) 


from which it is clear that direct axis components of voltage will be 
induced only by direct axis components of current, and similarly for 
quadrature components. 

The fundamental voltage in li8) is given by the term k = 1 in the 
field flux, and by the terms = 0, n = 1 ). {p - 2, n = 1), („ — p = 1) 
in the armature reaction. But the last possibility, (,i — p == 1), does 
not give a time fundamental of voltage associated with a time funda- 
mental current. 

The fundamental of voltage induced by the field flux and the funda- 
mental of current is 


ISqrU . 0.4A -</-/, i/tw A* 

Cx = 4 7 A & sm oj/ - - ' - 2L [ 

T |(p ^ins b 


7rl 0 s 


k I 


TA/' - A A," - A ,q„ . , . 

‘Wo I t I (fgi cos w/ — //;i si 

j — | (/yi cos u )i -f - I d\ sin w/) ! 

L2 - k § 2 + k" J Q J 


sin a it) 


( 20 ) 
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But A_* = —A'*. Therefore, 

[ 2 ‘ p "(t + + /+£)}« m *' 

- [2a-„(^. + A v) + *. (ji /,„ »m «*} (».) 

Equation (21) shows that the fundamental of the voltage in a syn- 
chronous machine is the sum of three terms: 


( 1 ) The voltage induced by the field flux 

(2) The armature reaction voltage due to the direct component hn 
of the current, which is in phase with the field flux voltage 

( 3 ) The armature reaction voltage due to the quadrature component 1 q\ 
of the current, which is lagging the field tlux voltage by W degrees 
in time. 


As originally defined, 0 is the angle by wh»ih the current leads the volt- 
age, that is 


T 1 sin (ut + 6\) - / 1 cos sin w/ ] h sin 0| cos w/ 

— Iq\ sin oji f I d\ cos u)l (22) 

For this reason, the armature reaction voltage due to hn in (21) is seen 
to add to the voltage due to the field flux. For a /</&?/«(,' current 0\ 
would be negative, hn would change sign, and its armature reaction 
would then oppose the field magnetomotive force. 

If in (21) the coefficient of Iq\ cos w/ is called .v v , and the coefficient 
of I/Ji sin «/ is called .\*/>, then that equation take*', the form 

C\ = Kj sin w/ + X/)I u\ sin w/ - Xq!q\ cos (23) 

Rewriting (22) and (23) in vector form, with Ej as reference vector, and 
using rms values for the currents and voltages, 

/i =/ei J- if tn ^ 2 4 ) 

E\ = Ef i Xuhti ~~ jx Q I q\ (25) 

The terminal voltage of the machine is the induced voltage, (25), less 
the armature resistance and reactance drops. The latter comprises the 
slot leakage reactance and the end-turn reactance. In the present 
analysis the reactances contributed by the air-gap armature fluxes (some- 
times called belt-differential or zigzag reactance, and including also 
tooth-tip reactances) have already been included with the harmonic 
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armature reaction terms. The end-turn reactance, being of the same 
nature as the air-gap reactance, is also best included with the armature 
reaction terms of (21) by increasing the permeance coefficients somewhat. 
On this basis there remains only the resistance and slot leakage terms to 
be added to (25) to give the terminal voltage 

P- Ei - (r + jx)I] 

= E\ - r(/ vl t jh,\) - jxI Q 1 ± xlm 
= Et J- (xn + x)Id 1 — jlxQ + x)l Q 1 - r(I Q 1 ±7’//),) 

= E, 4 A' rf /,/ - /A',,/,, - r/i (26) 

in whi(h \ tl - jo, + .v, A\, = x Q f .r and f,i and I„ have replaced I m 

The corresponding vector dia- 
gram, for a lagging current, — is 
shown in Fig. 2. The current, /, 
has been resolved into components 
in phase and in quadrature with 
the field flux vector. The diagram 
may be drawn with the leakage 
reactance terms, xL either shown 
separately (dash lines) or included 
with the armature reaction (full 
lines) as part of the total (synchro- 
nous) reactance components, X ,t 
machine is characterized by two 
synchronous reactance components, X* and X 


and !q\ respectively. 



“X d l d 


Fig. 2 Salient pole 

and A\,. Thus the salient pole 


4. The Round Rotor Machine 


For the round rotor machine with uniform air gap the permeance is 
constant, so that 0Y2 ='() and = d*« for all harmonics. Then (21) 
reduces to 


_ -A qrUa ^ ^ 

irlO** 


- [(f)' + (£)'] /.»« + •) <n> 


Calling x* the coefficient of I u this equation may be written 

Ci = E/ sin at — x„I\ cos («/ + 0i) (28) 



371 


{5 The Direct end Quadrature Reactances 

or in vector form, and using rms values, 


jx a h (39) 

The terminal voltage then is 

V = Ey - ir+jx)h 
= Ef — rl\ — j{x a + x)I\ 

= E f - (r +j\\)1 1 (30) 

in which A', = .v„ + x is the synchronous 
reactance of the round rotor machine. The 
corresponding vector diagram is shown 
in Fig. 3. 



Fig. 3 Round rotor. 


5. The Direct and Quadrature Reactances 


In accordance with (23) the coefficients of [ , n and /<,« in (21) have 
been lumped as reactances x» and x Q , since they appear in the induced 
voltage equation in that dimension. These coefficients are called the 
direct and quadrature reactance components of armature reaction. They 
account for all of the flux in the air gap caused by the armature reaction. 
Using a 4- and ~ sign for the direct and quadrature components re- 
spectively 


\xn 

) Xq 


-IS 


H(£H A ;7] 


i 


"A/ 
. k' 


K, 


f ' 


2 - k' k" 


A?,*""|| 

2 + r J* 


in which A - OAX-q-nil™ t 10 s , and k’ is any value of It for which 
(k — t ) is zero or a multiple of the numl>er of phases; and It” is any value 
of It for which (1 4 It) is a multiple of the number of phases. Now in a 
3-phase machine with 00-degree phase* lielts, m - 6, the permissible values 
of k ' and It” are 


*' = 1 7 13 19 25 31 

k” = 5 11 17 23 29 

The harmonic contributions to x t > and x Q may be tabulated as shown on 
the following page. Considering how rapidly the contributions of 
the higher harmonics diminish, it is clear that it is sufficient to indicate 
only the first few harmonics in estimating the armature reaction react- 
ances. 

The reactances due to all of the harmonics (except the fundamental) 
may be segregated and classified as the air gap (belt and zigzag) 
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k 

x n /A 

Xq/A 

1 

2 <P,.„ A’i* + (P,,2 A7 

2 (Pi.o Ai 2 — (P| 2 AV 

5 

25 5 7 

2 tf> s „ - (P- 2 

25 '57 

7 

49 7 5 

9 /P ^ 7 /O ^7 Aj 

* < ^ 7 ' 0 ^7,2 — — 

■*y / 5 

11 

9/p K * u 4- /p Au A,s 

121 11 13 

13 

9 /P ***» J. ,p Ku A u 

2 - 
169 13 11 

17 

2 

' 289 • 17 19 

2 ^ - tP 17 2 — — 

289 17 19 

19 

9 A"-,., A',., A'n 

2 (Pl9.fi — ’ — (Pl'1,2 — ’ — - 
361 19 17 


component of the leakage reactance. The fundamental (k = 1) react- 
ances are retained as true armature reactions. This classification is of 
importance when taking saturation into account. 
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